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Fourier Series
M

10.1 INTRODUCTION

Suppose that a given function f(x) defined in [, 7] or [0, 27] or in any other interval
can be expressed as a trigonometric series as

Q
fx)= —23 + @) COS X + @, COS 2X + @y cos 3x+... +a, cos nx + ...

4 by sinx + by sin2x + bysin3x + ... + b, sinnx + ...
a4y : ) >
= —2— +(a, cosx + b sinx) +(a, cos2x +b, sin2x) + (ay cos 3x + b, sin3x) +... 4
(a, cos nx + b, sin n1x) + ...

y

o
= — 4 Z(u,, cosnx -+ by, sinnx) (A)
n=|

where the «'s and b's are constants within a desired range of values of the variable.
Such series is known as the Fourier series for f(x) and the constants a,, a,. b,
(n = 1. 2,3 ..)are called Fourier coefficients of f(x).

Every term of (A) except the first, has period 27 and hence any function represented
by a series of the above form will also be periodic with period 2.
10.2 PERIODIC FUNCTIONS [JNTU 2003, 2003S]

A function f'(x) is said to be of period T or to be periodic with period T >0 if for all x,
f(x + T)=/(x), and T is the least of such values.

Ex. 1: Since sin x = sin (x ++ 27) = sin (x + 4n) = sin (x + 61) = ...,
the function sin x is periodic with period 2. There is no positive value T, 0 < T < 27 such that
sin (x + T) = sin x for all x.

In a similar manner the period of cos x is 27.

Ex. 2: The period of tan x is 7.

. L i — 2 ‘ -
Ex. 3: sin 3x = sin (2n + 3x) = smB(T + .\] &W)!H.ﬂ] .ﬂéﬂ%
We notice that sin 3x is periodic with period ?3& ) &, Suadagl! ads J> "’,@é

10.3 EULER'S FORMULAE
The Eourier Series for the function f(x) in the interval C<x < C+ 2m is given by

)= %0— + Z} (a, cosnx + b, sinnx)

es
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1 C+2=n

where a,= — } f(x) dx W

. 1‘! C
C+2x

d. = 1 I f(x) cosnx dx
LT
C+2=n
and b, =% [ f@ sinnxdx )

c
These values of g, a,, b are known as Euler’s formulae.

Proof. Let f{x) be represented in the interval [C, C + 27] by the Fourier series
flx)= -“21+Z a,cosnx+ Y, bsinnx
n=1 n=1

Let us assume that the series is uniformly convergent in the interval C < x < C+2r
Then the series can be integrated term by term.

N

(A)

(1)

To evaluate a; :
Integrating both sides of (1) from x = C to x = C + 2x, we get l

C+2n C+ax C+2n
I f(x)dx = I dX+Z [ J- cosnx dx+b, I sin nx dx] !
c

a @ ain C+2n ki C+2n '
=_0.(C+27|:—C)+Z a,,( nx) +b”(_‘;___"'_)
2 noJe n ¢ :

n=|
=aym + Z [a,,.O - b,,.O]

ne=i

C+2n
Hence "o=% If(x)dx (ki)

To evaluate 4, :
Multiplying both sides of (1) by cos mx and then integrating fromx = Ctox =C+

we get
C+2n C+2r
J f(x)cosnucct\:=g-'L Icosmxd.r+
C @ 5 w C+2n @ C+2n
Za,[ I COS NX COS Mx dx}+z [ j sinn.tcosmxdx}
n= n=| C

The first and third integrals on the right-hand side are always zero, but second integral
is equal to m when m = n ; otherwise it also vanishes when m # n. Hence

C+2r o C+2n C+2n
jf(x)cosnxdx —-2-2 a, j2c053 nxdx] - J(l+c0521u)dx
2
& c

n=|

sin2nx \ "
a, (X+ n IX) = a?"(z“)_—_-ann
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C+2n
I f(x)cosnxdx | (.. m=n) ' : (e ' w3
c : ‘ :

1~
]
A |-

: To evaluate b,. s

Multiplying both sides of (1) by sin mx and then integrating fromx=C to x=C+ 2n

we get
C+2n ; d C+2n o [ Ct2n ] Cc#2n l
jf(x)sinmxdx =— Isin mx dx + a, I cos nx sin mx dx + b, j sin nx sin mx dx
¢ N n=l c | ¢

The first two integrals on the right hand side are always zero, but the third integral :

equal to m whenm =n; otherwise it also vanishes when m # n. Hence
C+2n . 2 . C+2n

[ f(x)sinnxdx:-a—zo-(O)+a,,(O)+-libn [ 2sin? mxax
C : (64 :
C+2rn S C+2n
=g (- cos2nx)x - (x—s'"z’”‘)
= %b,,(zn) = b,
1 C+1lrn :
b"=; (I Sf(x)sin nxdx (8

The results (2), (3) and (4) are called Euler’s formulae.
Cor. 1 : If f(x) is to be expanded as a Fourier series in the interval 0 <x < 2m, |
C =0, then the formulae (A) reduces to

g = %]f(x)dr
0
= ;lt-]f(x)cosnxdx ..(B)
0
1 2
b, =— | fl0)sinnxdx
'y

Cor. 2 : If f(x) is to be expanded as a Fourier series in [-7m, 7], |
C = —m; the interval becomes -t <x<n and the formulae (A) reduces to

x 1
o =% [ rxydx :
a, =’l']f(x)cosnxdx ??)5-"'-"2'" "';é)‘%

e Tudigh 348 512 4

e e e o e & 12

| &

ﬂ -
by =~ | fx)sinnxds
Tk
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In many of the problems, we come across expansions of f(x) in [0, 2] or [-m, ] and
hence formulae [B] and [C] to be remembered carefully.” -~ e e e

10.4 CONDITIONS FOR FOURIER EXPANSION . . = [INTU 2003,2004]

Dirichlet has formulated certain conditions known as Dirichlet conditions under which
certain functions possess valid Fourier expansions. 2y e WA

A function £ (x) has a valid Fourier series expansion of the form

a ! :
7°+Z(a,,cosru+b,,smnx) UL o oo . e

n=l i

where a;, a,, b, are constants, provided: £ ‘
(1) f(x) is well defined and single-vilued, except possibly at a finite number of
points in the interval of definition.”
() f (x) has a finite number of finite discontinuities in the interval of definition.
(iif)  f(x) has at most a finite number of maxima and minima in the interval of definition.
Note : The above conditions are sufficient but not necessary.

10.5 FUNCTIONS HAVING POINTS OF DISCONTINUITY -

In deriving the Euler’s formulae for ay, a,, b, it was assumed that f(x) is continuous.
Instead a function may have a finite number of discontinuities. Even then such a function is
expressible as a Fourier series. : R

For instance, let the function f(x) be defined by

S(x)=6(x), C<x<x,

=W(x), xo<x<C+2n

where x,, is the point of discontinuity in (C, C + 2r).

In such cases also we obtain the Fourier series for S (x) in the usual way. The values of
agy. a,, b, are given by ‘

l r.\‘g C+2n
ag = Cj¢(x)dx+ { W(x)dx
[ C+2n } ¥a |

a,= l -“4;(,\') cos nxdx + I Y (x)cos nxdx RN (v)
7! !
& 1

X0

1 X0 C+2n

b, =— I¢(x)sinnxdx+ I‘P(x)sinnxdx
T
C

I

1

I
X0 b (0 : Q
It may be seen from the graph, that at a point of /—j:
finite discontinuity x = X there is a finite jump (= QR) & i
in the value of the function fx) atx = Xo- Both the E
limits on the right and left exist and are different. At !
such a point, the Fourier series converges to o —=>X

2 [f(xo ~ 0+ fix +0)]
2

In fact, if £ (x) satisfies Dirichlet’s conditions and

|
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J(x)= —ao + Z(a, cosnx +b, sinnx) in [C,C+27] then' the right-hand side series converges

to f (x) if x is a point of contmunty of f(x) and converges to’ —[ f(x - 0) ¥ f (x - 0)] 1f xisa

point of discontinuity of f (x).
This result is useful to determmc the sums of certain series.

0, form#n
n, form=n>0

Note 1. (i) J.cos mx cosnxdx =
2w, form=n=0

-

i .
¥ ; ; 0,for‘m=tnan‘d m=n=0
(i) Jsm mx sin nx dx = {n’. Soememnl .

-n
Note 2. (i) sinan=0,sin2nm=0 for neZ, where Z is the set of all integers
(ii) cosnm=(-1)", cos2nn=1LneZ '

(i) sin(n +%~)n =(-1)".neZ

(iv) cos(n + -;—)n = O:n eZ

Ex.1: Express f{x) = x-n as Fourier series in the interval -t <x < 7.

Sol. Let the function x—7 be represented by the Fourier series

X—7= a?°+ia,, cosnx+ib,,sinmc (1)
n=| n=l
Then  ap= %If(x)dx - J (x =Ty
=—l-’fxdx—1t?dx Ffﬁu I ”U%
.4 [ =i %MW!M&!AA@
l n
= ;[0""2({ dx} ( -+ x is odd function)
1 %
-T;[ 21:(_.:)0] =-2(r-0) = -2n
and = -:;Tf(x)cosnx dx = ;lr-’f x —m)cos nx dx
- —:;[I xCOS nx dx—'n[cosnx dx]
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Finally &,

MA THEMA TICAL METHODS
1 n
—[O-Zu[cosnx dx]
n QT '
[+ x cos ax is odd function and cos nx is even function]
-2 cosnx dx = —Z(San)
0 W70

—Z(sinmt—sinO) = -3’(0—0)
n 5 n

Oforn=1,2,3,..

=%

lff(x)sinnx di= lj'(x—wt)sinmrdx
(e T -

n =
l[] xsinnx dx - [ sinnx de
Tl = -r

1 4

-—[ZIxsinnx dx —n(0)

Tl o

[+ x sin nx is even function and sin nx is odd function|

27!
—j'xsinnxdx
o

(o) (e

3[(M+0)—(0+0)J (- sin nm = 0)

T n

icosmt =——2(—l)" =z(—l)'"l forn=1,23, .
n n n

Substituting the values of a,, a,and b, in (1), we get

D s 13

-+ Y (-1)"™ Esinnx
n=| n

-+ Z[Sinx—lsin 2x+lsin 3x—lsin 4x4-.-
2 3 4.

This is the required Fourier series.
Ex. 2: Find a Fourier series to represent f{x) = x? in the interval (0, 2m).

Sol. Let x2 = a—°+):la,, cosnx+ 3 b sinnx (1)
n= n=1
‘ 1 2x ]21‘ "
Then a0=;£f()r)dx=;£xdx
o 8
T e R G T P
n(30 37((81! 0).31t
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and a,
Finally b

n

Ir

:al-- :l-’-—

ek, If(x)cosnxdx: — It cos nx dx

2 smnx

R AT

21
2xcosnx 2sin nx
n° n 0

.'-il’-

[ 4nc052n1t )_(0_'_0_0)} _

—  (wccos2nm=1)

=

121! 121:
— [ f(x)sinnx dx = — | x* sinnx dx
T o To

S 2n
-l-[xz (—cosnx)_zx(-su;nx) +z(coslnxﬂ
s i n n o

2K
1| x*cosnx = 2xsinnx 2cosnx
b1 n

+
2 3
n n o

2
l{[_ 4n® cos2nm St 2cos]2mt)_(0+0+_27)}
b4 n n n

Substituting the values of ay, a, and b, in (1) we get

4
o
x 3 Z

n=

4n
—cos nx - Z —sin nx
ln n=l N

sm nx ~—COS nx —sin nx e
E +2 3
n" n 0

& yial

‘ﬁ,..dﬂé-md-“ wd?légfe

e B e e B 8

S et s B g St Y

,.u.’;‘;g%

2

= 14"“2"‘4(‘305!4‘-1-2*5052%+L2<3C>S'-’n’f+”-) —4n sinx+-1—sin2.r+—l—sin3x+--~)
3 2 3 2 3

Ex.3. Determine the Fourier series expansion of the function

1
fy= = (3x? — 6x7 + 2n?) in the interval (0, 27).

Sol. Let

Then

fix)

ay

= a°+2a cosnx+Zb sin nx
n=| n=1
12 1% 5
= — [ f(x)dx= -j (3x% - 6xm+ 27 )dx
T o LR

= T;—ﬂ(f -3x*n+ anx)z

= —1—(81(3 127 +47°)=0
12n

i)
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and a, —-_.—ff(x)cosnxdx=;f—(3x ~6x7 + 20 ).cos nx dx
g
o d 12w
- [(3;: ~6xn+2m2 )[sm"") ~(6x= 6n)( °°s"*)+6(_s";"")J
12n n n n H f
0 L[lzn-6n+6_n}_ 1
12l  a* wlond . i
1y . ]21: '
Finally 5, = ;j‘f(x)sinnx dx
= 12 _f(3x ~6xm+2n?). smnxdx
; G e s 2r
- [(h g )( cosnx)_(ﬁx_&t)‘(—smnx]~+6(cosn.r)
12n n ' n? n®
=0

|
Hence fix)= Z—ZCOS'UC

n=l N
. 1 1 1
ie. (3x ~6xm+2n’) = 7 cosx+ 77 ¢os 2%+ — 37 €0s 3x +...

Ex. 4: Obtain the Fourier series for the function f{x) = ¢ from x = 0 to x =27.

Sol. Let ¢*f = (12—°+Zla,, cos;zx+zlb,, sin nx LD
n= n=
1 2n 1 2r
Then a, = —| S(x)dx =— [ e*dx
o Ty o
1 X 2x 2r
= ;(e )0 (e®" -1)
1 2r
and a = — f f(x)cos nx dok j e” cos nx dx

n
T g

2n

1| e p
= — 5 (€os nx + nsin nx)
T 1+n"

Zn_l

0

(2
=i +n‘z)" (-sin 2nm = 0, cos 2nm = 1)

. 1 2n . n
Fma”y bn = — I f(x)sinnx dx =l J’ & sl e
x> =
1 e’ 2x 2
= — s(sinnx—ncosnx)| — (‘")(C’\;l)
e 0 n(l+n°)
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n 2 In

et =1 s ediel” =l & (—n)e" =1) .

Hence ef = + cosnx+y ~————sIinnx
n :‘);m(nn’) % n(1+n?)

21t—

ez"—l[l ® cospx & nsinnx |-
2 n=1l+n2 n=|l+n2

This is the required Fourier series. : .
Ex. 5: Find the Fourier series representing f{x) = x, 0 < x < 2r. Sketch the

graph of f{x) from — 47 to 4m. [JNTU 2003 (Set No. 4), 2005 (Set No.1)]
Sol. Let x = %+Za,, cosnx+Zb,, sin nx okl
n=| n=1 :

2n 123 | x2 2n
Then a°=—If(X)dx=;dex=—(-—) =21
0

and 4, = lzf f(x)cos nxdx . ?p}!na" "‘h@%
e %MM'MJ’“A@

- A1 xcosnxdr= 1 x(Si“"")_(—cosnx) s
T n n n® A

2
N - 1 =
= —| —xsinnx +—-COSNx
T n n-

0
= 'l'('%cosz"“'—l-.—) = *l'(—l;-L.,) =0 [+ cos2nn=cos0=1]
T\n n- mT\n n"
2n n
1 : 1 :
Finally b = — jf(x)sm nx dx= = _[xsm nx dx
" = T o

s 2r n
l —COS X —sinnx 1] =1 | SN
= =t = 3 =— —xcosnx+—25mnx
n n n 0 mLn n 0

= l[(i 27 cos 2nm + O) ~(0+ 0)} e (+r cos 2nm = 1)
n

LS n

Substituting the values of a, @, and b, in (1), we get
n-2 i A sin nx
e n

n—2(sinx+%sin2x+%sin3x+...) +A2)

=
Il
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Graph of fix) =x in [~ 4, 4x

LP. 5

2 4n

Ex. 6: Obtain the Fourier series for Jx) =x — x? in the interval |-m, ). Hence
show that

2
(or) "—=l-i+i.—l+--- [JNTU Dec. 2002 (Set No. 1))
Sol. The Fourier series of f(x) = x - x? in [~n,x] is given by

2 a %2 k >
X—x =7°+Z:l (a, cos nx +b, sinnx) A1)
Using Euler’s formulae, we determine a,and b, .

i

a, ,!l_’;ff(:\')‘i"ﬂ[l _rl(xﬂz)dx =l{ ]”‘ s ,}"'Z"XJ

A=

n
[0 -2 IXZdX:, (v xis odd function and x? is even function)
0

ol 3Y > 2
- il (n°-0) = _2n”
x| 3 3

T
2
and a, = 1 f(.r—.r’) cosnx dx
1S
-

=%[(x—x2) Sinlb\'_(l ~ 95 (l";ﬂ)-f- (-2) [_SH;MJ] +by parts -

n n n

= deosnn _ ACY w0y [ cosan=(-1y]
n

n

Finally 5, =L [(c-x?)sinax de
1
=)

o 1 [(x Ly (—c:osmc)_(1 _23) (—sir:nx) H-2) [cos;zx)Jx
18 n n- n <

_ =2cosnn _ -2(-1)"

n

n n
Substituting the values of ay, a, and b, in (1), we get

1
i
. %
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L+ 2 @« ps i n 2 e ]
P +Z[ 4’:2 R S e LTS Smm‘-)

3 n

n=|

© n+l 4+l
="ﬂ Z[() cosnx+2(_l: sinnx]

n=|

b —? o [C(:;x o cozszzx s co;zéx b C0:24x +”]
0 [sinx _sin2x  sin3x _sifdx +] @
1 2 3 4
Deduction : x = 0 is a point of continuity of f(x). Hence the Fourier series of f(x) at
x = 0 converges to f(0).
Putting x = 0 in (2), we get

-n? T T ST, o e n?
O=—td |-t et | e, oo L =T
3 12 22 32 42 ) 12 22 32 42 l

et n? 12
2
Ex. 7: Expand,s-f(x):(" ;x) ;0<x<2n in a Fourier series.
i [JNTU 2004 (Set No. 4)|
o O L
Sol. Given f(x) = (n > x) = 4x in (0, 2m).
The Fourier series of f{x) in [0, 2x] is given by
(K—TX)-:%.F 2%((:,, cosnx + b, sinnx) A1)
where a,, b, are obtained through Euler’s formulae.
l 2rn _x) 1 l a3 2n
Then a, == 5[ 4n[ 3 (=) ]0 y
==L [ty -] = 2 el iz
w2k frowtynd]al
12 6 {WM' M“b‘"
2n 2 T S22
and a, ad AEE cosnx dx
b1

2r

1 B 'n — = -
-— ('""X)z(SIn'u)-Z(n—x)(—‘l)( c::nx) +2( sn;nx)J Aatis

0
(0 % 2n co;2mr * 0) - (0 _2mcos0 & 0]]
n n?

