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16

Numerical Methods for Sblution of Partial
Differential Equations

16.1

eg.

16.2

GENERAL LINEAR PARTIAL. DIFFERENTIAL EQUATIONS
General partial differential equation is of the form
du &P u Fu
AENS2+8 0 y)—+C(x ) =5 +D(x, ,v)—+E(x i +F(x,y)u+ G,y =
ady” oy o

This equatlon is called
(i) Elliptic, if B> —4 AC<0

= +§ =0 . Laplace Equation

gzxg ayz = f(x,y)  Poisson’s Equation y )lﬁﬂ' .“é‘k%

£

: St L _ c2®u B Dkl AdS J51a
(i) Parabolic, if B*~44C =0 eg 2= 22X s, 4 @ﬁ

v

One dimensional heat conduction equation.

AR Pu 5 Pu
(iii) Hyperbolic, if B2—-4AC > 0 eg. ) =C =
Example 1. Determine the type och2 + 2y = + )2 az_ =0,
P) yz ox Oy 0x2
(A.MLE.TE., Dec. 2006)

Solution. Here, 4 = x%, B=2xv. c=)~
B*—44C = 4x? ;> - 42 y?=0. Hence, it is a parabolic equation. Ans.
FINITE-DIFFERENCE APPROXIMATION TO DERIVATIVES

By Taylor formula
h Su hz 5211 h3 63 u

u(x+hy)—u(xy)+—+ PERETL PR A1)
u(x—h,y)=u<x,y)—h%+ hzg it )

From (1), neglecting 42 and higher powers of 4, we get
Ou e u(x + h,y) o u(x!y)
Ox h .
From (2), neglecting #? and higher powers of 4, we have
%u_ o SY) = Z Sk (Backward difference formula) -..(4)
x ; s,
Subtracting (2) from (1) and neglecting #* and higher power of & we get

(Forward difference formula) ...(3)

ulx+h,y)—u(x-hy = Zh%

1026
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l

or %‘- ol [u (x+h,y)-u(x-h,y)] (Centraldifference formula) +05)
x 2
Similarly, :
u _uxy+R)-u@y) _u@my)-u@y-k _u@y+k-uly-k ©6)
dy k k 2k
Adding (1) and (2), neglecting B’ and higher powers of h, we ge't
u(x+hy)+u(x-—hy) = 2u(x )+h282u :
ox?
e 1
2 —g[u(x+h y) 2u(x,y)+u(x h, y)] (D)
Similarly Fu = [u (y+k)=2u(x, y)+u(x,y-k)] .(8)
and ai.;‘y = 4—21( (u(x+hy+k)—u(x—hy+k) —u(x+hy-k)+u(x-h,y-k)] «9)
The given region (rectangle ABCD) is divided into smaller rectangles of sides 8 x = h
and 8y = k. The origin is taken at the centre of Y
the rectangle and the coordinates axes are drawn.
The rectangle is divided into 36 small rectangles. - | Y &
Here there are 49 mesh-points or lattices or nodal Ui 1 «h+ K
points-or grid points.The values of the function Uiy | Ying | Yij | heng | theay _T
u are Ui jy ll,'+|‘j, u,~+2.l-...u,-'j+,, u,-,j-+2...,at the X = 0 > X
. Uig-1
mesh-points. o ol
Uij-2

Let these values satisfy the given partial
differential equation.. i

At the centre of the rectangle:
Equations (5), (6), (7), (8) and (9) are - e
tewritten on the nodal points as below

du

%f:’=21 (i 1,j= Ui-1, a—y-—(uijn uij-1)
. 92

%: l(u,”, 2u,j+u. lj)

X

ayl; =22 Wijer =2+ w5 ) %j““’w &‘fé@
A 1

3y = _‘4 hk (i + Lj+1 = Wil j—1— Ui j+1 'Hli—x.j-l)

16.3 SOLUTION OF PARTIAL DIFFERENTIAL EQUATION (LAPLACE EQUATION)
azu a-
yz
u %u

and —, we get

a ay2
[u(x+hy) 2u(x,y)+u(x- hy)]+ [u(,y+k)=2u(xy)+u(x,y-k] =0

On substituting the values of
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For valdes of h = k i.e. for square grid of the mesh size h, the above equation can be
written as

ux+hy)—2u(xy)+u@x-—=v)+uEy+h)-2uley)tul,y-—h) =0
u(x,y) = —}I'[u (x+h,_y)+.,\x—h,y)+u(x,y+h)+u‘(x._v—h)]'

