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Discrete Probability Distribution: 

 If a variable 𝑥 can assume a discrete set of values 𝑥ଵ, 𝑥ଶ, ⋯ , 𝑥௞ with respective 

probabilities 𝑝ଵ, 𝑝ଶ, ⋯ , 𝑝௞ where  𝑝ଵ ൅ 𝑝ଶ ൅ ⋯ ൅ 𝑝௞ ൌ 1 , we say that a discrete 

probability distribution for 𝑥 has been defined. The function ሺ𝑥ሻ , which has the 

respective values 𝑝ଵ, 𝑝ଶ, ⋯ , 𝑝௞ for 𝑥ଵ, 𝑥ଶ, ⋯ , 𝑥௞ is called the probability function, or 

frequency function, of 𝑥. Because 𝑥 can assume certain values with given probabilities, 

it is often called a discrete random variable. A random variable is also known as a 

chance variable or stochastic variable. 

Example: Let a pair of fair dice be tossed and let 𝑥 denote the sum of the points 

obtained. Then the probability distribution is as shown in below: 

𝑥 2 3 4 5 6 7 8 9 10 11 12 

𝑃ሺ𝑥ሻ 1
36ൗ  2

36ൗ   3
36ൗ   4

36ൗ 5
36ൗ 6

36ൗ 5
36ൗ 4

36ൗ 3
36ൗ   2

36ൗ   1
36ൗ

 

Binomial Distribution: 

 Given a choice of fruits, apple (A) or banana (B), let P(A) = p and P(B) = q. 

In choosing one fruit, the sample space and corresponding probabilities are: 
ሼ𝐴, 𝐵ሽ
ሼ𝑝, 𝑞ሽ  
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 In the case of one trial, the variable is a Bernoulli random variable. With two 

fruits (and AB = BA): ൜
𝐴𝐴 𝐴𝐵 𝐵𝐵
𝑝ଶ 2𝑝𝑞 𝑞ଶ ൠ The coefficients in the probabilities are equal 

to the number of ways that the outcome can be obtained. 

i. e. , ሼSuccess ൌ 𝑒𝑣𝑒𝑛𝑡 ൌ 𝑝ሽ 𝑎𝑛𝑑 ሼFailure ൌ 𝑛𝑜 𝑒𝑣𝑒𝑛𝑡 ൌ 𝑞ሽ 

 Binomial expansion summarizes this result: ሺ𝑝 ൅ 𝑞ሻ௡ where n is the sample 

size. The probability mass function of a binomial distribution is: 

𝑃ሺ𝑋 ൌ 𝑥ሻ ൌ ቀ
𝑛
𝑥ቁ 𝑝௫𝑞௡ି௫ ൌ

𝑛!
𝑥ሺ𝑛 െ 𝑥ሻ!

𝑝௫ሺ1 െ 𝑝ሻ௡ି௫ 

Where x is the number of "successes” (here, the number of apples). The binomial 

distribution is the expected distribution of outcomes in random samples of size n, with 

probability p of success. Mean and variance of binomial distribution: ൌ 𝑛𝑝 ,             𝜎 ൌ

ඥ𝑛𝑝𝑞 and 𝜎ଶ ൌ 𝑛𝑝𝑞 . 

Example: Suppose a biased coin comes up heads with probability 0.3 when tossed. 

What is the probability of achieving ሼ0, 1, . . . , 6ሽ heads after six tosses? 

Solve  

𝑃𝑟ሺ0 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ0ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 0ሻ ൌ ቀ6
0

ቁ 0.3଴ሺ1 െ 0.3ሻ଺ି଴ ൌ 0.117649 

𝑃𝑟ሺ1 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ1ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 1ሻ ൌ ቀ6
1

ቁ 0.3ଵሺ1 െ 0.3ሻ଺ିଵ ൌ 0.302526 

𝑃𝑟ሺ2 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ2ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 2ሻ ൌ ቀ6
2

ቁ 0.3ଶሺ1 െ 0.3ሻ଺ିଶ ൌ 0.324135 

𝑃𝑟ሺ3 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ3ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 3ሻ ൌ ቀ6
3

ቁ 0.3ଷሺ1 െ 0.3ሻ଺ିଷ ൌ 0.185220 

𝑃𝑟ሺ4 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ4ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 4ሻ ൌ ቀ6
4

ቁ 0.3ସሺ1 െ 0.3ሻ଺ିସ ൌ 0.059535 

𝑃𝑟ሺ5 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ5ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 5ሻ ൌ ቀ6
5

ቁ 0.3ହሺ1 െ 0.3ሻ଺ିହ ൌ 0.010206 

𝑃𝑟ሺ6 ℎ𝑒𝑎𝑑𝑠ሻ ൌ 𝑓ሺ6ሻ ൌ 𝑃𝑟ሺ𝑥 ൌ 6ሻ ൌ ቀ6
6

ቁ 0.3଺ሺ1 െ 0.3ሻ଺ି଺ ൌ 0.000729 
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Poisson Distribution: 

The Poisson distribution can be used to approximate the Binomial distribution when 

one event is rareሺ𝑝 ൏  0.1ሻ, and the sample size is large ሺ𝑛𝑝 ൐  5ሻ. A Poisson variable 

𝑌 must be: 

1. Rare: Small mean relative to the number of possible events per sample; 

2. Random: Independent of previous occurrences in the sample. 

This distribution can model the number of times that a rare event occurs, and test 

whether rare events are independent of each other. 

 The parameter   is the expected number of successes. If 𝑋 is binomial with large 

n and small p, the number of success is approximately a Poisson random variable with 

= np. The probability mass function of a Poisson distribution is: 

𝑃ሺ𝑋 ൌ 𝑥ሻ ൌ 𝑒ି 
௫

𝑥!
 

  is the only parameter needed to describe a Poisson distribution. It is equal to 

both the variance and the mean:  ൌ 𝜇 ൌ 𝜎ଶ. 

The Birthday Paradox Distribution: 

 If there are 𝑛 people in a room, there are ቀ
n
2ቁ pairs of people. We define a 

success as having one pair share a birthday, with probability 1/365. Thus 𝑛 ൌ ቀ
𝑛
2ቁ   

p ൌ 1 365⁄  The expected number of successes is: 𝜇 ൌ 𝑛𝑝 ൌ ቀ
𝑛
2ቁ 365⁄ ൌ

௡ሺ௡ିଵሻ

଻ଷ଴
ൌ  

 Thus the probability that no two people share a birthday is: 

𝑃ሺ𝑋 ൌ 0ሻ ൌ 𝑒ି 
଴

0!
ൌ 𝑒ି ൌ 𝑒𝑥𝑝 ቊ

െ𝑛ሺ𝑛 െ 1ሻ

730
ቋ 

If we want to find the number of people for which the probability is less than 0.5: 

𝑒𝑥𝑝 ቊ
െ𝑛ሺ𝑛 െ 1ሻ

730
ቋ ൑

1
2

𝑒𝑥𝑝 ቊ
െ𝑛ሺ𝑛 െ 1ሻ

730
ቋ ൒ 2

𝑛ሺ𝑛 െ 1ሻ ൒ 730 lnሺ2ሻ

 

 
 Which is solved with 𝑛 ൎ  23, meaning that if there are 23 people in a room, 

there is a probability of 0.5 that two of them share a birthday. 