—+ —] [ cos2am = cos0 = 1]

( -
ﬂ):% if n#0).
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2
Finally b, = 4 .I-(-n—%isin nx dx

o (—cosnx)_z(n_x)(_l)-(—éinrzk)+2(cos:zx) =
.28 R ” n* n> Ml

oo (_ﬂ2c052mt_0+2c082mt) __[—nz _04‘_2‘_]]

3 F
n n n n

ook (=w? 2 sq- 2 ' '
—HL n +-,,_3 = +n—3 (. cos2am = 1)

Substituting the values of @, a, and b, in (1), we get .

n—xz o~ 1 2 2 3
( ) LS 2 cosnx =T COsx  cos x  cosdx

- 12 n=1 n2 12 12 22 32
which is the required Fourier series.
Ex. 8: Find the Fourier series to represent the function ¢“* from x = -7 to

x =1. Deduce from this that

T 1 1 1
- =2 = + = oos
sinh & 241 Pl 4+l

Sol. Let the function e be represented by the Fourier series

o
= a :
e = I8 Z(a,, cos nx + by, sin nx) )
p n=1
n
1 T 1(e™ S [ % — g I
Then (10:— J-e (erx____ = _(e (Iﬂ_ean) L
n n\ —a an an
=i >
ag e —e”™ | _ sinhan
2. axn 2 an

n
e J-e"“cosnx dx
4 -n

1 i i
€ :
SR s (—acosnx + nsinnx)
T |a +n .

ax

[using J' e™ cosbxdx = aze"_ = (asos bx + bsinbx) |

l e-lb\t euu
a, == Cacosnn+0) ~ —— (—acosnn+0) [ sin nm=0]
m|a +n a +n
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= i el

= —————/(e"™ ~e"") cosnn. = w it
n(a” +n°) n(a +n°) .

_ (=1)"2asinhan

' @+ - [ cosnm =(=1)"] -~

n

Finally b, L I.e_"“ sin nx dx
P
- X

[Use the formula j e™ sinbxdx = ,‘ e (asinb.\'-bcosb.\')]
a +b° Y

1 Pl : ik
b" =— (—asinnx — ncosnx)
-7

-
T | a* +n®
1 o™ 3 an :
=—=|—=——= (0—ncosnm)- < (0-ncosnm) | .
Tla®+n’ al+n® - ;

_ncosnan (™ - ™) _ (=1)" 2nsinh an

B TR 2 n(a2~+n2:).' n(az-+n2')

Substituting the values of —a-z"- a,and b, in (1), we get

ac - SiBhaw Z =D 22asm§1 AT cosnx + Msin nx
an n(a® + n*) -, m™a +n)

n=1

- 2sinh an {( Il  acosx +acost_ acos3x+ J
b1 :

AU 2 2 3
2¢. *+a> 2°+4° Fedt

w2Z)

Fia® 2+d Fia
which is the required Fourier series.

_( sinx__ 2sin2x  3sin3x _ )}

Deduction
Putting x =0 and @ = 1 in (2), we get

J2sighm ]l 1 1 . | k. : =
i {2 272741 Fel a4 } f)ﬂﬂdl‘“ﬁ‘%
- ( 1 1 1 J . kgl A8 12 8

= = + -
2l Tl Pud

=2
of  inhx

which is the required result.
(Notice that x = 0 is a point of continuity of f{x) = ¢™).

Ex. 9: Expand f{x) = x sin x, 0 < x < 21 as a Fourier Series
[INTU 2004, 2006 (Set No.3)]

r @ «©0
b - _ 9 :
Sol. Let xsinx = 7+Zaﬂc°s nx + ;b,,sm nx il

n=|
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1 2n 121t
Then a, == jf(x)dx = — Ix sin x dx
T b
0 0
= l[Jc(—cos,wc)-—l-.(--sin x)]é" = l[—Jc cos X + sin x]zn
T T 0
= —1—[(—21t +0)-(0+0)]=-2
T
1 2n 1211
ad @, == If(x)cosnxdx = — |xsinx cosnx dx
0 L 0 /
1 ?7! 1 2n
= — Jx (2sin xcosnx)dx = — Ix [sin(n +1)x —sin(n — 1)x] dx
2xn 2n _

¥ Lx{_ cos(n+1)x cos(n— l)x} = {sin(n +1)x | sin(n—1x HZn -

n+l n-1 (n+1? (-1 ||,

1[ cos2(n+1)t cos2(n—1)=m
= 2n{— ( ) + ( ) }] (n#1)
n+l1 n-—1

1 1
= - + =
n+l n-1 p-1 =l

If n=1, wehave

2x 5 2n
a, = —l— J-.tsian :ix:L x(—cost)_l. (—stx]
1 2n 2n 2 4 o

" 0
1 1
= E
| 2r 1 2%
Finally bn= — If(x) sinnx dx = — J'xsinx sin nx dx
T e
0 0
1 2n
= — | x(2sinx si d
= jx( sinx sinnx)dx Sal62)
0
1 2n
= — Ix[cos(n —1)x —cos(n + 1)x]dx
2m :
2n
= L x{sin(n—l)x 3 sin(n + l)x} = —cos(n—1)x + cos(n+1)x (n#1)
2n =} n+1 (n-—l)2 (n+1)2 o

(n-1)>° m+1)2  (n=1)? (n+1)?
1 1 1 1 ] —_

(n—l)2 --(erI);Z 3 (n—l)2 - (n+l)2

cos2(n-Dn cos2(m+ln 1 " 1 }(n:ﬁl)

Il
x|~
e |

27

,,,,,,,
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for n=1

b =0
If n =1, then 15 -
i 1 2n | : ’ : |
bl -~ -z—n- x - 2sin® x dx f_Puttini; n=1in(2)]
oy o
l 2r 4
= — | x(1-cos2x)dx 71
3w | B il iz

21 b

P —

3

X(X‘Sinzx]-l. [xz_ cos2x]]2" &'\MM' MS&l:ﬁ

fi 2
L 27 27 __41t_...l+l =1
2n 2 4

4

Substituting the values of a;, @,, and b, in (1), we get

COSNX + TSin x

1
= ~1-—cosx+
xsinx 5 E

n=2 " =1

1 cos nx
=-—l+1tsmx-—cosr+22

2 n= 2 n —l

This is the required Fourier series.
Ex. 10: Find the Fourier series to represent the function f(x) given by

f(x)=—k, for=n<x<0
=k, for0<x<m

Hence show that 1-——+—--— toe =— [JNTU Dec. 2002, 2005 (Set No. 4)|

Sol. The required series is of the form

f(x)=£2'l+Z(a,,cosnx+b,,sinnx) (1)
n=1

l n
Th = — dx =— k) dx + | k dx
en a, n:[f(x) x [I( ) +I ]

k[0 3 (AT -
= [(x)_,,+(x)o] n( n+m)=0

and a,

1 If(x)cosnx dx
n

-
0 =
=l J'(—k)cosnx dx+jkcosnx dx
2 e 0

k _sinn.xo sin nx | k
t ] ] ] -£ v
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Finally b, = 1 jf(x)sinnx dx
m

-

[0 % k 2 2 ;:OSIIY .
j—ksinnx dx+Iksinnx dx | =— '("05"") '_( Z }
| ~x o n n' ) x n 0

1-(=D" (—l)" - . . :
L L 5 n [~ cosnm = (=1)"]

(2-2(-1)" ) 4k

A |-

A >

R

=—, when nisodd. -
n nmn SR

Substituting the values of @y, a,, b, in (1), we get

2]

4k ... p
~Zsinnx, where n is odd
nmn

fix) =

=1

|-&=-
~

. [sinx +§si!13x+--;-sin5x+...] sald)

Deduction : At x = % f(x) is continuous. Hence the Fourier series converges to
/(%) Thus putting x = 1;- in (2), we get

'j(i) =k =3 (sin-’t-+lsin§£+-l-sin§£+...)
2 b1e 2 3 205 2

1.e., |=i(1-l+l-l+...) e, l-——+———=+...=

Ex. 11: Find the Fourier series of the following function.
f(x) =0, -n<x<0

=%, O<x<m

2
Also deduce that -“—=l+—!1—+—l;+...
8 3 5

Sol. The Fourier series of f(x) is given by

f(x)=52°—+2(a,, cosnx + b, sinnx) (1)

n=1

Then a, =%J:f(x) dx =-71?U‘O-dx+j%“-dx}
; -% 0

_L.ijm_L L I
=i 4 4| 2 8
n

a =-l— jf(x) cosnx dx
n

-
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0 x ‘n )
4 fO-cosnxdx+I—Ecosnxdx = i-EJ.)c cos nx dx
T % 0 4 n 4 0 :

Sk sinnx) —cosnx | 1 COSHTC 1
= —lx o . = —|| 0+ - 0+—

4 n n’ B i n? n?
_cosnm~T _ (=1)" =1

an? an?

Hence . =_—2=-%, when 7 is odd
1

4> z S >
=0, when n is even ‘ ?@)!‘-32-" ﬁ

f B, duddigl! 4uS 12
Finally b, =1 _[ f(x)sinnx dx ; 9?&:..__._,_..,_.-_._._&
L

"o - :
= IO-sinnx dx +J‘—,nir-sinn.r dx| = 4.2 X sinnx dx
4 n 4

1
LS £ 0

(x(_cos"_x)_l.(—SinllX) i =l (M-{-O)—(O'FO)
; n "2 o 4 n

_ —mcosan _ —n(=1)"

4n 4n
Substituting the values of ay a,and b, in (1), we get

Y 1\
[(( ;)1 l)cosmf—( znsinnxJ
n=1 n

© Sy

TN

S =T+

2

w0 [cosx + —lz—cos?}x +L,cos.5x +)
16 3 5°

8]

sin2x  sin3x
Deduction : At x =0, f(x) is continuous. Hence the Fourier series converges to f(0)
atx = (. Putting x = 0 in (2), we obtain
1 | 1

0 =0=£—~— |+ —+—+...
i 16 2[ 358 )

! n’ )
Le. — =t =t —+...
(i.e) g e

e (sinx
4

Ex. 12. Obtain the Fourier series in (=n,m) for the function
fx)=0,for-t<x<0
=sinx,for0<x<gx

————— e = = (X~ ,
Hence deduce that 13 1.5 5.9 2 2 llJNrU 2001]




MATHEMATICAL METHODS

Sol. The Fourier series of f(x) is given by

f(x):g'zi+"z=|:(a,, cosnx + b, sin nx) L ..(1) :
3 0 n
Then a - If(x)dx=l[jo-dx+jsinxde
% -n o -R 0
=l [0+(—cosx)]:; S (—cosm + cos0) ='i (1+1)= 2
n n i | i

bis
and a, = % jf(x) cosnx dx
-x

0 n
= l [IO-cosnx dx +Jsinxcosnx dx:|
s

- 0
l b4
2—j sinx cosnx dx =— I[sm(n+l)r+sm(l—n)\'](tv
0
51— J[sm(n+ IDx —sin(n— l)x] dx
n
=L —Cos (n+l)x+<.os(n—l)x e Rl
2n |, n+l n-—1 0
:_I_ —cos(n+l)1t+cos(n—l)n+ ) e Sl
2n n+1 n—1 n+l n-1
LI —(—1)"*‘)((—1)""+ T
2n n+l n-1 n+l n-1

1T .4 o I n-
=—[;+—l(l—(—l) ')+n_l((—l) '—l)] (n#1)

a, =0, whenn isoddie n=3,5,7, ..

and L = 1 ( :4 ): '22 . when n is even and n # 1
2n \n* -1) w(@n"-1)

In case n = 1, we have
n n
a, =ijsinxc05xdx=.—l—‘[ sin2x dx
T 2710

0

n

e (M) Sl (cos 2m — cos 0) i (1-D=0
21 2 0 4n 4n
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n n
bl =ij sinx-sinxdx:LJZsinzxdx
Ty 2n 3

403

n ' :
=L I(l—cosz,t)dx:_l_(x_sm?.x) Sa‘ﬁ’"
255 2n 2 s %

m%x

sinx sinnx dx = — I[cos(n = 1)x —cos(n + 1)x]dx

L sin(n—1)x ) sin(n+ x|
n—1 n+l o

2m
Substituting the values ofao, a,a,, b, and b, in (1), we get

cos2x cosdx cosbx | 307
= — - + + +...|+—=sinx
Jy= n (2- 4°=1 62-1 ) 2

n-1 n+l

_2 Z cos2ax 1 inx

=
L B @2n)*-1 2

n=1
" Deduction. Putting x = % in (2), we obtain

n) 1 2~ cosam | . nm
—|===-= +—sin —
f(Z) b zg: Gm -1 2 2

P24 R, . f
R LB

| l = 3 ( l)lH-l
RS e nZ::l(znn)(zn-l)

n
O S
« ik iete s
5 N S
% N3 3.5 50 %

Ex. 13. Find the Fourier series of the following function
f(x) =—cosx, when —t<x<0
=cosx, when 0<x<mx

=L{(sin(n-—l)n_sin(n+l)7t)_(o_o)}=2l(0_0)=
n

: ),, au,g; 4uiS .}
=—1—|:(n—s'—"2£)—(0—0)J=L(n)=—l— ¢!
2 2n 2

0

(2)
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Sol. The Fourier series of f(x) in (~m, m) is given by O

f(x) =070+ Z(a,, cos nx + b, sinnx) '. 1)

n=1

¥
=
b

n ’ 0 R
Then a, =% Jf(.x) d :-71? l:J-—-cns.\-d.\' 1-Icos.\'d.\]
—’r - ‘

-7 1)

= [(—sinx)‘f,, +(sinx)3] L 0+0)=0
Fis e T

big
and a, =% J'f(x) cosnx dx

0 n
= l J-— cosx-cosnx dx + Jcosx-cosnx zlx}
" L-= 0
[ 0 n s
. ¢ -J cos (—t) cos (—nu) (—=du) +j COS X * COS LY (1.\':l.
= L « 0 RS
(Putting -u for x in the first integral)
"o ) b
a, = ;lr_ Icosucosnudu +j COS X COSNX ({,\W
n 0
[ x n b b
= L —qusx cosnxdx +J COS X COSNX d.\] [ Jf(.\')d,\' = jf(u)du]
* L © 0 a o
=0

1

Finally b, == [ f(0)sinnxdx
4

) n
7= I—cosxsinnxdx +Icosxs'mnx dx]
L-x 0

"0 n
= 4 -—J cos (—u)sinn(—u) (;du) + J COS x Sin nx dx},
B n 0

on putting x = —  in the first integral

i b13
b == —I cosusinnu du +J COS X Sinnx dx]
n 0

X n
Jcosusin nu du +J.cosxsinux dx
0 0

o2 |-

L

A | -

n n x
y ; 1 y
Jcosxsm nx dx +Icosxsm nx dx =— J'Zcosx.smnx dx
T
0 0 0

L
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[sin (n+Dx+sin(n— l).\;] dx

I
o |-
1 O S—

1 [-cos(n+)x COS(Il;l)X > '
=— = . Where n# |

b4 n+l n—1 o

1 ——cos(n+l)n cos(n—=1)= 1
= — - = +

n n+1l n—1 nrl n-1

1 [cosan  cosun 2n
=— + F— .

n | n+l n-1 =1

on expanding cos (n + 1) and cos (n - 1)n

1| 2 2n
) s cosnm + —;

nonin -1 n- -1
47 n
=+”(l+cosmt) M Szl
n(n” 1) n(n®-1)

b, =0, whennisoddie.n=3,5,7, .. ?)‘ﬂaﬂ
and b, = — 4" g , when n is even. B M-h‘" MS J"Jéé

n= Y . or
n(n--1) n(n+l)(n=-1)

When n =1, we have

" 0 %
b, = ) Jf(.r) sinx dx = 4 J(- ¢os x) sin x dx +Jcos xsinx dx
K T

- - 0

0 x
| .
1_ j sin x cos x zlr+j2smxcos.rdx
x| 2 %

0 = i : . 0 .. \®
LSS J'sin 2xdx 4 jsin 2| .. (L’z‘] i (_M)
21 2n R s

e 0

1 ks
=—|= l—l-— =1 -0)=
2_{[ ( ) ( )] o (0-0)=0

Substituting the values ofao, a, b, in (1), we get

fx) = s [Lsin2x+isin4x‘+—6—sin6x +]
wL1-3 3-5 5-7

which is the required Fourier series.
Ex. 14: Given :

flx) =l+-2-n5. when —t<x<0

=l—2?x, when0<x<n

cosx , cos3x 4 C0s S5x e
12 3? 5?
1

e | * !
Deduce from this that 77+ 55+ +..= % [JNTU 20008]

Show that f(x)= % (
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/) TS :

L Sol. Let f(x) = %+ Z(a,l cosnx + b, sinnx) . : (k)

n=1

Then ag=+ jf(x)dx =;1t-ﬁ (1+-2n£)4x+j '(1-%{’-‘-) dx]
S 0

1 2 0 - 2\" 1 .
=_|i(x+£—) +(x—i_) } =—‘[0+0]=0
4 35 N T Jo s

n
and aq, =t If(x) cos nx dx
n
y 2 . :
0 x
=l [I (1+_2_x_) COSs nx dx+j (l—ﬁ) cosnx dx]
mf 14 4 b
. \0 : 0
1 sin nx 2 sin ax —Cos nx
<[] 2 ()
n{[ n == by n n =
. n - X
Sinay 2 sinnx — COS /LY
) S
[ n ), T n n- 0
=i{[0+g(_17_ cos::n)]+[o_g(cos:xn __12_)]}
b § T \n n- s n- n
_i[_l__cosmt _cosnn +L]
: 22 | n? ) " )
__2_[_2__2cosmt] 4 A cssiny
'KZ nz nz - nznz
—(—1)" 8
= ﬁ[l—g—l)——] = —— when n is odd
n‘n mn
n
b, = lJ‘_f(,\f)sinmcdx
7

A2 ] )]
=) 2=
=l ]

-1 cosnn 2(—ncosrm] —cosnm 1 2 —ncosnn]
=] =4 £ ! + it g e
n n T n n n x n

0




FOURIER SERIES ' , 407

Substituting the values of a, a,, b, in (1), we get

8 |cosx ;:053 cosSx : L
f(x):F[ 2 $ 32"4. p +] G e

Hence the resulit.
Deduction. Putting x = 0 in (2), we get
| | |

7(0) =n-82(1-2+3_2+5_2+...)