Denoting.any mesh point (x, y) = (ih, jh) as simply i, j, the above difference equation
can be written as

- 1 g
Uij= 7 Wisr jF i+t o+ Ui joy) +(2)

Equation (2) shows<hat the value of « (x, y) is the average of its four neighbours to the
East, West, North and South. The formula (2) is called the Standard five points formula and
is written as

Uippjt oyt lijer 1 =4 U0
’ Ko
/ (i,j+1) !
PSR L 200
1 1
1 1
. . ! . ¥ '
(1)} (i) |
1 1
1 1
i v [l
1 1
1 2 1
-.——--I—_-———-—.-'—---l -----
5 @i, i-1) 5
1 1

This formula is also known as Liebman’s averaging procedure.
A formula similar to the formula (2) is sometimes used with convenience. It is given as

; I
Uij= 7 (Wit jettUivgj-1HUim1jet Uizgj-1) =43}
4

This is known as diagonal five-point formula as these (-1+1) ti+1.i+ 1)
points lie on the diagonals. Although formula (3) is less ac- < v
curate than formula (2), still it is a good approximation for N ,;"
obtaining as starting values in the iteration procedure. Re :’ (i.f)

Whenever possible, Standard five-point formula is pre- 2 ™%
ferred in all commutations. . .

Procedure. - We use the following diagonal five point == (i+1,j-1)
formula to get the initial value of u at the centre.

= l[bl+b5+b9+bl3]

Us =
R

‘Then the-approximate values of u;. u3, 17, ug are calculated by the diagonal five-point

formula
byg -~ by by By B

ar %[b,+b3+b5+b|5]. Y %[b3+b5+b7+u5] :

u u u
by 7 8 9 lug
1 1
Uy = Z[b|5+ll5+_b”+b|3}, Uy = Z[ll5+b7+b9+b“] bls Uy Ug Ug e
The values of the remaining interior pgints i.e.' uy, Us, Us g fup fus |
and ug are obtained by the standard five point formula. L 6

1 1 ‘
u2=z[b3+u3+u5+u,]. u4=z[u1+u5+u7+bl5] i % & b &
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Ug = i—[u3+b7+ug+u5]‘ ug = i[u5+u9+b“+u7]

Having obtained all values uy, u,, ... ug once, their accuracy can be improved by the
repeated application of either Jacobi’s iteration formula or Gauss-Seidel iteration formula.

164 JACOBI’S ITERATION FORMULA
Let uf ; be the nth iterative value of u; ; Then Jacobi’s iterative procedure is given below.

uln+ 1) — i [ v g Miery g iy 4 u(")i._/u] .

16.5 GAUSS-SEIDEL METHOD

This method utilises the latest iterative value available and scans the mesh points sym-
metrically from left to right along successive rows. The formula is given below.

w1y = % [ @+ Dimrj gy Wi 4 g (04150 4 u (")i,ju],

16.6 SUCCESSIVE OVER-RELAXATION OR S.O.R. METHOD
. Gauss-Seidel formula:can be written as

w@ iy = g (4 -LII [+ e ul®ierg g 4Dty Wigor — 44y Mg] = gy 4 %‘R,-'_,-.

« It gives the change %‘Ri, j in the value of u; ; for one Gauss-Seidel iteration. In the S.0.R.

method, larger change than this is given to (™ and the iteration formula is given below:

wat); = 4 () +.l wR; ;= éw [ @+ Do gy iy gy 4y 4 u®iger] + (I'-w) u ™)

4
Here w is called the accelerating factor and lies between 1 and 2.
Example 1. Solve %+% =0 in the domain of the figure given below by Gauss-
Seidel hethod. ‘ : 4 ..D
Solution. Initially u; = u; = u3 = us = 0 :
1 2
afpt) = l(l +1 +'u{")+uY'))
LS 2 1
Pl s l(2+2+u1(""’)+u3f"))
" g

ua(n+l) - %(2+2+ul(n+l)+u§n+l))

u4n+l) = %[2+2+u{"”)+u§"+‘)] . ?‘gwl -@%
%mmmy&%{z

ufd = L1+0+140) = 05 uf) = 3@ +0+2+05) = 1125

First iteration

ulh) = %(l_+ 1.125 + 1+0) = 0.781 ufV) = %(2+0.781 +2+O.5) = 1.320
Second iteration

uf® = %[1 +1+1.125+1320] = 1111~ uf? = %‘[2+2+ 1111 +0.781] = 1.473
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wf) = %[1+1+1.473+ 1320] = 1.198  uf® = %[2+2+ 1111 + 1.198] = 1.577