Ex. 15: Find the Fourier series of the periodic function defined as
-t , -n<x<0

f(x)={ X 5 Oex<n

N n? ‘
Hence deduce that l—2+~3—2+g-2-+...=? [JNTU 2004, 2006S (Set No. 2)]
Sol. Let f(x) = a7°+ Za,, cosnx+ Zb,, sin nx : (1)
n=1 n=1
1},
Then a, =— dx
} s _J;f(x)
1 "0 n
s -{(—n)dx+dexJ
l~ 0 x* : 1 s w2 1 -n? -7
T — -1t +| — = — | -1t" —_— s — ] = —
x| )(x)'"[z)o] n[”+2 x| 2 2
a, =% jf(x) cos nx dx
o

I

NS

I(—n)cosnxdx+’]xcosnxdx} gﬂhﬁ" _.%a
B, dukigl) A4S J51

L-¢ 0

[ 4 0 5
sin nx sinnx cosnx )
(-m) +| x. =
L n o n n 0

0+—l—cosmr——17]

ERES

Al

nz o

1 1 "
=—(cosnn—1)=———| (-1)" =1
mxz T(Ilz [ ; ]

=2 =2
y @ -_-0, as :E’ ay =0,a5 =52—,...

i

al ———
1’
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]
3

n - ¢ n
| ) == l TP GaAe A 2 i
and b == jf(x)smnxdx - [_{(' n)smnxdmé[xsmnx(llx]

0 n :
1 cos nx cosnx smnx
== |7 s e 55 +—.,—-'
T n " n n- o

n n

b =3,b =:21, by =1, b, =_Tl.,and'so on
Substituting the values of a,, a, and b, in (1), we get .

K _2 cos3x , cosSx ]

f(x)= 2 n(cos.r+———32 +-———52 +an +
. sin2x  3sin3x sindx )

(3smx 2 - 3 7 o

Deduction. Putting x = 0 in (2), we obtain’

| S E R
f(0) = 2 ﬂ(1b+32+52+...]

Now f (x) is discontinuous at x =0
fO-0)=—-= and f(0+0)=0

f(0)=%[f(0-0)+f(0+o)]=?
Now (3) becomes

A . (S P VS S e o
2 2 ﬂ(12+32+52 +) (Or) l24 32+52 +...= g

-11? [5(1 —cosnﬂ:)—ﬁcosnn] = %(l —2cos nm)

(2)

.(3)

Ex. 16: Find the Fourier series to represent the function flx) given by

0, for —n<x<0

X)=
J(x) ¥t for 0Lx<m

Sol. The Fourier series of f(x) in [, is given by
f(x)= {—’20- - Z (a, cos nx + b, sin nx)

n=|

ki

n 0 n n 5
The XS Sd 2| A2 ox
noap = jf(x) dx n[~£0dx+6|-x dr} e

hs i
and a, =i Jf(x) cos nx dx
-n

(1)

0 n n
— l[jo.cosnxdx + J.xz cosmdx} = —I-J.xl cosnx dx
T n
0

- 0
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5 sinnx -COsvx;r —sinnx 3
'( J-*( : )*2( «)
ﬂ_ n n o

. > n
=l xz —cosnx " —Ssinnx 2 cosnx
m n nt -5\ " b

[—_-:—zcos nm +-',2—J(cosn1i—l)] : y)l'-'uﬂ-" . .gg
=.‘_7‘(_1)"+L3[(_1)"_1] MMI M\Sd?lé‘,a
n nn

Substituting the values of a’s and b’s in (1), we get

f(x)-?+22( y cosnx+Z[ EL N ) 3(--1)”—1] sin nx
nn ,

n=l n n=1

r-m

Ex. 17: Obtain:the:Fourier series-in |- 7, 7] for the function.

-_—1(1:+x), for —t<x<0

f(x)=
—(n—x), for 0<x<n
Sol. Let the functlon f{x) be represented by the Fourier series

f{x) = —+ Z(a cos nx + b, sinnx) =i(1)

n=1

0
Then a, = L J-f(r)dx ——[I-—(n+x)dx+j—(n x)dx:l

-x

and a, =% jf(x)cosnxdx

0 n
= _11; { J'Ll.(n+x)cosnxdx +(!%(n —x)cosnxdx}

-

0 n

1

Jncosntdx+ Itcosnxdx Jncosnxdx+jxcosnt¢r
- - ~ 0 0

s 0 . 0 | -
-1 sinnx sinnx cosnx sinnx sinnx ) cosnx =
=—AT +| x H— -7 +| x +—

27 [ Y 1 n ) [ AT i L
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__1_[1-—cosmt+cosn1t—l] i
21{ n2 - "2

Finally b, = If(x)smnxdx

-n

0 x
I——l(n+x)sinnxdx+I—l-(n—x)sinnxdx
= 2 2
1 0
=—rn51nmdx+j 7 sin nx dx — J smnxdx+j1rsmnxdx
2| J-x -x 0
i 0 0
=1 —Ccosnx —cosnx | cosnx
=—0T +| x +
21{{ ( n ) [ ( n ) ]
o =
(cosnx)" [ ( cosnx cosnx }
+7 +| x
noJ n
sl i(l—cosrm)+L— ncosAm  cosnm
n n’
+£(cosmt—1)+[_ﬂc°sm+c°s:m—L,}}
n n n

a
- :l(-Zn) |
2n\ n n

Substituting the values of a’s and b s in (1), we get

f= Z sinnx .mH_sm22x4_5m33x+
n-l

Ex. 18° A sinusoidal voltage E sin wt is passed through a half-wave rectifier
which clips the negative portion of the wave. Develop the resulting periodic function

U(t) = 0, when —§<t<0

= E sin wt, when o<t<%

2% < .,
and 7 = — in a Fourier series.
w

Sol. Let U(¢ ol 2nmt b, si an

(L) ==+ g‘:la cos = +,,Z| .

2n
s a, cos nwt + b, sin nwt g ’
uz=: Z [ v ) . )
9 TI2
Then a, =T _(U(z) dt.
~TI2

2 0 TI2 ' T2
:7‘— I Odt"’ " Esin Wtdt =_%_ I Esin Wldl
0

-T/2 0
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TI2
—E i
=—2—(— cos wt) =—3£(cos1r-l)=-2—E (o wT = 2m)
T\ w 0 wT n
TI2 r/2
and a, =l I U(t) cosnwt dt —— IEsmwtcosnwrdt
i 3
-T/2

T2

=% j[sin(1+n)wt+sin(1—n)wz]d; ?}Igﬂ" %
=£\:—cos 1+n)wt cos(1- ")wt]nz o s’) m.\.«y'usdru{é@
T ’

(1+n)w (1-n)w

__E[cos(i+n)m cos@-mn___ 1 1
. +mw = (-mw (+m)w (I-n)w

- =3 i vasle .
[(l+n) T 1_"],whenmseven

=—E—( 2yt )=' ek , when n is even

2n\l+n 1-n n(n® -1)

Ifnisodd (n #1),a,=0
In case n = 1, we have

T/2
% J sin 2wt dt

"“HN

Ti2
I sin wt cos wi dt =
0

ET (cos wT —cos0) = -;—f(cos 2n—-cos0)=0

~|o

T12 ETIZ
and b, = I Esinwtcoswt dt = T I (1-cos2wr)dt
0 0

: 712

2wt

e b =E ,(since sin w7 =sin2m= 0)
2w A 2

N]

If nxl,then we have
2 T/2
= j sinwtsinnwtdt (. 2n=Tw)
T 0
T/2

£ I [cos(n —1)wt—cos(n +1)wr]dl=0
0

Substituting the values of a's and b's in (1), we get

TR cos nwt

o
o G o8 Z
* n=2.46.M1 =1

E
uw) “ﬁ' 2
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Ex. 19: The intensity of an alternating current after passing through a rectifier
is given by

I sin x,for0sx<n
itx) = fornsx<2n
Where I is maximum current and the period is 2. Express i(x) as a Fourier

series. [JNTU 2002, 2005S, 2006S (Set No. 1)]
Sol. The Fourier series of i(x) in [0,2n] is given by '

i(x) = %+ . (a, cosnx +b, sinnx) e

n=|
1 T 2n
Then == i
a, R[Jlosmxdx+;|'0,dx}

_Io i _—Io B B 2
e !smxdx—T(cosx) -—( 1-1) =

n 2x
l[‘[ I sin x.cos nx dx + IO. COS nx de
0 n

n
n

la % /
=20 jsmxcosnxa’x = 2—°J‘2sinxcos;udx
5 n

n

=2—° [sm (n+1)x+sin(l- n)x]dx

n+l 1-

[ cos (n+1)x cos(l n)x]
0

e 2( 1)” +2] Iy
2n n _1) n(n2—1)

[(—l)" +1] forn=1

a. = 2,10 , when n is even
n(n® =1)
=0, when » is odd (n#1)

Q
|

n 2n
= i[J’Iosim:.cosxdx+ IO.cosxde
L 0 ' n

fo sin2x dx = ~cos2x |° =0
2n : 21t 2 o
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)
B By i
and b, —-;t-é[losm xde=3

n
Finally b, =% [ Iosinxsinnxds, (n #1)

= -21%_;‘. [cos(n ~1)x—cos(n+ l)x] dx

F il midea

__Ii[sin(n—l)x_sin(nﬂ)x]“ g&;‘#'@‘&”ﬁ

T 2n n—1 n+l b

=0, forall n=l
Substituting the values of @’s and b5 in (1), we get

SOy O _%_wcosbzx ——
i(x) - o sinx - — "2_‘14,;2— (+ nis even)
EXERCISE 10 (A)
(@) Define a periodic function. [JNTU 2003}

(b) Write the Dirichlet’s conditions for the existence of Fourier series of a function f{x)
in the interval (o, oo+ 2m). [JNTU 2003 (Set No. 2), 2004, 2005]

Obtain the Fourier series for the function.
(i) e*-1in(0,2n) (if) e inthe interval (0,2n) [Hint : Refer Solved Ex. 4]

(iif) e in (—x, ®) [JNTU2001]| (iv) = in (0,2m)
Show that in the range —n to m, x + X? as a Fourier series is

PO S L (COSX ol COS’ZX - 605131 _) 2 (sm.t _sin2x  sin3x )
3 12 2 3 I 2 3
T, n’
Hence show that Z = i [JNTU 2003 (Set No. 3)]

n=1

(/) Find the Fourier series of x> - x* in (-m, ).

(ii) Find the Fourier series of f(x)=n—xin (0,2n)

-Xx . ; ; JL 3
If f(x)= L 2x in the range 0 to 2w, show thal-f(X)=SmX+-;-S‘"2X+§5'"3X+---
S T
l-——+=—-=+... = —
Hence deduce that 31577 2

Express f(x)=x+!x as Fourier series in (-, )
[Hint: f(x) =x-x=0 when -1 <x<0
=x+x=2xwhen0<x<n]
Expand f (x) = x cos x, 0 < x < 2x as a Fourier series
Express f(x) = x(2n - x) as Fourier se;ies in (0, 27m)
1 T

1 1
Deduce that =+ —=+—5+.... = ——
L 6
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9. Given :f(x)=%+x, for-m<x<0 =%—x. forO<x<n

Show that f(x) =% (C‘i‘;‘x + °°3$23x + °°;25x +)
10. If f(x) =0,for-n<x<0
=x, for0<x<m

n 2 (cosx cos3x cos5x L sin2x  sin3x )
T e e —— + + o + slnx__.},.—_'”
Prove that f(x) i ( 2 7 i ) ( 5

Hence show that l+l P +.o= Ei
3 8
11. Find the Fourier series of the following function :
f(x) =-1+x,for—-n<x<0
=l+x for0<x<n
1 b4

I 1
1__.+___.+_“=_.
Hence prove that 37573 2

12. Find the Fourier series expansion for f (x), if
f(x) =x, when 0<x<m
=2n-x, when n<x<2n

Hence deduce that l+—l,-+L,+...="—2
3 5" 8

Or Obtain the Fourier series for f(x) =n — | x —n | in (0, 2n)
13. If fx) =x(n—-x), when 0<x<x

=-n (n—x), when Tt < x < 2n

[JNTU June 2003)

Prove that f(x)= 3 (sinx + Lzsin Ix+ ~l-zsin 5x + )
n 3 5

14. Find the Fourier series to represent the function f(x)given by

—xz,—n51<0

x2,05x57t

o
| ANSWERS
[ +Z COS nx i nsinmc}_l

2. & =1==%

,,_,n+l it ]

@) e*

=215 s, 5 ]

,.,,,n+l = w1

n=1 a +" a=1 a +n

(iii) ™ =25ir;rha7t l:z z (—l) cosnx Z (=1)" nsmnx:l

% _{ ap & ey Lt
+ + Z

(iv) e™ = 5 sinnx

2 T e a’ +n’ n el n
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4. n° —%t =-2—1r2 -4 Z =D COS nx

3
4 [cosx cos3x  cosSx [sinx sin2x , sin3x ]
u =N —— + | 2 - + -
6. f(x)=m n[ = - + 5 - S ] [ : 9 .

i < .
i f(x)=1tcosx—zsmx-—2 Z " sinnx

2
n=2.a.. ¥ =1

2 2 = —4
- ==7" + — COS nx
8. f6)=73 Zl ~

2
(ekp) ‘sin3x—zsin 4x +M
i 4 5n

11. f(x)=3(n‘+2)sinx—-§—sin2x+ sinSx —...
b\

12. f(x)=%—%(cosx1 co3sz3x +c—°75%-+...)

14. f(x)= Z(n —i)sinx—nsin 2x* g—(n ——4—)sin3x—£sin 4x +....
T 3 on 2

10.6 EVEN AND ODD FUNCTIONS ‘

A function f'(x) is said to be even if f (=x) = f{x) and odd if f(—x) = —f (x)

For example 2 x* 422 41, e + e, cosx, sec x are all even functions of x, while
x, x>, x* +2x* +3, sinx, cosec x, tan x are all odd functrons.

Graphically an even function is symmetrical about the y-axis and an odd function is
symmetrical about the origin.

The product of two even or two odd functions will be an even function while the
product of an even function and an odd function will be an odd function.
We shall be frequently using the following property of definite integrals :

I f(x) dx =0, when f (x) is an odd function.

= 2_[ f(x) dx, when f(x) is an even function.

Note : It is desirable to consider the even or odd nature of a function f (x) when we are
dealing with domain of definition in the form (=1, ), (-, 7) etc.
10.7 FOURIER SERIES FOR EVEN AND ODD FUNCTIONS

We know that a function f(x) defined in (—=, 7) can be represented by the Fourier
series

f(x):%‘)—+ Z a, cosnx+z b, sinnx

n=1 n=1

n
where a = i Jf(x) dx
-

, B Rl i
anzijf(x)cosnxdx ' 3 .&HW‘@SJ’IA ;

and b = 3 jf(x)sin nx dx
n-1
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Case I. When f{x) is an even function

n n
a, = % j f(x)cosnx dx = %j f(x)cosnx dx, since the integrand is even.
-x 0

only cosine terms.

series in the form

Case II. When f(x) is an odd function in (=, m)

only sine terms.

of the form

MATHEMATICAL METHODS

a =$ if(x) dx=% If(X) d

Since cos nx is an even function, fx) cos nx is also an even function. Hence

Again since sin nx is an odd function, f{x) sin nx is an odd function
n 3
Al > _[ f(x)sinnx dx = 0, since the integrand is odd. %
T :
=%

Thus, if a function f(x) is even in (-m, m), its Fourier series expansion contains

Hence we have the following :
If f(x) is defined in [-x, ] and S (x) is an even function, f(x) can be expanded as a

f(x)=a7°+2a, €OoS nx

n=|

A

Sf(x)cosnx dx, n=0,1,2 ...

Al

where a, =

<

a = % ]:f(x) dx =0 since f(x) is odd
Since c;): nx is an even function, £ (x) cos nx is an odd function and hence
&= % If(x) cosnx dx = 0, since the integrand is odd.
Again si-l:ce sin nx 1s an odd function, f(x) sin nx is an even function.
A= % j'f(x) sinnr o = % jf(x)sinnx dx, since the integrand is even.

- 0

Thus, if a function f(x) defined in (==, ™) is odd, its Fourier expansion contains

Hence if f(x) is an odd function defined in [, n], f(x) can be expanded as a series

f(x)= ib,, sin nx

k3
where b, s If(x)sin nx dx
n
0
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EXAMPLES

Ex. 1: Express f(x) = x as a Fourier series in (-, ). [INTU 20028
Sol. Since f(-x)=-x=-f(x)

:. f(x) is an odd function in (-, 7).

Hence in its Fourier series expansion, the cosine terms are absent and only sine terms

arc present.

Lx= ib,, sinnx

n=|

- 5 114
where b, 'g'JxSin'lxdx ___Z[X(—cosn.r)_(—s":,u]
* = n n 5

n+l 2
n

Il

= :—2-cosn1t =(-1)
n

(v sinnm = 0)
) o et (_l)n+l ;
el 2 i E —_—
= A sinnax
: - | [ |1
=2 sin x — —sin 2x +—sin 3x — —sin4x t...
2 3 4

which is the required Fourier series.
Ex. 2: Expand the function f(x):x‘ as a Fourier series in [-7, 7).

2 o™
or, Proove that x* = —+4 Y (-1)" i [JNTU 2003 (Set No. 2)]
3 n=|\ ”1
Hence deduce that
A (Y SR ¢ n R e Il ©
) ———+———+w="2 i —+—+—=+—+u=—
@ T Fte e 12 O 7 7" 6
PN R, s T n’ : . :
@) S+tgtotesg il mtiyd¥EU 20035 (SetNo.2)]
1 7 S .
! L N
Sol. Since f(—,t):(--,\’)2 :xz =f(x), -.ﬂ_..!wa_‘a o

.. f(x) is an even function in [-T, n].
Hence in its Fourier series expansion, the sine terms are absent.

o =%°+ Za,, cos nx (1)
n=1
n - 3 L 2 =g
where a, =3J' Fivagld s i .(2)
Ty G - 3
2 R
and a, e f(x)cosnx dx = — J',\r2 cos nx dx
T - 0

n
0
2 : n
[xz(smnx) Lo (- coinx] 5 2(—5|r:nx )]
n n- n 0
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=3[0+2 =42 o]
n n’

dcosnn _ 4 -
i e
Substituting the values of @, and a, from (2) and (3) in (1), we get
S KT Z — (=D)" cos nx [INTU 2003 (Set No. 2)]
L

2
=L_4 (cosx- cos2x I cos3x cosédx +)
3 22 32 42

n+l

:l

COoS nx

..(4)
Deductions.
(/) Putting x=0in (4), we get

2
T 1 £l
O=—-4|l-—4——-—+__.
3 ( 253 @ )
SR o n?
:>]—?+? 42 +...=E (A)
(it) Putting x = 7 in (4), we have

2 .
=" _4 (cosn c c05221r & cos’3n 2 cos:in +)
3 2 3% 4~

n 1 1 1
=—+4 |14+ —=+—+—+
3 o5 gt gl )
1 1 1 n?
$l+2—2+3—2-+4—2+...=? (B)

(iif) Adding (A) and (B) and dividing it by 2, we get the required result as

Lo ST
1—2+3—2+5—2+;2—+.-—?

Ex. 3: Obtain the Fourier Series for the function f(x) =|x|in —w<x<m

2
and deduce that L+ L4 L, 7 [INTU 2003S (Set No. 4)]
12 a3 % 8

Sol. Since f(-x) = x = f(x), therefore f(x) = | x | is an even function. Hence the
Fourier series will consist of cosine terms only.

: 9
S f(x) = |x|=?+ ’Eaﬂ cos nx 13
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2 s
=% (%] — %(%] =7 .(2)
0

x n T
and a, =2If(x)cosnxdx =Zjlx|cosnxdx =2chosuxdx
"% % o
n
2[ sin nx (—cosnx)]
= =1~ 5
b/ n n o
2 |cosnm 1 2 A
S| e o L
s n* nz] ‘n:n2 J
) a, =0,i1fniseven
= —_4;2-, if nis odd -(3)
mn

nt 4 (cosx " cos 3x 2 cosSx ) } "“""’va‘?ﬂ .(4)
Deduction ?r)‘nﬂ £
2
0=£-i(l+i+ : + ):> L2+_l_+_1_+_“___%

Substituting the values of a, and a, from (2) and (3) in (1), we get
|x|= 2 nh B 32 52
) When x = 0, [x| = [0] =0 ', Dk} 28 9712
. Putting x = 0 in (4), we have .
RS A A
Ex. 4: Show that for -n<x<m,

ki Zsinau[ sinx _2sin2x  3sin3x _

% |i-g gt Bt ] (a is not an integer)

[JNTU 2004S (Set No. 2, 4), 20058 (Set No. 2)]
Sol. As sin ax is an odd function, its Fourier series expansion will consist of sine terms
only. ‘

oosinax = Zb,, sinnx TUED

n=1

n n
where b, = = Jf(x)sinnx dx =2 Isinaxsinnx dx
*a T

l R
= ;J’ [cos (a—n)x —cos(a+n)x] dx [ 2sin Asin B = cos (A — B) - cos (A + B)]
0

b =i[sin (a—n)x_sin(a+u)x]"
" s

a=n atn 0

By | sin(a—n)m _sin(a+n)1t
T a-n' a+n
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I

1 | sin an cos nmt—cos m sin it sin @w COsSAT + COS AT Sin AT
n a-n . a+n

1 [sin am cosnm _ sinam cos A
1S a—n a+n

] [ sinnm = 0]

i 1 1 | e a[atn—a+n
=—smmtcosnn( - ):—sman -1 (——,—)
bLs a-n a+n L8 a”—n" ‘
n
nt(a —-n")

Substituting these values in (1), we get

sin ax

_ 2sinan i n(=1)"

5 sinnx
i n=) @ —n
_ 2sinan (- l)'”'l
Z S-sinnx
T[ I!Bl n _a

_ 2sinan ( sinx  2sin2x . 3sin 3x _)
n Pog 2°-a" Y-u
(We note here that since @ is not an integer, 1> — a2, 2* —a°, 3° — a® etc. will not become
Zero).
Ex. 5: Find the Fourier series to represent the function
f(x)=xsinx,-t<x<m

— — — —— — — =— 2 N 3
Hence deduce that T3 B 5+5 77T 9 (t—2) [JNTU 2004S (Set No. 3)|

Sol. Since f(x) = x sin x is an even function, b” = 0

o
. a
Let xsinx =—2+ » a,cosnx. Then

n=1

n
a, =3J xsinx dx =%[.r(—cos.\')—l-(—sin.r)];
%%
—2—( —-mCcosT) =2
n
9 n
and a, = :-j\’Sln.ICOSIlth
i
I X
- s + 1) x+ - d
nz[x[ in(n+ 1) x +sin( n)x] x
l{ [ cos(m+1)x cos(l—n)r] _y|zsin(a+D)x sin(l-n)x ;
n n+l 1-n (n+1)° (1-n* |,
l[ n(cos(nﬂ)n cos(lfn)nn (n=1)
n n+1 l-n 7
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(Since th_"’:' e "‘, nd term vamshes at both upper and lower hmxts)

cos(_+l)1t cos(n l)n o N i
= HCLTE BECUE R

T (—15*“ Cenen?
| n+l n—1
R (G0 ) KA 1)"” = (=) (=)™ n=1-n—1
AEL i n* -1

= n#l (A)

If we put n = 1 then a;=wand hence a, cannot be evaluated from (A).

Puttingn=11in a, =

=1|M

T
Ixsmxcos nx dx, we get
0

A I 17
a, == jx.sin,x_cqsx dx = — Ixsin'Zx dx

_sin_Zx)]K__ x (—n,cosZnﬂ"‘ i :l_
ERG N <l s

Soxsinx= l—-é—cosx+ Z L ————CcOSs X

A=l

l A 2(__1)‘an
=]l——cosx+ —_— oS nx
2 i (a=Dn+1)

= 1.——l—cosx+(:2—'cos2x+——2—c053x —-—Z—-cos4x +) e (B)
2 1-3 2-4 3-5 / )

Deduction

Putting x =% in (B), we get

(1)+
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— as a Fourier series in the intervai =7 <x< .

e

S e x)—"—zf%=§—f =fx

. f(x) is an even function and hence

Qq, uo et S I T
/) =42°—'+Z-a,, cosnx
n=1 L T

_2’;. _2""(1r2 Eo 2| x3n
e "o“;{f“)“*“;gmv adord kv v
2dn? i
and a=7 Jf(X)COSILxdng(!(l——TJcosnxdx

Integrating by parts, we obtain

oG e e |

=2-(__,l) cos mt— (—U,— =
(=" €os2x cos3x  cosdx - -
Hencc (x) = COSAX: = €5 —— + _—
f Z; n’ : i 3% 4o
Ex. 7: Find the.Foqﬂer,se-nes to represent the function
f@) =sinx, -w<x<n ' [JNTU Dec 2002 (Set'No. 3)]

Sol. Since sin x is an odd function, a, = a =0
Let f(x) = Zb, sin nx, where

7 ;
b= —-J" sinx sinnx dx
0

n

= 3 J "‘[cos(l —n)x —cos(l +n)x] dx
T Y0 :

= i[fs.i'_n(l—n)x “ Siﬂ(-‘lff'n)x] e 1y
=

[=n l+n
0(n=1) '
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If n=1, then

% =
b= 2[ sintrdx = <[~ cos2aydx
T J0 m <0

1
= i(x_smfo) N -
s 2 )y W

5 f(x)=b sinx=sinx

Ex. 8: Find the Fourier series to represent the function

fx)=|sinx|,-w<x<m. [INTU 2004S (Set No.2), 20068 (Set No.3)]
Sol. Since | sin x | is an even function,
b, =0 foralln.

Letf(x)=|sinx|=%"+"z=l a, cos nx anll)

b
1 :
wherea, = - I |sin x|dx =

-r

RS

T
: 2 g 3 )
J. sinxdx = —(—cosx); [ sinx=sinxin 0<x<n]
e
0

i(_1_1)=i
n s

I

n "
and a lj f(x)cosnxdx=3jsinx-cosnxdx
n 1t n
-n 0

" s
. " g iigell purvesF %
;![sm(.l+n)x+sm(l—n)x]dx ?&th. ”2“ ;dih ?

_i _cos(1+n)x_cos(l—n)x i
. n[ l+n l-n ]o k1)

Il

(n#1)

0

T l+n l-n l4n l-n

l[cos(l+n)n+cos(l—n)n_ T ]

. n+l = n+l
[ P ) —1]
L l+n 1—=n

=_—l(-l)""' l+1 B | o 1
T | 1+n 1=-n l+n l-n

st i, 2 2
= = ]=1) '.__7___
T | l—n l-n

=a|'

2

2 n+l -2 n
— T R e M (=] 1
z (=D ] = l)[+( )"] (n#1)

n(n —1) m(n” -

I

0, ifnisodd and n=l

a4, —%—,ifn is even
n(n®=1)
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n
Forn=1, a = sinx-cosxdx=ij sin 2x dx
T i

© C—

Il

l(—cost) y —(c0527r— B
_ | 2 o 2%
Substituting the values of a, @, and a_in (1), we get

o0

T —4
|sinx|= —+ Z ————COs nx

2
n=2.46. 70" =1
= Z_i i cos nx
LR ) -1
= z_i i COS nx
2
L
-8 COS,Z"X (Replacing n by 2n)
M R i |
n=1
2 2 4(cos2x cosdx
Hence,|smx|=;—; T TR

Ex. 9: Obtain Fourier series for the function f(x) given by
-—1-(1:+x), for-nt<x<0

%(1!-.(), for0<x<m=

f(x)=

Sol. Since f(—x)= ;21-(7r - x) in (-m,0) = — f(x) in(0,n)

and f(—x)= %(n +x) in (0,7) = - f(x) in(~m,0)

. f(x) is an odd function in (-x, x)
Hence ay =a, =0. Now let

f(x) = ib sin nx (1)

n
where f(x)sm nx dx =% J (m — x)sinnx dx
0

[m o=
=g

ds. L ( COs nx
n
vanishes at x =

. b, =%[(1r 0)( )+0] -

2 |I\.)
- ——)
| —

.‘-I|—

sin n.r
+

] » since the first and second terms are
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Substituting the value of b_in (1), we get

flx)= Z,—llsinnx = sinx+%sin2x+—;-sin3x +..

n=1

which is the required Fourier series.

1+ Z_x, -x<xs<0
Ex. 10: (a) Is f(x) = 2’; even?
1-—,0<x<nm
T
(b) If so, find the Fourier series for the function.
P e e n’ :
(¢) Deduce that = + 7 + 5—3 + = +...= = [JNTU 2003 (Set No. 4)]

Sol. (a) Since f(—x) =1 — 2% in (—x, 0) = f(x) in (0, )

and f(x)=1+ 2 in (0, 1) =f(x) in (-, 0)
T

f(x) is an even function in (-=, ) and it is symmetrical about the y-axis.

Wy i ]

. dunigd! Ms,.‘:‘i“

ettt

M

- —n/2 w2 =

/ 0 \ FX
L' L
(b) Since f{x) is an even function in (-, )

Sf(x) % + i“" COS nx -+(1)
n=1

where Qo = zrf(x)dx
<0

0
2 n
e e
Y0 n b1 T 0

7 rn
and a = lj f(x) cos ix dx
7t Ju
= 3J-x(l—zd‘—')cosnxdx
nt Jo s

_ 3[(1__2_/\'_ sinruc)_(__g)(—co;mx)] by s
n T ) n T n” 0

2( —2cosnm 2
T _( 2 28 ) [ sin nm=0]
n nm nmn
4 "
=l [l - (=D [-rcos nt=(-1)1]

nm
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Hence a = ziz’ if n is odd
n'n
= 0,if nis even

) 8 8 8

.a = hE P24 = 220
anda2=a4=a6=...=0 |
Thus substituting the values of a’sin (1), we get

fry = S| Soex , conde ] e

as the required Fourier series,
(¢) Putting x =0 in (2), we get

LS 1 1 it
0 =l= ey et =
A0) n2(12 3 52 ) i 8
which is the required result.
. . 2 Z (-1)" - nsin nx
Ex.11. Prove that in the interval & < x <, sink ax = ;sinh ar y =

n=1 n"+a

ell\' _e—(l.\'
Sol. Let f{x) = sinh ax = e =

Now fl—x) = BT_e - _(e'—\e] = —sinh ax = —{x)

So f{x) is an odd function.

Let flx) = ibnsinnx 20

Then 5 i

-gff(x)sinmdx = 3j’sinhaxsinn,\'dx

2Re® —e"®
= — |—————sinnx dx
Ty 2
l r'l! n
= J'e"x sin nx dr~je'"‘sinnxdx
Tlo 0

— - (asinnx - ncos nx), - o (—asin nx - n cos nx
Tl la® +n 0 a +n 0

1 e (~ncos nn) : (=n) S (=ncos nm) I (=n)
= = -n - —(=n)p - = = =
n| |a® +n? a? +n? c22+r1z a’ +n’

= 7[(zéﬂmz)[—e’""(—l)” +14(=1)" " -l] [ - cos nm=(-1)7]
a




FOURIER SERIES - 427

" n -an an
=~m-(-1) [e —e™ |

BEN e DT
T T o

Substituting (2) in (1),we get
-sinh am -sin nx

" n-sinnx

. v 2 5 2 (-1
i.e., sink ax = —sinh anZ( ) 3 3
T n=l n +a

Ex.12. If f{x) = cosh ax, expand f{x) as a Fourier series in (-7, w).

ax -ax
Sol. Let f{x)=coshax= %
Then fl—x) = e—;—e~ = cosh ax = f(x)
= f{x) is an even function.
Let Ax) = %°+Z'a,,' cos nx i)
n=1 :

2 n 2 n f{.\ -\ n ) -

Then a, = — [f(x)dx = = f$dx = lf(e’“ +e ™ )dx
g Ty Mo 2 To
l ell( e-nx o]
= —|—+
n a -a b

! L(e“" ey = L(M_J = —z—sinh an
an s 2 54
kgl AuS d‘-"ﬂﬁ

&

2"
and a = —jf(x)cosnx dx
n Ty ¢

2" I ]
= =[coshaxcosnx dx = —[(e™ +e ™ )cos nx dx

1= g
= —| [e™ cos nx dx+[e™* cosnx dx

Tlo 0
= . .
1 em’ e—a.r
= —|{—5—(acosnx+n sinnx)p +{———(--acosnx i nsinnx)
T (a +n R U &

1 o= : 1 e~ i
=—H — (acosnn+0)-— z(a+0)}+{ — (-acosnn+0)-— 2(—a+O)H

a +n a +n a +n a +n
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a

~ n(a® +n?)