Third iteration .
WP = L+ 1414734 L5771 = 1263 - uf) = 312+2+1263+ L198] < 1615

ufd = %[1+ 1+1.615+1.577] = 1.298 u) = i—[z+2+ 1263+ 1.298] = 1.640

Fourth iteration :
uf® = r‘l{[l+l+ 1.615+1.640] =-1.314 uf? = %[2+2+ 1.314 + 1.298] = 1.653

wf = %[1 +1+1.653+1.640] = 1323 uf® = ;i—[z+2+1.314+ 1323] = 1.659

Fifth iteration
ufd = %[l +1+1.653+1.659] = 1.328 u) = %[2+2+ 1.328 + 1.323] = 1.663

uf) = %[1 +1+1.663+1.659] = 1.331 uf = %[2+2+ 1.328 + 1.331] = 1.665
Sixth iteration
uf® =%[1 +1+1.663+1.665] = 1.333 uf® = %[2+2+ 1.332+1.331] = 1.666

uf® = -}I[l+l+1.666+1.665] =1333 uf® = %[2+z+1.332+1.333] = 1.666
u = 1333, up = 1.667, u3 = 1.333,u, = 1.667 Ans.

2 2
Example 2. Solve %;21‘*'%;27—‘ = 0 in the domain of the figure given below by Gauss-
Seidel method. Vol
~ Solution. ‘8 Ty {Te 1o |,
T, = 10+ T+ Tg+0] T,= s0+T3+Ts+Ty - ol T Ta |
1 1 0 LET P AETH PN
T3='4'[0+0+T2+T6] T4=Z-A[T1+T5+T7+0] :
e ' 1 g 9 0
T5=Z[T2+T6+T8+T4] T6=Z[T3+0+T9+T5],
Ty = 5T+ Ty +140] Ty = 3 [T5+Ty+ 14 T5]

Ty = %[T0+O+I+T3].

Gauss-Seidel Method
~ Initial approximations are
T=Th=T3=TN=Ts=Tg=T=T3=Tg =0
Ten successive iterates are given below:
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First Iteration

Tirta %[0+7‘_§”’+T§"’+O], L= %[0+0+0+(01 =9

T}{'*“ o ;;‘[Tl(""”’r7'5("’+T§")+01- T4 .= %[0+0+0+0] =0

T+ = %[T}“*”+Té"’+0+0], i = i[0+0+0+'0] =0 ;
T+ = %[O+T§")+Té")+T1(”+')]- T = i—[O+O+O-;=O] =0 ?
T+l = %[TJH”+T§"’+Tg">+rz<"+”], G %{0+0+0+0] =0
Téth = :ll-[T_s("“”+TJ")+O+T3("*”], 3h.= %[0+0+0+0] =0
T+l = i_[0+[+'ré")+'1‘§"+‘)], : h = i[O-i—_l+O+:0] =025
T+ = i—[T}“" Dy [ + T + T+ 1y, Té”:i[().25+ 1 +,0+0]=(').312
T+ = i—[rg“'u L +0+T@+0), Té":%[0.312+ 1 +0+0];0.328

Second Tteration

T,(2)=%[O+O+O+O]=0 Té2’=£[0+0+0+01=0 3
I
T§2)=Z[0+0+0+O] =0 T42)=£[0+0.25+0+0]=0.062
T = 7[0+0312+0+0] = 0.078 T = i[0+0.328 +0+0] = 0.082
2 _ 1 = 7l :
T = 7[0+1+0312+0] = 0328 T = 7[025+1+0328+0] = 0.39%4
TP = %[0.312+ 1+0+0] = 0.328
Third Iteration
7P = L0+ 0062+0+0) = 0016 T) = 10016+0.078+0+0] = 0024

P - Lo oo =00 TP - 7(0+0328+0.078 + +0.016] = 0.106

o = % [0.106 +0.394 + 0.082 +0.024] = 0.152

1

1 [0.152+0.328 + 0+ 0.027] = 0.127

TéJ) =
T = 11.[0+ 1+0.394 +0.106] = 0.375 W= %[0.375 +1+0.328 +0.152} = 0.464°

T = %[0.464+ 1+0+0.127] = 0.398

and so on. ?)‘”m" .ﬁ.‘{;ﬂ{%‘ Ans.
By, dunkig! dulS Jor1a @g
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Iteration T1 N D T4 Ts Te T7 T3 19
4 0032 | 0.053 0.045 0.140 0.196 | 0.160 0.401 0.499 0.415
s " | 0048 0.072 0.058 0.161 0223 | 0.174 | 0415 0.513 0.422
6 0.058 . | 0.085 0.065- | 0.174 0.236 0.181 | 0422 - 0.520 0.425
7 0.065 | 0.092 0.068 0.181 0.244 0.184 0.425 0.524 0.{5:27
8 0.068 0.095 0.070 0.184 0.247 0.186 0.427 0.525 0428
9 0.070 0.097 0.071 0.186 0.249 0.187 0.428 0.526 0._#28
10 0.071 0.098 | 0.071 0.187 0.250 0.187 0.428 0.526 0.428

T a0
Example 3. Solve a—u-+i—u = 0 by Leibman’s iteration process for the domain of the

0

1000,

1 2000.

1000

a2 o
figure given below:
) ! o 500 1000 500
1000 % L
u u
2000 4 s Ug
1000 _ A L
0
500 1000 -500

0

Solution. Values given on the figure are symmetrical about middle line.

uy

U =

Us

Uy
Similarly R
Uz
Similarly . ug,
Us

Similarly uy

= U= U3 = U

Ug, Uy = Ug

- %(2ooo+2000+ 1000+ 1000) = 1500 (Standard formula)

1

L}
al= F &l
il

=

EN

= ug = 1438

= 1188

[0+ 1000 + 1500 +2000] = 1125
Us = U1 = 1‘125

i (Diag. formula)

(1000 + 1125 + 1500 + 1125) = 1188 (Standard formula)

(1125 +2000 + 1125 + 1500] = 1438 (Standard formula)

So u; = 1125, up = 1188, uz = 1125, us = 1438, us = 1500, ug = 1438, u; = 1125,

“ug = 1188, ug = 1125
‘Gauss-Seidel Method:

u(n+ 1) = % [u'.(gt}) - ul'("'l')l.j + u(’!+ l)“-l + u(")l,jfl]_
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u|("+l) = %[1000+u{n)+500+u£n)_] = u{ln-l) o us(mbl) - u,’l»-ﬁ .
u{n-&l) = _i_[ul(n+l)+u§n’+l)+ 1000+u§n+l)] = ug('”") 5
v'”:“u‘"-‘i-l)‘._. _‘1‘_[2000.,_“5(")+u{n.+l)+u¥n+l)l = ',‘é’”l). ;
i“‘u§,,+l) S5 -}i[u.{""‘)+ué"*"-+u§"+‘)+u§“‘)]
First Iteration 3 . . :
uf® = 7 [1000+ 1188 + 500+ 1438] ~ 1032 = uf? = uf® = uf®
8 v_,.,‘u"""" - % e L
g@:}" 2“ _\.\5)‘ 3 ufh = %[103241032+ 1000 + 1500] = 1141 = uf!
SRR L. , e
’%,:‘ﬁl,; Cufreh) = %[2000+1500+ 1032 +1032] = 1391 = uf®

ufr+V = 3 [1091+ 1391+ 1141 + 1141] = 1266

Second Iteration

uf® = %[IOOCH 1141 +500 + 1391] = 1008 = f® = uf® = uf?).
= %[1008+ 1008 + 1000 + 1266] = 1069 = uf® .
W = %[2ooo+ 1266 + 1008 + 1008] = 1321 = u@
| Cuf = %[1321+ 1321+ 1069 + 1069] = 1195
Similarly
lteralign Uy =uy=ug=u, ‘ u; = Ug Uy = Ug Us
Third 973" 1035 1288 1162
Fourth 956 1019 1269 1144
Fifth ‘ 947 ‘ 1010 1260 13s -
Sixth 942 1005 1255 , 1130
Seventh 940 : 1003 1253 1128
Eighth 939 1002 1252 » e
Ninth 939" 1001 1251 1126
Very small difference is in the eighth and ninth.iteration
Thus, up = u3 = uy = ug = 939
U = Ug-= 1001,
Uy = ug = 1251, 2
Us = 1126 Ans.
' o%u  J%u . . Rty :
Example 4. Solve — +—— = 0 in the domain of the figure given below by

at g7




1034 Numerical Metheds
(a) Jacobi’s method, (b) Gauss-Seidel method and - ! 2
(¢) Successive Over-Relaxation method u; ju,
Solution. (a) Jacobi’s Method