[{e""(-l)" -1} +{—g'““(-1)" +1}]

_: a(z—l)"2 (e -e'"") = Za;'(—l)': (éan _e-mr]
n(a® +n*) n(n” +a”) B

2a(-1)" sinhan

1t(n2 +a2)

Substituting the values of agand a, in (1), we get

sinhan A = 2a(-1)" sinham

2
an n=1 n(n2 +a”)

0S nx

fx)=

w (1
= 2—a-sinhan Lz*' Z——( ll coiux
T 2a° p=1 m+a
This is the required Fourier series.

EXERCISE 10 (B)

1. Expand the function f(x) = x° as a Fourier series in the interval - < x < 7.
2. Find the Fourier series to represent the function f(x)=xcosx,~-nm<x<m
3. Find the Fourier series to represent the function f(x) =[cosx|, -m<x<n
4. Ifx lies between — n and n and a is neither Zero nor an integer, prove that
2asinan [ | COS x cos 2x cos 3x
cosax=———|—+——= _ —— o 4 08 _ .
n 2ot P=att 2ragt - 30—t

/
’ 1 2a 2a 2a

Hence prove that mcotam = —+ ———+ IR

a at—=l a=2" a"-3°

5.  Find the Fourier series to represent the function S(x)=Vl-cosx in (-m,7)

6. Find Fourier series of&s-hﬂ in (-m, n)
2sinhan

7.  Obtain Fourier series for the function f'(x) given by :

f(x)={

—x, for —m<x<0
x,forO<x<mn

1 1

and deduce the value of Lz S
| 2 3

8. A function f(x) is defined as follows :
—x?-mx if-n<x<0

f(x)={ g

x*—-mx if0<x<n

=-8( 1 . 1 1
X)=—| —SInXx+—sin3x+—sinSx+...
Show that /(%) 5 (13 7 - J
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10.

Given: F09 ={1t+x, -n<x<0

n—-x, O<x<m
Is the function f(x) even? If, so find the Fourier series for f(x).
A periodic function f (x) is defined as follows :
f(x)=2,when-nt<x<0
=]when0<x<m

and f(x + 2m) = f(x). Find the Fourier series for f(x).

ANSWERS|

2 02 .
(6n—m"n") sinnx

j 12 .t3=2i st
=1

2 xcosx——l—smx+22 (—”—ﬁsmnx
2 e n® -1

2 41 1
3. |cosxj=—+—|—cos2x - —cosdx+...
Gl 15

s fx )_2J_ 4\/‘2 co:nx ?ﬁ“hﬁnﬂiﬁ"
b St LS | ?hwlw&h

wcoshax 1 <= a(=D)"
6. ——=—+Z >— COS X

2sinhan 2a ;7 a”" +n
7. fx )‘—-—‘-‘-(—l,-cosx+-L,'cos3x+-17c055x+...)‘.£
®NEE . 5" 8
9, flx)== i(L,cosx+l,cos3x+-l—7c055x-t...)
2 ®mAL F 3=

10. f(x) = 2.2 sin.x+lsin3x+lsin5x+...
2 x 3 5

10.8 HALF RANGE FOURIER SERIES

It is often required to obtain Fourier series of a function /(x) in the interval (0, 7).

The Sine Series : If it be required to express f (x) as a sine series in (0, ©), we define

an odd function f|(x) in (-7, 7t), identical with f(x)in (0, ). That is, we extend the function
reflecting it w.r.t. the origin, so that /(—x) =—f (x). Hence the half range sine series in (0, m)
is given by

f(x)= Z b, sinnx

n=1

©
where b =£ f(x)sin nx dx
Y oom
0
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The Cosine Series : If it be required to express f(x) as a cosine series, we define an f
- even function £(x) in (—=, m), identical with S (x) in (0, 7). That is, we extend the function
reflecting it with respect to the y-axis, so that T2 =1().

Hence the half range cosine series in (0, m) is givén by

f(x)=%+ D a, cosnx

n=1

|
e

2 T
where ao=; If(x)dx
0

If(x) cos nx dx
0

and a, =

3w

Note : (i) Suppose f(x)=xin [0, 7]. It can have Fourier Cosine series expansion as well
as Fourier Sine series expansion in [0, x].

(1) Similarly £ (x) =x? in [0, 7] can have Fourier Cosine series expansion as well as
Fourier sine series expansion in [0, =].

We note that, if f(x) satisfies Dirichlet’s conditions in (0, ™) we can have valid
expansion of f(x) in terms of sines only or cosines only in the interval.

EXAVPLES |

Ex. 1: Find the half-range cosine and sine series for the function f(x) = x-in the
range 0 <x <.
L O
Prove that the function f(x) = x can be expanded in a series of cosines in

i _ E_i cosx+cos3x+c055x+
X<Tas x= 2 n| 12 32 52 S

2
Hence deduce that L+L Ly _ =t o 2003, 2003S (Set No. 1)]
Sol. The Cosine Series.
The half range cosine series expansion of f(x) in [0, n] is given by

f(x)=x=‘;—°+Z' a, cos nx 10y
e
where a"=—If(x)cosnxdx
n
Hence a°=_2_fxdx=£(X_J =x
L T\ 2 o
n 2 T
and a"=zjf(x) cosnxdx=—jxcosmcdx
ol o
L n n
=g_[x (smMJ—L(—COZSMJJ L E(MJ & 2, (=" - 1] b
n n o o n n-Jg "
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0, for neven
B = —_—42— for n odd

nn
Substituting these values in (1), we get’
n 4 1 2
X=—=— —cos nx
2 T nsl.zls._. n2
n 4 (cosx cos3x  cosSx
or =——— + ks +... o
T2 x ( 2 3 s ) @
which is the required series for x.
Deduction. :
Whenx=0,f(x)=0 ie. fl0)=0
Putting x = 0 in (2), we get
" (1 TN | P R | n’
0=£_—(—+-—1-+—,,+...) e i e o S
e ok Trtata - [INTU 20038

The Sine Series. The half range sine series expansion of f(x) is giveri by
[JNTU 2003, 2005 (Set No.2)|

flx)=x= Zb,, sin nx 0 ()

n=1

where b, = £ jf(x)SinM dx ?ﬂhﬁ" i
g G kg dus J21

Hence b=

E NS

R
I xsinnx dx
0

3 n
z[x (w)_ ,(MH =_?-.(_,tm] g 2
b1 n n" o 19 n n

Substituting the value of &_in (3), we get

£ =¥ CHM S s =0 giny — 025 L SI0E
n 2 3

0=l

Ex. 2: Find the half range sine series for f(x) =x(t - x),in 0 <x <m.

1 1.1 1. . %
Deduce that 1—3'3—,+‘5‘3“7—,+--- =32 [JNTU Dec 2002, 2003 (Set No. 2)]

Sol. The Fourier sine series expansion of f(x) in (0, 7t) is
f(x) =x(n—x)= Zb,, sin nx
n=|

where b, = f(x)sinnx dx

EN )

O ey A © ey 1

T
Hence b 2 x(m = x)sinnx dx =2 I(m—xz)sinnx dx
i b4 b1
0
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=_2.[(m_x2)(—cosnx) (n —~2x)( smn\') (2)(cosnx)]
n n n n o

%{2 (- cos,m)] =2 (1-c1)

-

I

0, when n is even
wby = -—8- when n is odd

3 b
Hence x(t —x) = -8—3sinnx

n=135... ™
8 sin3x |, sinSx
or x(m—x) =—|sinx+——+—7—+.: iy 3
B = [ 3y 55 ) W
Which is the required Fourier sine series. :

Deduction.
Putting x = n/2 in (1), we get

g w8, 1 dn ¥ g n
Z(n 2)_n( nz-&-3 sin 2+5 sm2+ )

2
8 115 1 G| 1
= —4—_;[1+3—3sm(n+—2—)+5 sm(27r+2)+-7—sm(3n+ -5) }

or L = et

Ex. 3: Express f(x) = sin x as Fourier cosine series in (0, 7).

Hence show that Z :
o an’ —l z

Sol. The half range Fourier cosine series is given by

fx)=sinx =%+ Z a, Cos nx

n=1

n
Here =2 J f(x)cosnx dx
n
0
2 o
= =—Jsinxdx == (-cosx)g L= (-1-1) =—
T b14 e
2 ;
and a, == |sinxcosnx dx
n

[sin (1 +n)x+sin(l-n)x] dx =

O O —— A S,

__1_ cos(l+n)x 4 cos(l—n)x "
14 l+n l—n 0

- (cos(l+n)n+cos(l—n)n)_( i .2 ),n;el
1S l+n l-n l+n l=n

1
T
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=_i 3
n[ l+n - l)]

7 -2 400
=— —cosnmt — 1] =————[1+(=1)"], n#1
n(n‘—l)[ ] vk

-4

— )
nn-1 (n+1)

according as n is even or odd (n=1)

2% 17
Now a =-—-Isinxcosxdx =-—Isin2xdx
o L

1(-cos2x\" 1 1
= =——/(cos2n—cos0) =——(1-1)=0
% 2 0 27 2n
il -4

@-n@+h) “T@-n @+
Thus the half-range cosine series is

= al =a3 =a5 =...=0 al’ld az =

sinx:z—i b wlh)

LA T
2 4cos2x 4cosdx 4cosbx
s n(2—l)(2+l) n(4-1)(4+1) =n(6- 1)(6+l)

=i(1_c052x_cos4x_cos6x_ )
k2 130035 &g
Which is the required series for sin x. It is easy to see that (1) can be written as

=£___ cos 2nx - o
sin x == ,; B ?’xhdl ﬁ (2
Deduction. s ‘;“M|195dihaé

Putting x =0 in (2), we obtain

or Z =%

w n=| e n=1 4! =1
which is the requ1red result.
Ex. 4: Obtain the half-range sine series for ¢* in (0, 7).

or sinx =

Sol. The half range sine series expansion of e' in (0, «t) is given by
ex= Z b, sinnx
n=1
n
j e* sinnx dx
0

d

. 2 # .
i.e. bn=—|: 2 g (sinnx—ncosnx)]
n n

ax
[ Ie’” sinbxdx = ,e —(asinbx —bcosbx)
0

a” +b°




434 MATHEMATICAL METHODS

2
or * b,,=','{{[“" (0- ncosnﬂ)]-l—;n—-(o n)}

_Z (—l)”“ne"+ s -
T len’ 14+n? 1t(l+n)

[|+( l)n+l rt]

Thus the half-range sine series for e* is

) & [l+(—1)"*‘e"]
=;z

= sinnx
n=1

n® +1

n — 2
=2 12+e sinx+——2(la € in2x +3—(l—a+_QSi“3x+“'
1> +1 2% +1 Sl

Ex. 5: Obtain the Fourier cosine series for flx) =x sin x, 0 <x <m and show that

1 1 1 1 _ -2
S e [JNTU 2002,2006 (Set No. 1)]
Sol. Let f(x) = xsmr-——+Za cos nx =y

n=l

n n
where a, =% jf(x)ch =% xsinxdx
0

=;2t.[x(—cosx)+(sinx)]:; = %[—ncosn+sin x] = %(n) %2

n

and = If(X)COS'I’Cd 2 Ixsin xcos nx dx
TIO no
%J sm(n+l)x sin(n—1)x :|dr (n=#1)
0
1 —cos(n +1)x cos(n—l)x} —sin(n+l)x sin(n—1)x :
=—1X + —(1
n{[ n+l n—1 ()[ (n+1)° (n-1)° _””(”‘1)
i gl =
-("+1)cos(n+l)n+ lc:os(n 1)n
. (_l)n-l —(_l)nﬂ —2(_])"“
T on-1 AL gt s 1)
- a =——l' a :l—"a =—_l'a :—-2—‘
oR Y e T T T

n

n
h 1 )
Now a, gj)rSlnxcos,wrdx g x.sin 2x dx
n

1 . —cos2x _(-—sian) R ) e SO =2
|’ 2 4 R 2 -2
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From (1), we have

. 1 2 2 s =2
Sip=— o), o el 2
xsinx =1 > cos x 3 cos2x+ 54 cos3x 35 COS 4 x+... .. wd2)

Deduction :

Putting x = 5 in (2), we obtain

TR NN R W
2 1.3 38 57 79 e g 57 79 2
SO T R
¥3: 3§ S7 79 2 2
o N SR
SN 35 57 39 4
Ex. 6: {?in the half-range sine series for the function f(x) —&e_an in (0, m)
e —e
‘Sol. Let flx)= Zb sinnx ()
Then b = —jf(x)sinuxdx _[ sinnxdx
4 1!0 1toe —
= -—Z—He’“ sinnx dx Ie sinny dx
7t(el"! s e—n:!) 0
2 [ eﬂ.\ . e—tL\ X
= (asm nx—ncosnx)r —q———(-asinnx—ncosnx)
n(e™ —e""') a* +n’ o la +a -
B an -an
. 2 e B | M, S A
(™ - )| a’+n’ ad+n® ad+n® a- +n2
Zn(—l)" —e—mt _ean 2"( l)nﬂ
e an -ax 2 2 it (2)
et === )lnn=ra; n(n v’ )
Substituting (2) in (1), we get ?’ )l‘-'dﬁ‘-“ .g.t;].d ’@
o n+l ‘;'ﬁ
foy = BRI »}suw'“‘d’
Ta=t @° +n”

b1

2[ sinx 2sin2x 3sin3x }
2 2 W z
@+ dt 42t @3t

1M0<x<§
Ex. 7 If f(x)= expand f{x) in a series of cosines.
~lin §< X<T

a o
Sol. Let fix) = 7°+ 2 a,cosnx (1)

n=|
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/2
Then a; = —[f(x)rlx = —[ [ lodx+ j' (- l)dr}

n/2

o] -0 3

/2
and a, == If(x)cosnxdx = —Z-[I 1-cos nx dx + j (=1) cos nx dx]
T

" /2
2 (sinnx)“’z. _(sinnx)
T on R Jo n Jxi2
= 2 -l—(sinﬂ—O]—l(O—sinﬂ)
n|ln 2 n 2

TN 2 nx 2

a, = 0Owhennisevenie,a,=q,=a,=..= 0
2 4 . nn
Y. —sin—cosnx

n=135.. HT 2

Hence - f{x)

Al x Vo 3 1. 5%
= —|sin—cos x+—sin—cos3x+—Sin—CcosSx+---
n 2 3 2 5 2

4 1 1
= —(cosx-—cos3x+—cosSx—---)
T 3 s (R

This is the required Fourier series.

xfor 0<x< 2
Ex.8. Represent the function f(x)= by Fourier sine series.
5 Sfor = <X<m

Sel.  Let flx)= i:llb,.sinm o )

Then b, = —]f(r)smnr dx

2

n ni2

/2 T
[J' ztz-smnx dx + I (m—x)sinnx dx]
0
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- by 22 -E(EH}—H_
s L " gl2 n\2 T
= —|—+—smn =2 E-i-O)—1
bZ = L n\ 4 2
2[n I.3n] 2(1: 1) 1 2
b, = —|=+—SIN— |=—| ——— [=———
3 6 9 2| =n\6 9) 3 9n
b, = 3Ficf-lsinz:'r =3(£+0J=—1-
. n|8 16 n\ 8 4
and so on.

Substituting the values of b's in (1), we get
fx)=b sinx+b,sin2x+b;sin3x+b, sindx+ ...