. ; Uy us
vf) = 21040 +0+1] = 025
u{2>=%[0+0+0+1]=n.25 ol k
ufh) = %[1 +140+0] = 0.5
ufh = —}[1+1+.o+0] 0.5
Seven successive iterates are given below:
=
u Uy Uz Uy
0.1875 0.1875 0.4375 0.4375
0.15625 0.15625 0.40625 0.40625
0.14062 0.14062 0.39062 0.39062
0.13281 0.13281 0.38281- 0.38281
0.12891 0.12891 0.37891 0.37891
0.12695 0.12695 0.37695 0.37695
0.12598 0.12598 0.37598 0.37518
(b) Gauss-Seidel Method :
Five successive iterates are given beloy»
U Uy i = Uy
0.25 0.3125 05625 0.46875
0.21875 0.17187 0.42187 0.39844
0.14844 0.13672 0.38672 0.38086
0.13086 0.12793 0.37793 0.37646
0.12646 0.12573 0.37573 0.37537
(¢) Successive Over-Relaxation method
Three successive iterates are given bélow:
Uy Uy - U3 1 Uy
0.275 0.35062 0.35062 0.35062
0.16534 0.10683 0.38183 0.37432
0.11785 0.12181 0.37216 0.37341
16.7 POISSON EQUATION
2 2
7 R M_,_Q.’i = f(x,)

In-this case the standard five-point formula is of the form

ax* | gy’

UimtjtUierjtujo1 U — 4w = h2f(ih, jh).
On applying the above formula we get equations. These equations can be solved by Gauss-

_ Seidel iteration method.
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Example 5. Solve the Poisson's equation 32_+_ = 8x%7 for the square mesh of the

»

figure given below with u (x,y) = 0 on the boundary and mesh length = 1.
Solution. Here h = 1
The standard five-point formula for the given equation is

Ui-1,j + Ui+ 1,j = Uij+1 o+ Uij—1— 4 Upj = 8 izjz o (7
o =
Uy [Us [Ug
Uy |us fup »X
Yy U [Yy
For uy (i = —1,j = +1), equation (1) becomes : :
0+u2~+0+u2—4u1 =8("'l)2(l)2 or 4du; =2u,;-8 (@)

For u; (i = 0, = 1), equation (1) becomes
uytuy+0+uz—4u; =0 or iu2=2u|+u3 wi(3)
For u3 (i = 0,j = 0), equation (1) becomes :
wtuytup+uy—4us; =0 or 4u3. =4u; or uz =4 (g)
Putting u; for u; in (3), we get

4uy =2u+uy; or 3uy =2y

Putting .—2; L for uy in (2), we get i : é )ﬂhﬁ” .ﬁ%ﬂ % '
PEREE Y e P e ¥ -

duy S
o ¢ wi?.gsdm gj

4u, =4—3u!“'8 or l2u| =4u1—

Buy =-24 or u =-3

uz=2:;‘l (gx 3J=—2, Uz = uy = =2

—3,u2‘=—2,u3’= -2 Ans,

Uy
Exercise 16.1

1. Given the values of u (x,y) on the boundafy of the square in the figure given below, evaluate the
function u (x, y) satisfying the Laplace equation

Su Fu
- 9y*
1000 1000 1000
1000
2000 —{1 {2 1,
2000 B e do
1008 brgiesteig

at pivotal points of this figure. Ans. u; = 1208 u; = 792, u; = 1042, u, = 458.
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vi 2
2. Solve 2%+ &% _

gy

for the square mesh with boundary values as shown in the figure given below. Iterate until the maximum
difference between successive values at any point is less than 0.005.

Q. @. 1
0 2
(5 SO ¢ A |
Ans. u = 10188, U = 05, Uy = 1188, Uy = 0.25, Us = 0625, Ug = 1.25.
3 S u  d%u e ST )
. Solve §+¥ = 0 within the square given in the figure below.
60 60 60 60
40 50
20 40
0 10 20 30 :
Ans. u = 26.66. U = 33.33, Uy = 43.33, Uy = 46.66.
u  du Y @
4. Solve ——+— = - 10 (2 +)*+10) b :
Py ayz 0 0 0 O
over the square withx = 0 = y,x = 3 = y with 0 Up |4 0
u = 0 on the beundary and mess length = 1.
¥ ary Uz |ug
Ans. u; = 75,u, = 82.5,u; = 67.05,u, = 75. ¢ 0
L] MRS EEA oo s
5. Solve % +% = 0 with boundary values as shown in the figure (Ehw i 25
given below. . 0 2

Ans. u, = 10.188, u; = 0.5, u; = 1.188
ug = 0.25,us = 0.625,us = 1.25

16.8 HEAT EQUATION (PARABOLIC EQUATION) R ey
du _ %
E = cza? | addl)
We know that Q =4 1+ K) = ux, 1)
ot ‘ k
Pu _ u@x+h)=2uxt)+u(x-nh1t
Fra R
. du u .
On putting the values of % and 2 n (1), we get

ux,t+k)—u(xt) _ czu(x+h,t)A—Zu(x,t)+u(x—h,t)
5 k 5 73
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2c%k Ck

2k :
u(x, t + k) =h—2u(x+h.t)- P wu( ) +uxo)+ 2 u(x—nh,r
or u(lx,t+k) = au(x+h,t)+(1—2a)u(x,t)+au(x—h,t)

1
If a—2

u(x,t+k) = %u(x+h, t)+—é—u(x—h. 1) Of Uiy = %[u,-+,'j+u,~_1_j]

It means that the value of u at x; at time ¢ is the mean of the values of u at Xi—1 and
X;+1 at the previous time L.

This relation is known as Bendre-Schimidt recurrence relation.
2°u
a2

Example 6. Find the values of u (x, t) satisfying the parabolic equation % =4
with boundary conditions u(0,1) = 0 = u (8 1) and u (x, 0) = 4x—-;-x2 at the points.

x=i:i=0123..,7 and t=éj:j= 2 T

e Bk Ax il 1

” 1
Solution. ¢? = 4, h=l,vk=§, a="3 = i

Then the equation is

: 1
Uije1 = E(ll,'_l,j"f'uiq-l,j) &-&.\N (L)

Given u(0,£) = 0 = u(8,1) P/ ?7%.\“
or (0,5 =0 = u1(8, j) for all values of j =1 1,2,3,4,5 ;’3\ 4{‘,/"- Q%q:k %
and w)= dx—= 22 uo=4i-z#- N (.3/ §
# e T Yo

1
t0=0 wo=4()-5(2=35 we=4@-2@r=6

Uz g .= 75, it4'o = 8, Us o = 75, Ug 0 = 6, Uz 0 = 325,
These entries are shown in the following table :

e 0 1 4 3 4 5 6 7 8
0 0 35 6 75 8 15 6 35 0
1 0 3 5.5 7 75 7 5.5 3 0
2 0 275 5 6.5 7 6.5 8 2.75 0
3 0 25 | 4625 6 6.5 6 | ags | 25 0
4 0 | 23125 | 425 | 55625 | 6 | 55625 | 425 | 23125 | o
5 0 2125 | 39375 | 5.125 | 55625 | 525 | 39375 | 2125 | o

Putﬁng J = 0in (1) we have
Uiy = 5 (Ui-1,0+ Ui+1,0)

Uy =

N B |

1
(ug,0+ uz,0) = 5(0"”6) =3
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" -é—(ul'o+u3‘o) =%(3.5+7.5) py
U3, = -é—(u2'0+u4'0) = %(6+85 = 7
gy -%(u3'0+u5‘0) g %(7.5+7.5) =5
us,i = 3ot so) = 58+6) =7
e -;—(u5'0+u1'0) & %(7.5+3.5) =85
ur1 = 5 (oot ugo) = 3(6+0) = 3
Putting j = 1 in (1), we have
V U,z = i—(ui—l.l"'uh-l.l)
w2 = Sl 4100 = L0455 = 275

| 1
U2 = ‘2‘(u1.l+u3.1) = 5(3+7) =35

32 = 65, Ug 2 = 7, Us 2 = 6.5, Ug 2 = 5, Uz.2 = 2173
Putting j = 2 in (1), we have