=11 +3)sin x+lsin 2x + l—i sin 3Jc+—l-sin 4x+-.-
n 2 3 9n 4

T

cos x when 0< x <—2-

Ex.9. Find the Fourier cosine:series-of f(x)=

0 when 5— <X<T

a, @
Sol. Let flx) = 7°+Z|a,,cosnx A
2% 2 n/2 b3
Then a, = —[f(x)dx==| [ cosxdx+ [ 0.dx
e Tl o n/2
L 2 2
= S(sinx))"* ==(-0)== e
2,‘
and a, = = [ f(x)cosnx dx
To

D /2 x
= — f COS X -COs nx dx + j’ 0-cos nx dx
Tl o nl2

n/2
£ 2cosnxcos x dx 4 A3)

H |-

/2

= lﬂj- [cos(n +1)x +cos(n — 1) x]dx
L]

(n=1)

1| sin(n+1)x i sin(n —1)x i
m n+l n-1

0




: sin(n+l)§ sin(n—l)g
= = +
14 n+1

(n+1)

n—1

nm

PR . am . m
COS—> 8l = COS——° "SIR'—

—

T n+l " n-1

nm
COSTl’ 1 K 1
A b8 |_n+1 n-1

] (n #1)

nmn
—2cos—2—

= ——=<% (n#1)
n(n” —1)

If n=1, then

n/2

[ 2cos® x dx [From (3)]
0

1
al ;t—

x/2 in2 n/2
I (1+cos 2x)dx =l(x+ _— x)
0 n

3
n 2 Js

I|{(m __l_
;[(E+0)—(0+0)]— >

Substituting (2), (4) and (5) in (1), we get

a oo
= +a,cosx+ Y. a, cosnx
2 n=2

Sx) =

T 2 Mp=2 n° -1

3n
cos —
COST

————— 08 2x
(2-1)(2+1)
L

1 ' 2[ cos2x cos4x cos6x
— F—=C0sXx——| — - Ve
x 2 % 13 35 51

l+lcosx-+-—
a2 nf 1.3 3.5 547

2[cos2x cos4x +cos6x _]

—=
(3-1(3+1)

MATHEMATICAL METHODS

B | b s et ('.'cos§=0) |

. (4)

.. ()

cos4n

0s 3y + ————  cosdx +---

(4-1)4+1)
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Ex. 10: If f(x)=x, for 0'<x<§
= e L
=x—x,for;<x<1; Fion

Show that (i) f(x)= [sin x— 3Lsin 3x + g]—sm 5x-— :l :
() f(x)= -—— [llz —-€0s 2:q+§l2—'cds 6x +5L2cos10x +]
Sol. (i) Sine Series. The Sine series expansion of f(x) is given by

fG) =Y bysinm - ()
n=l 2K 5

where bnzzj‘ f(x)sinnx dx
To

ni2 x
Hence b = j xsinnx dx ¥ J(n—x)sinnx dx
i i 0 n/2 J

_2 ”:x(—cosux)_!_(-—sinnx)]"’z p -(n_x) (—cbsnx)+(—sir:nx):,x }
P n n’ s n n- =/3

L

2| -n nm ) S s
=—{| —cos| — [+—-sin| — |- 0+—cos sl PRSP
n[?.n (ZJ n? (2) Jl: (Z)H J}
——“—sinﬂ
w2 & il i
b =0 when n is even Audigh AdS 51
e bEhmb = =0
and b, :isin"_n , when #n 1s odd.
w2

4 @
Hence f(x)=— ) —sm—smnx
T n=135,.. n’ B

in 3% sin 2%
2

sin3x+ sinSx +...

smx+

—i [ mx——sm3x+—-l—sm5x— J
T 52
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(if) Cosine Series. The Cosine series expanéion of f{x) is given by

f(x) = % + i a, cosnx i (2)
n=1

=
where a, =2 If(x)cosnx dx
T
0

2 V x 2 ,\'2 /2 xz n
Hence a, =‘1—t' fxdx+ J-(n—x)dx =; (——2—) +(nx——2—)
0

n/2

®/2 x

J xcosnxdx + j(n — x)cosnx dx
0

3 x/2 2 i y n
_ [x (smnx)_ l.(—coi;nx)] T (smnx) 1 l_(~co:nx)}
" n- 0 A n" /2
21w . (nn) 1 IITI) 1 cosnm T . (mt) 1 [nnn
=Z|| Zsin| — [+ —cos| — |-— |+| - -~ gin| — |+ —cos| —
T 2n 2 "2 2 nz n2 2n 2 u?’ 2

gy = 2cosﬂ—l-(—l)")
n” 2
when n is odd, a, = 0
ie, ay=ay=as=...=0
2 nm ;
and @, =—5 2cos——2 |when n 1s even e (3)
nn 2 '

Putting « = 2,4,6,8,10,.....in (3), we get

2 (2cosm—2 2 -2
a = Z | = e === —
% n( 52 ) n() i
a, =3(2c0522n-2]=0
s 4
7 (9eonzm=2Y_ 2[4\ ==%
R e o | T
b 6 n \6
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a, :g(cht’t"z)=o
s 8

e =3(M)=z(—_4)=;2_
W g 102 n \10®) 52

Substituting the values of ayand a, in (2), we get

S(x) =%+%[(—l)cos2x-3lzc056x—s%coswx—...] :

= (l,cosz,t+—12—c056x+L,c0510x+...)
1 3 I
Aliter :
Since a, =0 when » is odd, we have

f(x)=§+ i 2 [2cos7—l—( n” ]c\?)snx

n=24.45......

T | 2 :
R ZT 2)[2 cosnm —1—(~1)*"] cos 2nx (Replacing n with 2n)

n=lH T (4”
x 1 &1 (- l) -1]
=—+— ) —[2(=1)"=2]cos2nx = ————cos2nx
4 2rn =} nz 4 k1S Z} n
e 0 ) ©
=—4— ¥ (—2) 5.2 D %cosan
T n=135,..\n & Wpmas. 0

_E——z— —l—coszx fLCOSGYi‘—l—COSlO\ #
4 7w|12 32 52

Ex. 11: Expand f{x) = cos x, 0 < x < 1 in half range sine series

: [INTU 2005(Set No. 4)]
B yimall ik e

Sol. Let flx) = gbn sin nx @}. MW'MJ""A& “ {0)

Then b

2% A ;
=[ f(x)sinnx dx = —j’cosxsmnx dx
Ty o

% n
lj 2sinnxcos x dx = lj[sin(n+l)x+sin(n—l))c]dx
o Mo

1| cos(n+1)x _cos(n— l)x
m n+l n— (n =1)

3l _cos(n+1)n_cos(n—l)1r+ 1 2 1
n|  on+l n-1 n+l n-1
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F 1"+ " 3
TtL n+l n—l n+l n— 1
i n 21 n
=l =D"(=D +(-1) " e 1
T n+l n-1 n+l n-1
- el
m{ n+l n—l n+l n-1
1 1 1
L ({7 (1 O
il {(-D"+ }( +l+"_ )] (n+1)
2n| 1+(=1)"
e [ 2 } (n#1)
b, = Owhennisoddandnatl
4"
. when n is even
n(n® -1)
If n =1, then
b, = Lloosrsing dv="L]gin2x dx
| oo
o -1
- l(-°°52") 22 e on - deslly= =H=1=0
T 2 Jo 2=m 2n
Thus b, = 0 whennisodd
4n ;
= 5 when n 1s even
n(n® =1)
Substituting the values of b's in (1), we get
f(x) = 5 3 sinnx = _4_ < sin nx
n=2,46...7(n" —1) Nnesdb,.. 0 =1
. 4.2 2n . :
i.e.cos x= —Y —5——sin2ax ( -+ nis even, replace n by 2n)
N 4n” —1
= g(lsinbhh-%—sintlzc-c——q—sin6x+-~~)
m\3 15 35
EXERCISE 10 (C)
Express f(x) = 1 as Fourier sine series in (0, 7).
Obtain cosine and sinc series for f(x) = © — x in [0, 7.

Obtain cosine and sine series for the function f(x) = x* in [0, ).
and hence find sum of the series l———2—+—————+...

[INTU Dec. 2002, 2003S, 2003, 2004 (Set No. 4)]
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12

Express f'(x) = x> as Fourier sine series in (0, 7).
Find the Fourier sine series of ¢* in (0, ).

Obtain the half-range sine series for the function f(x) = ——(n x) in the range
0<x<m

Find the half-range cosine series for the function /'(x) = x sin x

in (0, n). Hence deduce that [JNTU 2000]

Aol dhe gt o 2_2 .2 ==
2 1:3- 35 57 = 4 1.3° 35 57 e Rl
Obtain the Fourier expansion of x cos x as a sine series in the interval 0 < x < 7.

Express f(x) = 1 + 2 cos x + 3 cos?x + 4 cos® x as Fourier cosine series in (0, m).

. Express f(x) = 2 sin 2x cos x as Fourier sine series in (0, m).

If £ (x) = %x—,for 0<x<§

(m—x), for%<'x<n

Show that (i) f(x)=sin.r—3—12—sin3x+-5-‘2—§in5x—%sin7x+...

(i) f(x)—l—6—%(l]2 cosx+3ichs6x+....)
Obtain the Fourier sine and cosine series in 0 < x < &t for the function
n/3, when 0O<x<n/3
Jix) =10, when 7@/3<x<2n/3

-n/3, when 2n/3<x<nm

ANSWERS

b= % [sinx ks sm33x + sm55x - ] y}" 2"
[cosx 4 Los3x  cosSx ] s hw’w&“ﬁ

lZ 32 52

n=—x=2 (smx +-_l;sm2r+%sm3x+ )

<~

x* = L -4 (COS" ——l-c052x+lcos3x—lcos4x +.A.);

3 B g ;o 4°
x = -2— [(T[ -4) smx—ln sin2x + ](nz —i)sin 3x
b4 2 3 3%

—inz sin4)r+l (n2 —i sinSx —...
4 5 52

f(x)= ZZ( " [———Jsmnx

n=

3(1+e™) |
e™ =E L+e™ smx+(—sm2x +'(2_e225m31+---
b1 a2+22 a +3
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6. fly= sm)x L 3x 4 Sin 5x

3? 53
7 ) cosx 2cos2x 2cos3x 2cosdx
a0fa xsinx=1- - -
2 1-3 2-4 3.5
| 2sin2x 3sin3x 4sindx
8. xcosx=-—sinx+2 - + -
2 1-3 2-4 3.5

9, flx)= % +5cosx +%c052x+cos3x

10. 2sin2xcos x = sin x + sin 3x
1

12. f(x)=sin 2x+%sin 4x+zsin8x+-§-sin10x+-,l7sin4x+...

f(x)=%[cosx—%cos§x+%cos 7x—%cosl 1x+...]

10.9 INTERVALS OTHER THAN (~m, ™) AND (0, 2w) i
So far we have considered the intervals (-, ©t) and (0, 2m). In many engineering

problems, the period of the function to be expanded is not 27 but some other quantity say 2/.

In order to apply earlier discussions to functions of period 2/, this interval must be converted
to the length 2.

10.10 FOURIER SERIES OF f(x) DEFINED IN [C, C + 2I]

It can be seen that role played by the functions
1, cos x, cos 2x, cos 3x ..., sin x, sin 2x, ...
in expanding a function f{x) defined in [C, C +2x] as a Fourier series, will be played by

(nx 2nx Inx ] (Tu ; Zmr] : (37:.()
l, cos| — |,cos| — |, cos| — |...., sin| — |, sin| — |, sin| — |...
! ! /i l l l

in expanding a function f{x) defined in [C, C + 2/].
It can be verified directly that, when m, n are integers

2 mmnx nnx
j sin[—)-cos[—] dx=0
e l l

C+21 0, ifm=n
(6, o Ol i s =

I sin| —— |-sin| — |=3l, ifm=n#0

A { l 3

C 0,ifm=n=0
Cc+21 i e 0, ifm=n

I cos[ 7 )-cos(—l-) dx={Ll ifm=n#0

C 2l ifm=n=0

10.11 FOURIER SERIES OF f(x) DEFINED IN [0, 2/]:

Let f(x) be defined in [0, 2/] and be periodic with period 2/. Its Fourier series expansion
is defined as (or is given by)

f(x)=-;-ao+2|:a,, cos"—;z&»bn sin"lﬁ] D
n=|
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1% :
where a, =7 _[f(x)cos-—-dx «42)
0
1 A
and b =7 If(x)smﬂdx (3)

10.12 FOURIER SERIES OF f{x) DEFINED IN [, /]

Let f(x) be defined in [/, /] and be periodic with period 2/. Its Fourier series expansion
is defined as (or is given by)

f(x) =—a0 + Z(a,, cosT+b sin%’x—)

n=|

[(same as in (1))]

!
|
where Gt If(x)cosn—;tx—dx
=

and

{
1 nmx
- in—-.d
I_j;f(x)sm ; x

10.13 FOURIER' SERIES'FOR'EVEN' AND-ODD FUNCTIONS IN [, 1]
Let f(x) be defined in [/, []. If f(x) is even, f(x) cos % is also even

Jf( )cos——dr = —'[f(x)cos mu

and f(x)sme is odd

{
b= } [ F0sin®Edx =0, forall n

-1

Hence if /(x) is defined in [/, /] and is even, its Fourier series expansion is given by

l ©
f(x) =?a0 + Z a, cos%

n=1

where a,

NIN

l
If(x)cos—— dx
n

Similarly if f(x) is defined in [/, [] and is odd, iis Fourier series expansion is given by

f(x)= Zb s 22 ’"l‘"

where b, =

-slN

{
j f(x)sin EE dx
0
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Once again, here we remarks that the even nature or odd nature of the function is to be
considered only when we deal with the interval [/, /].

Note : In the above discussion if we put 2/ = 2= (i.e.,) / = n, we get the discussion
regarding the intervals [0, 2n] and [-m, 7] as special cases.
10.14 FOURIER SERIES OF f(x) DEFINED IN [c, ¢ + 2I]

This will be same as in (1) where a,, b, are given as in (2), (3) with the limits of
integration 0, 2/ replaced by c, ¢ + 2..

Ex. 1: Express f(x) = x* as a Fourier series in [/, /] [JNTU 2002]
Sol. Since f (-x) =(-x)* =x” = f (x), therefore f(x) is an even function
Hence the Fourier series of f(x) in [/, /] is given by

f(x) =&+ iancos# (1)

n=|

!
where a, = _[ f(x) cos—~dx

A 5 3 i
2 4 2 l n
Also a = " Jf(x)cosﬂdx = T-l.x2 cos — dx
0 { 0
- sin 22X —cos 1L —sin—"nx ’
=212 L_|-24 2 lz e 3353
{ nm /! n“n° /1 nnt /1
0
- !
n
2 COST
e 2x 22x2 /2 | * Since the first and last terms vanish at both upper and
lower limits g
) R —2[ cosnm_| _ a1? cosnm 1 (-1)"41?
i l et il T R T

Substituting these values in (1), we get

? = (-D"ar  ax P4
2 =—+ cos
=

o

=h nmx
AT = - —¢O
nem [ 3 =n n-

n=]

A 4 I:cos(nxll) cos@mx/l)  cos(mx/l) cos(dmx/) ]
3 o 12 7* 3 4? '

Ex. 2: Obtain Fourier series expansion for sin ax in the interval. -/ <x <1l

Sol. Since sin ax is an odd function in (-/, /), therefore the required series is of the form

sin ax =Zb,, sin# (1)

n=1




FOURIERSERIES =~ . . 447

!
Then b, =%Isin ax sin #dx
0

i
=ljl:ws(a—ﬂ)x—cos (a#—@—)x dx
{ . [ DI §

1
I e Il q-nm a+
! I [ !

_1|sinalcosnn sinalcosnn
. nn n [ sinan = 0]
! = T a+ —n'

_(=D)"sinal [ 2nm/!
l 2 n*n?
e

G (=" sinal
N
Substituting these values in (1), we get

<}

n+l
sin ax = sinal Z —LsinﬁH

2.2
P o e o

=sinal [*j sinE— ; sin 2% + 1 sin-3£—...J
wt—a'l’ R o T ! 3 nP—a? l
This is the required Fourier series expansion.
Note. Compare this working with the case of the interval [-m, m].
Ex. 3: Find the Fourier series to represent 1 — x* in the interval —1 sx<1.

Sol. Since 1 — x? is an even function, therefore the required series is of the form

-2 <2 S o Ll i
yiwt P J-"‘-",ﬁ

where [ =1 e L e

= Pogbatiy Za,,cosmtx " Sealhy
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"and a, =Zl

Oty —

(l~x2)cosnnx dx (- 1=1)

3
nT "37[

: ) 1
= 2[(1 = %) E‘_'_:l_'fﬁx_ — (-2x) (:C_C;S’;_m_) +=2) [ sin amx )]
0

_ —4cosnm _ =H'3
N0 Rt

Substituting these values in (1), we get

o n+l
1 - x? =%+—4—2 Z[(-"—l),—-)cosnm

L n-

2 4 | |
= —+— | cosTx ——,—cosZm +-—,-cos-3nx—...
3 & 2w 3

which is the required Fourier series
Ex. 4: Develop f(x) as Fourier series in (-2, 2), if
0,-2<x<-1
f(x)=1k,-1 <x<l

0, 1<x<2
Sol. The Fourier series of f(x) in (—1 [) is given by

flx) ==+ Za cos———+Zb sm"m (1)
Here 1—2

Hence (1) becomes

fix) = 220— ohy Za,, cos 2ZX + Zb,, smﬁn—\ .(2)
= n=1 2

Then «, =

& | —

j f(x) dx

%{jo dx+ljk dx+2lj -dx} -

k dx
-2 -1

| =

[

f(.r)coslrz—irbc (czl=2)

—l— IO cosmderIk cos———dr+JO cos——dx
2 2 2
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1
= ek jcosﬂx-dx
2 2

=k cos—dx since cos T 1S even fllﬂCthIl

1
0
sin nm
2k . nm
-—.sln——
mt

nm 2

= hennlseven
A Pt PO

and a =-2—k- a _Zl‘ o =%
e n'3 30 spT

Il
<)

i.e. a

Finally &6 =— If(x)sm—dx =— J-k sm—dx

=2(0)=0, s
2( ) since sin~ 2 1s odd

Substituting the values of ¢'s and 5’s in (2), we get
"k[. L SRR R S . ]

/(\) —&—-— COs— — — —_— = e A AL

- 52 7
which is th required Fourier series.

Ex. 5: Find the Fourier series of f(x)="-% in0<x<2

Sol. Here length of interval is2/=2 . /=1

nmx ‘
Let fix) = Z[" cos—+b si IT] ?i?jw&hﬁ

(g’ + Z[“n cos nmx +b, sin nnx ] since / =1 (1)

n=l

— J-n;.\' Ccos nmx dx =%

i) (n_r)(sinrxmj+(—cosnnxj2_1[—c052n7(+ 1 ]
2 A n’n’ 0 2| pPg? n’n’

1 1
———(1=cos2nn) = (1-1)=0
2112 2( ) 2n’n?

(7 —x)cos nmx dx

Ot—.lq
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Finally b, =% f@sinEdx (o)

0
2
I(Tt x)sin nmx dx

=
2
. 2
1 —cosnmx ) sinnmx
=-2{(n—x)( = )— 53 ]0—2nﬂ[(1t 2)cos2nn— ﬂ]
. & s 1S
_Zm't[1t 2= nm

Substituting the values of a’s and b’s in (1), we get

= —x n-1 iz
f(x) 3 +Z—:| ’msmrmx

which is the required Fourier series.

Ex. 6: Find a Fourier series with period 3 to represent f(x) = x + x?in (0, 3)

Sol. Let f(x) ——2—+Z (a,, cos Z2E 7 %X . b, sm%) (1)

n=l

Here 21=3 . [=3/2

Hence (1) becomes

f(x) = x+x ———+Z (a cos2 +b,s

n=|

2 @

2 3 2 3%
o =2 2 = 2 E X =
whire ,Ojf(x)dx s 3.£(x+x )dx = 3( 5+ ]0 9
12 23 2nmx
S0 1
and a, _76[ (x)cos( )dx— 3] (x+x )COS( 7 )d

Integrating by parts, we obtain

" 3| 4n*n? 4n’n’ 3\ 4n*n? n’n’

Finally b, = j f(@sin T dx

3
=%j(x+x )sm(zmu)dx = -12
0

3 nm

Substituting the values of @’s and b’s in (2), we get

A 5 %i _lz' (thx) 122 (znnx\

Tuwy B
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Ex. 7: Expand f{x) = ¢ as a Fourier series in the interval (-1, 1).

Qa nmnx nnx
0 :
—k E a, cos—+ Z bnsmT

Sol. Let  fx)

n=1 n=l
Herel=1.
- S\h
et = —2—+Za,,cosnwc+2b,,smnnx L)
n=| n=l

i 1
Then  ag = ;[ f0dx =[x (o 1=1)
1 £

i 1
and a, = %ff(X)cos$dx= [e" cosnnx dx (0 1=1)
-1 . -1

e :
= | ——5—5(—cosnmx+nnsinnmnx)
l+n'n i

1

= et 2[c"(—cosmt+mtsinnn)—e(—cosnn—nnsinnn)]
I+n°m

= %[—-e"(-—l)" +e(=1)"] (- sinnn =0)

l+n°n

=" _(=1)"2sinkl

i 1+ n’n? e 1+ nin? . -W—M'«%

!
1 £(x)sin ™
i ;

Finally b

n

|
= [e "sinnmx dx (.- [=1)
4

2.2

I
X
{4 -
= (—sin nmx — amcos nmx)

l+n"xn I

1 5 . .
i [¢”! (- sin an — nm cos nm) — e(sin nm — nm cos nm)]
+nn

= l2 z‘[e"(O—nncosnn)—e(O—nncosnn)]
+nn

= l 12 2[mrcosmr(e—e")]
+n'n
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ey feme”
39 -2
l+n"n 2

= 2CD inht.
> l+n'n J

Substituting the values of a, a, and b, in (1), we get

flx) = sinhl+Z—2Mcosmtx+ 2encl) siahl smhlsinrmx
2.2 3.2
n=1 l+n°n n=l  l+n°m
y @ __1 " o (_1\! ) i
or = e* = sinhl l+22—%cosnnx+22( 1)7"?smnnx
n=l1+n°m n=t 14+ n"n*

Ex. 8: Expand f{x) = 3x* — 2 as a Fourier series in the interval (-3, 3).
Sol. Since f{x) = 3x? — 2 is an even function,

ay & nmx
= —=) a,cos—
j(X) 2 'El n ]
Here /=3
Hence the required series is of the form
fix) = 3x2—2='a—2°-+2(1,l cos%x- st}
n=|
2 2% s
Then ag = T/ = 2[(3x" - 2)d
0 3% !
i
= 3(x3-2x)3, = 3(27-6) =14 e (2) ’
3 3
1 2300 nmx
and an . %If(x)cosn_;tx_(ix i 5{(3): —2)COST(IX
0
[ . ATX AT e \T
2 sin— cos — sin —
= 2| (3x?-2)- —6x| ———=2— [+ 6| -
3 nm/3 nm (9 n’n/27

L 0

2[18x9 } 108(~1)"
—| ———COSHTl | =

3 - i)

n-m
Substituting (2) and (3) in (1), we get:

@ _p" 108 2 (-1)"™! nY
3)62—2 = 7+Z&§:)—005ﬂ = 7-n2 Z( ) COST
n=|

2
n=l nmT n

'108[ w1 2nx 1
= 7 - —|cos——-—cos—+—cosmy —-+-
n 3 4 309

which is the required Fourier series.
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Ex. 9: Express fix) =1 + sin x as a Fourier series in the interval -1, 1).

Sol. Here /=1
. The required series is of the form

: flx) = 120-+iancosnnx+ibnsinnm . (1)
3 n=| n=1
i 1
: Then a, = ;In f(x)dx = Il(1+5i"x)dx (-1=1)
I 1
= [dx+ [sinxdx
R 1
= (x)l_l +0 (- sinx is odd function)
=1+1=2 '
1 1
and a, = ;_J’lf(x)cosgdx = _j'l(l+sinx)-cosmtx dx (Cr I=1)

1 i
= [ cosnmx dx+ [ sinx-cosnnx dx
o 1

1
= 2[cosmtx dx+0
0

(- cos nmx is even and sin x. cos nnx is odd function)

- 1
= z(s‘“’”‘") 2k e ES O
nm ), nm nm

]
Finally b, = } J f(sin ™ dx
a2

1 | . l .
& _Jl(1+sinx)sinmtxdx fanb=1) y};ﬁmd’hﬁ

i 1
= |[sinnnx dx+ [ sinx-sinnmx dx
A 2

1
= 0+2[sinx-sinanx dx
0
1 )
J'Zsinx -sin nmx dx
0
1
f[cos(mt —1)x—cos(nn +1)x]dx
0

. [sin(mt —1x _sin(nm+1)x ]'

nn—1 nm+1 o
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sin(rm—1) sin(an+1)
nm—1 nm+1

. : 1 : :
1[sm nm-cosl—cosnm-sinl]- l[sm nm-cosl+cosam-sinl]
nm+

nm—

= : (0—cosnm-sinl)~ : (0+cosnm-sinl)
nm+1 nm+1

b = —cosmz-sinl( - + 1 ) '

an—1 nn+l
2nn(—1)"" sin1
-1
Substituting the values of a’s and b's in (1), we get

@w (_ )n+l

l1+sinx = 1+2nsin1 X ——5—sinnmx
=T -1

Ex. 10: If fix) = | x |, expand f{x) as a Fourier series in the interval (-2, 2).
Sol. Here /=2

Since | x | is an even function,

. The required series is of the form

G e nmx
x| = 70*'2“"‘:037 =)
n=|

{ 2
2
where  a, 7If(x)rtr=jlx|dx (- 1=2)
0 0

2 2 4
= JX{{X:(T] =5(4—0)=2 see (2)
0 0
and 4. = %J’f(x)cos % o

2
= lelcos%dx (. [=2)

0
2
= Ixcos—dx (+0<x<2)
0
2
nmx
sm— cos —
- 2
nn/2 n’nl /4
( cosrm) [0 1 A J
n’n? /4 n’n? /4

1-1 4
= s
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=0 when n is even

2 whenn is odd [ L
n’n? :

Substituting (2) and (3) in (1), we get

g = 1 nmx 8 w1 3nx 1 Smx
|x|=1—;2—"=§s —cos—= = P 3 [cos—5—+32—co§7+52 sT+---]
2if—-2<x<0
Ex. 11: Find the Fourier series expansion for f{x), if fix) = SO ceed
[JNTU 2006 (Set No.2)]

Sol. Herel=2

Let fx) +Za cos = +Zb sm— (:1=2)

2 2
Then ay = %If(x)dx [I2M+dex]=% 2(x)(32+(xz} s
-2 =

=) 0

2
1
and i) =5 If(X) cos%dx (i 1=

B | ==

= —_£2cos—2—dx+jx cos—z—dx}
_ ; ’

5 TX. . ATX NTX
sl S COS——

S i e S
nm/2 n*nl/4
L 2 0

B | =
X
A
~
N

1] 4 4 2
= —| ——cosnmn-— =—— [ty —1
2_7121\’2 n’n’ n’n’ Lo ]

. = 0 when n is even y)lhﬂ‘ as‘%

e 24 - when n is odd MM'M d;l;ﬁ

nmn RS RAR A e BN

Q
Il

2 0 2
1 y 1 . nmX . nmX
Finally b 2 If(X)smn—sz(tr = E{ IZsm—z—d)H Ixmanx:l
-2 -2 0

0 p 2
nnx nnx . nmx
1 cos 3 cos % sin w
2 x
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Substituting the values of a,and a, in (1), we get

oo
f(x) = .3__12 y Z 12 COSE—— .lL.s]nﬁE
E n=13,5,.. Rop=y 2

—a when-I[<x<0

Ex. 12: Find the Fourier series of the function f{x) =
a when 0<x </

Sol. Since f{x) is an odd function,

A
<, . NnX S
" fx)= Lbasin—— o €D
n=|
y=a
21 nmx » ¥
where b, = 7If(x)sin7dx 27 =1 0 ! 21
v=-a
!
Ny
20 COST
= —J-asm—dx
nn/l
0
-2a nmx 4 -2a
= —(cos—) =——(cosnm—cos0)
nr I Jo nm
2a
= —[( ) ~1]=—{1-(-1)"]
b, =0 ofniseven
=3 senisiodd
nm
Substituting the values of b's in (1), we get
o b :
_/(.’:)= Z _as -"_m.:fc_z.[ inE.'.lSin}ﬁ..q..l_sinE_;....\
n=13,5,. ™" [ T I 5 [ J

%+xwhen -1<x<0
Ex. 13:Find the Fourier series of the function f{x) = |
;—.\‘ when 0<x<l1

Sol. Since fl-x) = %—xin (~1,0)=fx)in (0, 1)

and Hose)i = %Hin 0, 1) =ftx) in (=1, 0)
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.. fix) is an even function.
n

Let ﬂx) = -a2£+za’l cos—;n;x'=7+za cos'"rx ( = 1)
n=i e :

: . 1 lyps
Then a, = Té[f(x)dx=26[f(x)dx=2£ (E‘x)d.x

XXZ

1
= 2[5—7] =(x—x2):) =(1-1)-(0-0)=0

0

1 |
and a = %jf(x)cos%u-dx=2.[f(x)cosnmdx
0 0

I
- Zf(l—x)cosmtxdx
!
smmtx COS NTX
= e 1 it i
[ : ) o35
- cosn'rc 1
ot | s

= 1121r (1- cosmt)— 2 [1-(1"M

a = 0ifniseven

4
= ——ifnisodd
n’n?

Substituting the values of a; and a, in (1), we get

A R & |
_ — — cosnmx = — ) ————cos(2n—-D)mx . :
fo)=z & 32 7 pei (22 e

10.15 HALF RANGE EXPANSION OF f(x) in [0, ]

Sometimes we will be interested in finding the expansion of f(x) defined in [0, /] in
terms of sines only or in terms of cosines only. Suppose we want the expansion of f (x) in

terms of sine series only. Define f,(x) = f(x) in [0, /] and f, (-x) = -, (x) for all x with

fi 2+ x) = fi(x). Then f(x) isanodd function in [/, /]. Hence its Fourier series expansion

is given by
f, (x) —Zb sin 22X iy F)‘MIM (1)
where : 5., dunddgt! AuS Sl
. ) )
b, == [ fitw dx A2)

The above expansion is valid for x in [/, []. In particular for x in [0,/], f,(x) = f(x) and
hence
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7169 =¥ s - (3)]
n=] E
where b, =% [re sintEax ()

This expansion in (3) is called the half-range sine series expansion of f(x)mn[0,]].
If we want the half-range expansion of f(x) in [0, /], only in terms of cosines, define

fi(x) = f(x) in [0, /] and fi(-x) = fi(x) for all x with f,(x +20) = £, (x).

Then f,(x) is even in [/, /] and hence its Fourier series expansion is given by

1 o onmx
fl(‘x)ziao +n§la" COS—I .A5)
L
v 2 nmx
where e _(’;f.(x) i dx ..(6)

The expansion is valid in [/, /] and hence in particular in [0, /]. Butin [0, 7], L(x) = f(x).
Hence in [0, 7]

fiex) = -%-aO + i a, cos "‘7;1 A7)

n=1
1
2
where Gy, = 7!f(x)cos-"—{“£dx .(8)

The expansion in (7) is called the half-range cosine series expansion of /(x) in [0, /].
Summary :
1. The (half range) sine series expansion of f(x) in [0, /] is given by

£ =35, 5in #

n=1

{
where b, =% If(x)sin%dx.
0

2. The (half-range) cosine series expansion of £ (x) in [0, /] is given by

f(x) = %ao + Zan cos%

n=|

where b = i (x)cos#dx.

~ |~
°‘—-."

Ex. 1: Find the half-range sine series of f(x) = 1 in [0, /).
: [JNTU 2004S (Set No. 3)]
Sol. The Fourier sine series of f(x) in [0, /] is given by

e Vb mig A
oy =1- 3,50
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l . nnx
Here 2 jf(x)s;n———-dx = —Il sin—dx
b, [
0
COS—— {
T /l nm 1500 <N nn

= 0,whennis cven

4
= — , when #n is odd
nmw . \
Hence the required Fourier s€ries 18

f(x) = Z ising—’lm—

=13 87 nt

ie., 1 =i(sinﬂ+-l—sin3—q+lsinﬁx—+..)
T I 3 [ 5 I

_ Ex.2. Obtain the half-range cosine and sine series for f{x) = x in the
interval (0, /).
Sol. Cosine series

Let fix) = a7°+ Za,, cos—— o)

! {
2 2
Then a, —_-TI_f(z)dx:—l-jxtix:
0 0

!
and a :—Z—Iff,’ co -’Ex—dx=—jxcos——dx
n ] l [
0 0
[ -xzmu cos =X
=.g_ xi :.__—l-—- 1| - l
TR 1>
0
[ 3 2
= G- f — COS AT = 0+—i—7 (+osin n=0)
! A n°m
2- i; 102
= = t=1) —1}} [-+cos nm = (-1)"]
blha<

a,=,0if nis eves V s
=g, i s 9 iy Mgl | A8 S
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Substituting the values of a's in (1), we get

x = £ S Lcosmu
2 n2 n=13,5 nZ !
[ 4] 1 Snx
= ———| coOs — +—cos +—c0os — +
2 % 1 32 52 1
Sine Series
- nmx
Let fix) = anSi"T o (2)
n=|
2’ - BTX 2' nmx
Then bn = —j'f(x)sm—dx = —Ixsin—-dx
10 ! ! /
0
o [ 002=] [ i
=—| x| - : -1 -
! nr/l nznz /[2
5 0
2 [ P2
= 7 —;I;cosmt+0 - {0+ 0}
o _.2_1(_1)" ___2_1(_1)n+t .. (3)
nm nmn

Substituting (3)in(2), we get

Ex. 3: Find the half-range cosine series expansion of f(x) =x in [0, 2].
Sol. The half range Founer cosine series is given by

: 2 nmx
and a Jf(x)c.os—elx =% jst_dl
" l 4 2 o

2

sin 21X cos X
L1 LS 3
=X 2, 2 _cosmr—l=4[("l) —]] (n#1)

(”_") (ﬂ)z T w4 nn’
2 7 o
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~ a=5 when n is even
= > ifnis odd
n‘n
Substituting the values of a, and a, in (1), we get
8 S 1 nmnx
g —cos——
ﬂz n=§5.... "2 2
_ 18| cos i L cos3E 4 L os 2RX
=1 7tZ[cos 2+ ) +—5cos 5 +.. ]
which is the required Fourier series.
Ex. 4: Find the half-range sine series expanswn of f(x)=x" in [0, 4]
Sol. The half-range Fourier sine series is given by
2 - h X
flx) = =Zb”smﬁl— (1)
n=\
l * e
wheré b, = % jf(x)sin—'flﬂdx y)ﬂhﬂl ..b/");%{
Here 1=4° : ' :‘Hw’w&hﬁ

X
=1],2 AL n 4 ;. - ‘:
2 nm U n*nt 116 nn
4 64/
- [ﬁ(lé)cosnn+ L —(4) sinnm +2;6‘; cos nm — 1128‘]
2 2n® nmn n'n’

3 323
n Tt3 nm

{( ™64 (=1)"128 123]=32 2{_(“)"‘1}+(—1)"”

or b = . when #n is even

-4 1
"32( 3 1*’_) when 7 1s odd.

nn nt
Hence the required Fourier series is

2l

2 -32 nwx sinnmx
= ———sm———+32
’l=3§ - Z (n 1[ nm ) 4

6.,’m n=l, 3.5 .

Ex. 5: Find the half-range cosine series expansion of
f(x) =x-x*in0<x<1

Sol. The required series is of the form x - xt= ﬁz‘l + Y a, cosnmx

n=1

461
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|
where a, =2_[(x—x2)cosmvcdx (- 1=1)
0

a J -l
", — x2y | Stnamx ) = —COoSnmx = --SIn n7nx
=2 [(x x )(\mr ) (1 21)(“—"2“2 )+( 2)(*,:37:3 )Jﬂ

_2{—cosmt_ 1 ]
n’n? n’*n?

—2(1+(=1)"]

22

-2
= s (008 i) =
n°n n°m

a, =0, when nis odd

= 2_*4, , when 7 is even

n°n-
l 2 x* xJl fooel 1
Also, a, =2](x—x Ydx =2 |2 _ X :_.2(___J =%
2 3 2 3 3
0 0
Hence x-x2=1_4 Lcosan+Lc0547r.x+—|~c0561u+...]
6 n?[22 4? 6

which is the required series.