1
U3 = ‘2'(ui-1.2+“t+|.2)
1 1
U3 = 5("0.'2‘*’“2.2) = 5(0*‘5) =25

o— -;-(u',,,w;‘z) - :—;-(2.75+6.5) = 4.625

Uz 3 = 6, U3 = 6.5, Us 3z = 6, Ug 3 = 4.625, Uz 3 = 2.5
Putting j = 3, in (1) we have

1
U4 = 5("i—1,3+ui+1.3)
e -;—(u0,3+u2,3) = —;-(04-4.625) = 23125

g4 = 5 (3 +is2) = (2.5+6) = 425

Uz 4 = 05625, Ug 4= 6, Us 4= 5.5625, Us 4= 425, Ur4= 2.3125
Putting j = 4, in (1), we have E

(Wi-1,4+Uis1,4)

N =

5=
1 1
uys = 5("0.4+uz4) = 5(0+4.25) = 2.125

g5 = 5 (g4 +t5,0) = 5 (2125+5.5625) = 3.9375
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#3. 5= 5[25, Uy 5= 5625, Usis= 5125, Ug 5= 39375, Uz s= 2125
169 WAVE EQUATION (HYPERBOLIC EQUATION) '
P 0 :
EE ™ . 2
We know that

Pu _ ux t+k)-2u(x,)+ulxt—k -

y Pu_ uetht)—2u () +ulc—h, 1)

T I 2 0x2 K
2 2
Putting the values of:gT'; and g_xz in (1) we have
u(t+k)—2u(t)+ulet—k _ Lu(x+ht)=2ulx,)+u(x—nh,t)
2 e W2
i :
or u(x,t+k)—-2u(xt)+u(x,t—k) = 2 [u(x+h )—2u(xt) +u(x—~h, 0]
: 2 . k

or u,-‘j+|—2u,~‘j+u,‘_/'_1 = awc [u,-+l|j—2u,~'j+u,~_1.j] (a=;)
or ui.j+1 = 2(1—[12(,'2) u,~‘j+a202 (ui_,,j+ u,~+|'j)—u,~‘j_| (2)

If a’c? = 1, Equation (2) reduces to

Uijel = Uim g jtrUipgj—Uij-1 : +i(3)
du _d%u . " L iy &
Example 7. Solve ST 32 with conditions u (0, )=u (1,)=0, u(x, 0) = 1/2x(I —x)

and u ( x, 0) = 0, taking h = k = 0.1 for 0 <t < 0.4. Compare your solution with the exact
solution x = 0.5 and t = 0.3.
Solution. ¢ = 1. The difference equation for the given equation is

U jer = 2(1 =02 uyj+ 02 (Ui j+ Uisr ) = Ui j-1 (1)
k 0.1 i
where o = b Buta = 01 - 1

Equation (1) reduces to
Uijol = Uiy jtUivtj—Uij-1 =(2)
u(,0) =u(l,6) =0, up; =0 and up; =0
i.e., the entries in the first column are zero.
since u(x,0) = %x(l—'x) u(i,0) = %i(l—i)

= 0.045,0.08, 0.105, 0.120 0.125, 0.120, 0.105 for
i =0.1,020304050607 att=0

These are the entries of the fist row. » . v *%

Finally since u,(x,0) = 0

B gl 1S S
ilZ B =0 for j=0(=0), w1 =us %E_Mw e

Putting j = 0 in equation (2), we get

Ui = Ui—,0t Uip1,0 %i-1
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= Ui-1,0F Uiv1,0— U 1. 3 (1 = w;_y)
2u = Woq ot Uisr0 W = %[u;‘—l.0+ui+l.0]
Fori=1, i1 = 5 [0+ ol = 210+.080] = 0.040
Pori=2, .1 = 3 [0+ 0] = 210,045 +0.105] = 0.075
Fori=3, @J=ww+ud=%mm+oum=amo
For i =4, o %[u3,0+45‘0] = %[0.105 0.125] = 0.115
For i=S5, us,1 = 3 e 0+ g o] = 510.120+0.120] = 0.120
Fori=6, g1 = 3 [us,0+ ol = 210,125+ 0.105] = 0.115

Putting j = 1 in equation (2), we get
Uig = Uim1,1+ U1, = Ui g

For i=1, Upg = Ug 1 +up 1 —upo = 0+0.075-0.045 = 0.03

For i=2, Uy g2 = Uy +u3.—Uyo = 0.040+0.100-0.08 = 0.060
For {=3, U3 g = Uy 1 +uy —us o = 0.075 + 0.115-0.105 = 0.085
For i =4, Ugp = U3 1 +us 1 —uso = 0.100+0.120-0.120 = 0.100
For i =35, Us,2 = Ug 1 +us = Uso = 0.115+0.115-0.125 = 0.105
Similarly for j=2,

U3 = Ui—y12F Uiv1,2— Uiy )

uy,3 = 0020, up3 = 0.040, 43 3 = 0.060, ug 3 = 0.075, us 5 = 0.80
Forj =3, Uig = Ui-1,3F Uiy 1,37 W2 :

u, 4 = 0.010, 4y 4 = 0.02,

U3 4 = 0.030, us 4 = 0.040, u5 4 = 0.048

0 0.1 02 0.3 04 0.5 0.6
i 0 1 2 3 4 5 6
J 7

0 0 0 0.045 0.080 0.105 0.120 0.125 0.120

0.1 1 0 0.040 0.075 0.100 0.115 0.120 0.115
0.2 2 0 0.030 0.060 0.085 0.100 0.105
0.3 3 0 0.020 0.040 0.060 0.075 0.080
0.4 4 0 0.010 0.020 0.030 0.040 0.048

-

The analytical (exact) solution of the éiven equation is

u =

2
/ T':3”

nMB

1 ;
—(l—-cosnm)sinnmxcosnmt
n

1
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Comparison of two solutions is given below:

1041

i =03 x= 0.1 0.2 0.3 0.4 0.5
Numerical solution u= 0.02 0.04 0.06 0.075 0.08
Exact solution u= 0.02 0.04 0.06 0.075 0.08
. Ans.
EXERCISE 16.2
u du
1 Solveg = 2-5

under conditions « (0,¢) = u(4,¢) = Oand u (x,0) = x (4 -x), taking k. = 1, find the values upto ¢ = 5.

Ans. U g = 3,
U 2 = 1.5, llz.z — 2, H3.a = 1.5,

ho=4 wmo=3 wu =2 u,=3 u,;=2
1
us=1l wh=15 u;=1

U 4= 0.75, U 4 = 1, Uz g4 = 0.75; U s = 0.5, U s.= 075, Uzs = 0.50

Ju
2. Sol i e s e b
olve Y o2 0<=x t

“(@©,0) =u(l,)=0 and u(x,0) = 2x for 0<x<
Aus. u; = 0.1989, 4, = 0.

du
3. Solve — = —, 0<x<1,120.
olve 3 a){Z,OJr Lez0

9

u =0, atx=OJt_>_0

«w=0 atx=1

0 under the conditions that

w N |

under the conditions that

u =sintx atz =0, 0<x<I.

finduforx = 0.8atr =L

= (l—i) for %SxSL

956, u3 = 0.5834,u, = 0.7381, ug = 0.7591

- ‘ . :
sﬁ?&/ ; Ans. 0.4853

: e
4. Solve g & under the conditions that u«(0,2) = u(5,f) = 0; u(x,0) = £ (25-x%)

o %

taking & = 1 and k=%
. Ans. u; o =
U 5=
U2 =
U3 =
w Uyq =
Hys =
S. Solve 163% = %2;— taking i =
u(©0.9) = u(5,1) =0,4x0) =0
' Aus. u; g =
Uit =
gt =
L
My e =

=
"
!

U0 = 144, uy o = 144
U = 78, Ug s = 57
Uz g = 67.5, Ug 2 = 39

U3 = 5325, u3; =495,
3975 , w34 =435, wu = 2475

24, uy o = 84,
42, uy, =178,
39, uy2 = 60,
30,

26.625, wuy 4 =
19.875, ‘uy s =

Uy 3 = 33.75

3506, uys = 3225, wys = 2175

1, uptor = 1.25, under the conditions

and u(x,0) = X (5-x).

1

ST NN

=—7
= —16,

ho=12,  wue=18,
wy =12, " wy = 18,
Uy, = 10, u3 , = 10,
u3 =6, 3 =-6,
Uy e =-10, u34=-10,
s =—18, uys=-12,

U0 = 16
ugy = 16
U, =2
U3 =-6
U 4 = -8
Ugs =—4