Ex. 6: Find half-range Fourier sine series for f(x) =ax + b,in 0 < x < |

[JNTU Dec. 2002, 2003, 2005 (Set No. 1), 20068 (Set No.2)]
Sol. The half-range Fourier sine series is given by

f(x) = ax+b=ib,, sin(%) = i by, sin nnx Cot=1
n=|

n=|

l
where b = -f—j(ax + b)sin(#)dx
0

|
=2[(ax+b)sinmudx (o i=1)

v 1

=2 {(a.r 1 b)(——lcos mtx)+ Q4 __sin nnx
nm n nz
=2[-1(¢1+b)cosnn+ = sian-—b—J
nmn n°n nm

=%[(—1)“' (a+ b)+b]

2a

by === \when n is even
nrm

2 =
=—(a+2b) when nis odd
nm
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Hence the required Fourier series is

axt b =2(a+2b)sinme— 2 sin 2mx + 2= (a + 2b) sin 3nx — 2% sin 47cx + ...
s 2n e AR 4x

Ex. 7: Find the half-range cosine series for f(x) = x(2 —x), in 0<x<2 and
hence find sum of the series

; S e I

—l?—? '57-4_1 [JNTU 2002 (Set No. 2), 2003, 2004 (Set No. 3)]
Sol. The required series is of the form

x(2—x)—-€2(l+Za,, cosg—;‘—x (-1=2) G

1
where a, % j f(x) cos—-

(SIS

0
2
[x@2- x)cos———-dx (1=2)
0

I

2
j(zx—xz)cosiz"ﬁdx

0
| (2% = x*)-2{sin 2™ ) 4 (2 - nmx x|
_[(Zx % )’m(sm > )+(2 2x) co's 3 +(2)n = sinZ 5 ]0 by parts

2.2
nm

= :8 cosnm - —oe=—8 [l+(—l)"]

n’n’ n*n? nPn®
g ~16 .when n is even
" 22
nmT

=0, when n is odd ?xhﬂ‘ ﬁ
il S

and a, =—§—}(2x-—x2)dx=%

Substituting the values of a,and a_in (1), we get

2x—x"

A

2,

o L,cosmc +—1?c0521r.x+—l7cos3nx+...)
Z: 4 6

n

£

=
~N Wk

|
L&
[Ms

;O\

e
NI""

o

-
N|§
N~

lz-[cosm+zlc0521rz+%cos3mc+ ]
4
L 2x=x" = e X cosnx+—l—c052m+Lcos3m+ )
3 2 22 32
Deduction :
Putting x =1 in (2), we get
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2-1 = %—%(comﬁ%cos2n+3l2_f:<’)i}n+4lzcos4n+...)
= 1—3——4 —1+L—L+L—
3 g2 22 32 42
AR N1 I S ]
3 A 2% 34
% A s n
o ETRTETETTT

Ex. 8: Find the half-range cosine series expansion of

f(x) = sin (%) in the range 0 < x <[ [JNTU 2004S, 2006S (Set No. 3)]

Sol. The half-range Fourier Cosine series is given by

S L nnx
f(x)—sm( 7 )_ > +Za,, cos=

n=|

! /i
2 2t .
where a, ZTIf(X)dX = TISIn—,—d.x
0 0
!
2| —cos(mx/1) o v
_I[T : = (cosm l)—;

)
l I
Jsin(-@:)cos(ﬂ)dx = lJ‘{sin(n-rl)%—sin(n—l)%]dx

-2
10 / / 10
; {
—cos(n+l)E cos(n—l)lll
| . / i /
! n _nE
(n+1)1 (n l)[ :

n+1 n-—1 n+]_n—l

) _cos(n+1)+cos(n—l)n Wi 1
r n+1 n-—1 { n+l+n—l}

n+l n-1
GO e g 1}

& =
n

-1+ 1 " | RS 2
n+l n—-1 n+l n-1

R 11 } -4
n+l n-1 n+l n-1] n(a+l)(n-1)
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sm(m 2. & cos(2mc/1) cos(41tx/l)
1) = = 1.3 3.5
Ex. 9: Obtain the half-range sine series for ¢ in 0 <x <1
[JNTU 20008, 2003S]
Sol. The half-range sine series of e® is given by
e’ =Zsin nnx, since /=1
a=]
1
Here e" sin nmx dx
: . I
= [ 3, (smnnx nncosmtx)J
o .
! e 1
= [ 5 (O—mtcosrm)— — (O—nn)}
T nn +1
=-2[ - l, (IlT[—IlTIeCOSIlTE)] = 2'm [l e~ 1)"]
nrt+1 nn®
Hence e"=n[2(;i)—sin1u+&,_—e)sin2 + (,+e)sn 31‘(X+...]
n-+1 4n° +1 9~ +1
Ex. 10: Expand cosnxin (0, 1) as Fourier sine series
OR
Show that in the interval (0, 1), cosmx =— Z P sin 2nmx
TN
¥ [JNTU 2004S(Set No. 3)|
Sol. Let f(.r)=cos7tx=2b,,sinmtx Eili=1) )
= ¥ szl miya
2 rf :
Then b, = 7 [ /()sin™=dx, where !~ 1 Tunkigl! 2 g513 48
1 I
b= ZI cosTxsinamx dx = I 2sin nmx cosmx dx )]
n 0 0
|
= I [sin(#z + I)mx +sin(n — 1)x]dx
0
1
< _cos(n +1)mx X cos(n—1)mx )
(n+)m (n-Dm |
. (cos(ri+l)1t+cos(n—l)n)_ 1 g |
n n+l n—1 n+l n-l
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| (_1)n+l+(_1)"-l ~[ Lt fnen
n|| n+l n-1 n+l n-1
_1yrH 1 i 1 A 1 1
{( h [n+1 '.n-l] [n+1%n—l]}
e ey -
(n+l+n—l)[( D 1]

."22'11[(—1)"*' —1] (n#1)

If nis even

b= (D)=
N L=l n(n” —1)
Ifnisodd

: =1 Zn

b = —. 1-1)=0

i i nz—l( !

If n = 1,then

: :
b, L (2sinmx cosmx)dx [Putting n=1 in (2)]

1
J- sin 27x dx = —L(cos 21L\’):)
0 2n

—L(cos2n—c030) =0
2n

Substituting the values of b’s in (1), we get

o0

Z .. sin namx
CcOS X = 3
n=26,.. T =1)

4= 2n

= 2 sin 2nmx Replacing n with 2n

11”2:':4712-—1 (e s )
8 o n

P sin 2nmx

™ 1:24"2—1 ;

- n=|

which is the required Fourier series.

EXERCISE 10 (D)

Expand f(x)=x>-2 as a Fourier series in the interval (-2, 2).
[JNTU Dec. 2002 (Set No. 4)]
OR
Find the Fourier series to represent f(x) =x? -2, when -2 <x <2
[INTU 2003S (Set No. 4), 2005S, 2007 (Set No. 2)|
Find the Fourier series expansion for the function f(x) =x - x*in (-1, 1).
[JNTU 2003, 2004, 2005 (Set No. 1), 2006 (Set No. 4)]




10.

11.
12.
13.

15.
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Find the Fourier series of the following function :
f(x) =0,-2<x<0

=1,0<x<2
Obtain the Fourier series for the function f(x) given by
) O when 0<x</ - 0if - 5<x<0
@ fix)= {a when [ <x <2l R 1) = {3 if0<x<5

Obtain the Fourier series for the function
flx) =nx,when0<x<1
=m(2—-x), when 1 <x<2. [JNTU 2007 (Set No.3)|
Obtain the Fourier series for f (x)=x* in(0, 3).
(a) Find the Fourier series of e “in [ 1.

(b) Expand f(x) =e¢"as a Fourier series in (-1, 1). [JNTU 2003S (Set No. 2)|
Find Fourier series to represent ™ in¢ D).

If flx)="+ for 0 <x <!
_2A-x

forl<x<2L

O o mx . 3nx | | Smx
5 = ———— —COS—+—C()S——+_C()S-_"f‘-..
Show that f(x) == i (lz et : - ’ )

Find the Fourier series of the function

0if-2<x<-1 0if -2<x=<-1
. _kif-1<x<l L _ J1+xif-12x<0
@ fix) 0Difle<x<2 (@) fiz) 1-xif0<sx<1
0iflsx<2
Find the half-range cosine series for the function f(x) =x in (0, /).
Obtain the half-range cosine and sine series for x in (0, 2). [JNTU 2003|

Find the half-range cosine series for the function f (x)= (x-1)* in the interval

0<x<1. Hence dedt:ce that y’)‘ ﬂa“ .”E '@%

l T - 5
[ 1+ R A s
e il S 08
1 2
(i) Z = (2n 1)2 < F+'312’+§12_+'" =£3_ |JNTU2001,20055,2007(SetNo.l)]

! Obtam the half-range sine series for x - x* in (0, 1).

(OR)
Find the half-range sine series for the funtion /(1) =¢ - £, 0<t<]
[INTU 2004S (Set No. 1)]

Express f{x) = Ix —x? as a half range sine series in (0, /). Hence show that
3
T P L1

2P P 53

.....
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16.
2.
18.

19.
20.

21.

10.
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.Find the Fourier sine series to represent the function f(x) =sinx,0<x<mn

Express f(x) = x> as half-range cosine series in (0, L) [INTU 2004S (Set No. 1)]
Represent f(x) = x? in 0 < x < L by Fourier sine series [JNTU 2004S (Set No. 2)]

Represent f(x)=2x-1in 0 < x <1 by Fourier cosine series.

Obtain the half-range sine series for the function

f(x) =%—x, when0<x<%

= x—% ‘when %<x< 1, [IJNTU 2003S (Set No. 1))
Find the half-range cosine series for the function f (x) given by
{
f(x) =kx, when0<x< 2
=k (I - x), when % <x<1 [JNTU 2005S (Set No. 3)]
Deduce th Plib i b e
Sdnceis SN OEMR SIRes. 0= 0 " "
ANSWERS
2 -2 16 1 L S e
X _2:—3-—-7;?[C05-———52—6051[x +32 Ccos _LOS;.TL\+
P L ( B¢ _ 908 nx +cos—3—"—x-— )
3 af P 5 an
+ 2(sinmt--—l-sin27v:+lsin31vc—_..J
J n 2 3
f(Jc)=l l(sm—+—sin3—m+151 —5——+ )
2 =« 2

(i) f(r)_ﬁ_z_a ! sin(Zn—l)EIx— (i) f(r)_%+_6_ s lsin(%)

m o 2n-l LT

n 4 (cosmx cos3mx cosSmx
O ey + + A
4o 2 =n ( I* o - )

,\'2=(§—E smlx—--E inz—m- +(-§— 723)sin§E+
TR 3 2n 3 3n 27n

=0

n
(@) e " = sinhl l+ *T(—I-)——[Zl BN, rxn,r)
! I ! !

o=y n'nz +
b n+l
ot 1 (=" 7230 P ) M TS 12
sinhal [a[ + 2alzI T, cos ; Z:l 212 + ninl !

(i)f(x)=—§+2?kzlsm? cos[ ] (n)f(x)—% %Z—lz—(l—coslej-cos(%u—'j

n=l T p=1
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_rzi[sm-g-——sm 2 +lsm—3£x—— lsinﬂ+
T 2 3 2
2L 4(1 ! A ek
130 (=) =§+H—Z(FCOS'EX+-2—2—COSZTIX +32 COS3T[x+42 cosdmx +... |.
ar w8l A \ [ Jin: :
14, x=% =—= —Tsmnx+—1—sm3nx+—7sm5nx+... ’
¢ il W By 3 S

2 8%( . m¢ 1 . 3mx 1 . Smx
15, k-=x"= sm—1—+—sm—7—+5—sm—-+...

T
16. f(x)=sinx

g 2 (=30 e nmx £ 3 nmx
1. = =+ ———+———|cos—— + ———CcoS——
4 u=|,zJ;s....[2"2"' ant). . b ,,=2.Z“, 2n’n? L
NS Y ) N PO R o T R T
8% = Z;[n}ﬂz {( 1) 1} —— [sin = W xh&" :
uﬁﬂ'w&h
19. 2.r—|=——8- cosux+<:os31t.1:+c055mc+ """"
x|l 12 32 52
20. f(x)=(l—-i-)sinru+(—l—+ & )Siﬂ3ﬂr+(—l—- ,4 ,] sin STx + ...
T nt 3n 32112 3 Stns
: &l Bkb{ 2mx | 6mx | 107
; £) = — = —— | =08 ——+ —=C0S——+ ——C0S 4

The trigonometrical series of f{x) in the interval (-m, ®)is
2. If x = a is a point of discontinuity then the Fourier series of f(x) at x =« is given by
fix) =
3. In the Fourier series expansion of a function, the Fourier coefficient a, represents the
value of the function.

4. Conditions for expansion of a function in Fourier series are known as
conditions.

5. The rate of convergence of a Fourier series increases while the series is

6. A function flx) defined for 0 <x <m can be extended to an odd periodic function in
(—m, ) such that —x) =

7. A function f{x) defined for 0 <x <2 can be extended to an even periodic function in the
interval (-2, 2) such that fi—=x) =
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11.

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.
25,
26.

27.

28,

29.

30.

MATHEMATICAL METHODS

Fourier series expansion of an even function in (¢, c) has only
Fourier series expansion of an odd function in (-1, 1) has only

terms.

terms.

. Ifflx) is an even function in (-, 7), then the graph of f{x) is symmetrical about the

If fix) is an odd function (-/, ), then the graph of f{x) is symmetrical about the

If i) is an even function in the interval (—/, /) then the value of b =
If fix) is an odd function in (~/, /) then the values of a, and a_ are
If f{x) = x in (-=, ©) then the Fourier coefficient g~

If fix) = x* in (=, 7) then b, =
If fix) = x* in (=1, /) then a =
If fix) = cos x in (-x, ®) then Fourier coefficient b =

In the Fourier series expansion of fx) = |x| in (-x, ©) the value of o=

If fix) = [x| in (-x, ) then =
If fx) = |sin x| in (~/, /) then the Fourier coefficient b=

If f{x) = | cos x | in (-, 7) then b=

In the Fourier series expansion of f{x) = x sin x in (-, ) the
absent.

If fix) = x cos x in (-, =) then b=

If ix) = | cos x | in (—=, 7) then =

If f(x) =x? in (<, ]) then =

If f(x) is a periodic function with period 2T then b =

-l when -1<x<0
Ifftx) = lwhen 0<x<l
then f(x) is an function in (-1, 1).

—t for —m<t<0
70 = tfor O<t<nm

then f(x) is an function in (-m, 7).

l+2—x in —1<x<0

If f(x) = 2"

X
I-——in 0gx<n
7t

then f(x) is an function.

l-x if —t<x<0
If fix) = l+x if O<x<n
then f{x) is an function.

_ terms are
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31. Fourier series for f{x) = x in (—n )
32. Fourier series for f{x) = x* in (-, m) 1S _ i
33, Fourier series for f{ix) = x| in (-, 1:) is

34, Fourier series for flix) = 1-x*in (-1, 1) is

- uie 35, Fourier series férj(x) =ax+bin0<x<lis

36. The formulae for finding the half - range cosime series for the function f{x) in (0./) are
given by a, = and a, = '

37. The half range sine series for fix) =1 in (0. <\ s
38, Fourier sine series for fix) =x in (0, m) is __
39, The half range sine series for f{x) = ¢ in (0. 1) is

40. In the half range cosine series of flx) =x sin 1, 0 < x < 7, the value of @, =
01if Q<x<l

1 1<x<2?

41. In the half range cosine series of flx) = {

the value of a, = >
42. If fix) = x in (0, 27) then the Fourier coefticront ¢ =
0

Tt
cosx for O<x<—

- g T 0 for T <x<m ﬁ
. 2 ), duigl! 408 O7 7
0in -n<xs0
4. If = the =
/& {x in 0<x<m it
y 2 : X m  -—4<x<
45. The Fourier series expansion of flx) = { a0
% 0<x<4
contains no terms.
' : g = &
46. The Fourier series expansion of flx) = { Tu i <0
! T oowm 0<x<m
contains no terms. :

47. Fourier series of the function f{x) = sin'x in ¢ n ) is
48. Fourier series of the function f{x) = cos’x W ( ) is

0 for —-m<x<(

49. Fourier series of flx) = {l for Dl 1w

—k for -m<x-~0

50. Fourier series of fix) = {k for UL

] for -—-n<x<(

51. Fourier series of flx) = {1 fot beron B

a when O<x<n

52. Fourier series of f{x) = {

—d when mexedy ® —0 ——
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ANSWERS
: 329-+Z a,,cosnx+2b,,sinnx 2. f(x)=%[f(a—0)+f(a+0)] 3. mean
n=1 n=1
4. Dirichlet's 5. Integrating 6. —f(x) 7. fix) 8. cosine
9. sine 10. y-axis 11. origin 12. 0 13. Zeros
14. 0 15. 0 16. 0 17. 0 18. 0
2 o :
19. “ 20. 0 21. 0 22. sine 23. 0
4 2 10+2T ) s
24. = 25. % 26. T I f(x) Sianx 27. odd
o
: : (5
28. even 29. even 30. even 313 2(sm.\'—Esm2.\'+§sm3.\-—..,)
5 ﬁ_4 cosx_cost cosSx_ ' E_i Cos X COS3X+C()55X+ ]
32. 3 3 2 7 ] 23 > sl g 2 3
34 PR cosnx—Lc052nx+-l—cos3mc—... 35 Zl;i L sin nmx
R 22 3 § L
2spl’ 2 k. _nmx L sin3x  sinSx
36. TIO/(.t)dx. TJ'O/(.r)u).\-I—(Ix 37 n(smx+ : +)
i E i ko 2 “ n a+l wx |-
2 X=—— - — s = Il 2" |sin
38. (smt 2sm2x+3sm3x ] 39, 9§"2+l[ = l)iae ]blﬂ\’
40. 2 41. 1 42. 2n 4 = 44, =
n 2
. . Br.
45. sine 46. cosine 47. Zsm.r—zsmh'
48. %cosx+%cos3x 49, %-F%[Sinx+%sin3x+ésin5x+...J
4k sinnx 4 <~ sinnx da ~=~ sinnx
50. — 51, = 52. — D,
n b n n
n=1335,. #=1.3.9,.. n=135,..

MATHEMATICAL METHODS




