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SECTION 9.4 Vectors 589

In Problems 53-60, find all the complex roots, Leave your answers in polar form with the argument in degrees.

54. The complex fourth roots of Ve

"\ 53. The complex cube roots of 1 + i
55. The complex fourth roots of 4 — N3
57. The complex fourth roots of —16i

59. The complex fifth roots of i

Applications and Extensions

56. The complex cube roots of =8 — 8i

58. The complex cube roots of —8

60. The complex fifth roots of —i

61. Find the four complex fourth roots of unity (1) and plot
them.

62. Find the six complex sixth roots of unity (1) and plot them.

63. Show that each complex nth root of a nonzero complex
number w has the same magnitude.

64. Use the result of Problem 63 to draw the conclusion that
each complex nth root lies on a circle with center at the
origin. What is the radius of this circle?

65. Refer to Problem 64. Show that the complex nth roots of a
nonzero complex number w are equally spaced on the circle.

66. Prove equation (6).

67. Mandelbrot Sets
(a) Consider the expression a, = (a,- 1)? + z. where z is

some complex number (called the seed) and a3= z.

Compute a,(=aj + z), ax (=a} + 2), a3 (=a3 + z), as, as,

and ag for the following seeds: z; = 0.1 — 0.4,

2=05+08i, zz=-09+07, z4=-11+01

z5=0-13i,andzg =1 + 1i.

The dark portion of the graph represents the set of all

values z = x + yi that are in the Mandelbrot set.

Determine which complex numbers in part (a) are in this

(b)

‘Are You Prepared?’ Answers

(©

set by plotting them on the graph. Do the complex
numbers that are not in the Mandelbrot set have any
common characteristics regarding the values of a, found
in part (a)?

Compute [z] = V x* + y* for each of the complex
numbers in part (a). Now compute |ag| for each of the
complex numbers in part (a). For which complex
numbers is |ag] < |z| and |z| = 2? Conclude that the
criterion for a complex number to be in the Mandelbrot
set is that |a,| = |z] and |z] = 2.

Imaginary axis
y

Real axis

1 -4 +3i 2. sin Acos B + cos Asin B

3. cos Acos B — sin Asin B 4.

9.4 Vectors

OBJECTIVES 1 Graph Vectors (p.592)
2 Find a Position Vector (p.592)
3 Add and Subtract Vectors Algebraically (p.594)
4 Find a Scalar Multiple and the Magnitude of a Vector (p.595)
5 Find a Unit Vector (p.595)
6 Find a Vector from Its Direction and Magnitude (p.596)

7 Model with Vectors (p.597)

In simple terms, a vector (derived from the Latin vehere, meaning “to carry”) is a
quantity that has both magnitude and direction. It is customary to represent a vector
by using an arrow. The length of the arrow represents the magnitude of the vector,
and the arrowhead indicates the direction of the vector.

Many quantities in physics can be represented by vectors. For example, the
velocity of an aircraft can be represented by an arrow that points in the direction of
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Figure 40

Figure 42

Figure 43
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¥
Initial point.of ¥

Figure 41

Terminal point of w
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movement; the length of the arrow represents speed. If the aircraft speeds up, we
lengthen the arrow; if the aircraft changes direction, we introduce an arrow in the
new direction. See Figure 40. Based on this representation, it is not surprising that
vectors and directed line segments are somehow related.

Geometric Vectors

If P and Q are two distinct points in the xy-plane, there is exactly one line containing
both P and Q [Figure 41(a)]. The points on that part of the line that joins P to 0,
including P and Q, form what is called the line segment PQ [Figure 41(b)]. If we
order the points so that they proceed from P to Q, we have a directed line segment
from P to Q, or a geometric vector, which we denote by PQ . In a directed line
segment Fa, we call P the initial point and Q the terminal point, as indicated in
Figure 41(c).

Qe

Q Q
/ Terminal
point

/ Initial

R p point p
(a) Line containing Pand @ (b) Line segment PQ (c) Directed line segment PO

The magnitude of the directed line segment w is the distance from the point P
to the point Q; that is, it is the length of the line segment. The direction of PQ is
from P to Q. If a vector v* has the same magnitude and the same direction as the
directed line segment PQ , we write

v=P0

The vector v whose magnitude is 0 is called the zero vector, 0. The zero vector is
assigned no direction.
Two vectors v and w are equal, written

S ()

if they have the same magnitude and the same direction.

For example, the three vectors shown in Figure 42 have the same magnitude and
the same direction, so they are equal. even though they have different initial points
and different terminal points. As a result, we find it useful to think of a vector simply
as an arrow, keeping in mind that two arrows (vectors) are equal if they have the
same direction and the same magnitude (length).

Adding Vectors Geometrically

The sum v + w of two vectors is defined as follows: We position the vectors v and
w so that the terminal point of v coincides with the initial point of w, as shown in
Figure 43. The vector v + w is then the unique vector whose initial point coincides
with the initial point of v and whose terminal point coincides with the terminal
point of w.

Vector addition is commutative. That is, if v and w are any two vectors, then

vtw=w-ty

* Boldface letters will be used to denote vectors, to distinguish them from numbers. For handwritten
work. an arrow is placed over the letter to signify a vector. For example. we write a vector by hand
as v.



Figure 44

Figure 45

u+v)tw=u+(v+w)

utv

Figure 46

Figure 48

dvtw

DEFINITION

SECTION 94 Vectors 591

Figure 44 illustrates this fact. (Observe that the commutative property is another
way of saying that opposite sides of a parallelogram are equal and parallel.)

Vector addition is also associative. That is, if u, v, and w are vectors, then

ut+(v+rw)=(ut+v)+w

Figure 45 illustrates the associative property for vectors.

The zero vector 0 has the property that

v+0=0+v=v

for any vector v.

If v is a vector, then —v is the vector having the same magnitude as v, but whose
direction is opposite to v, as shown in Figure 46.
Furthermore,

v+(-v)=0

.

If v and w are two vectors, we define the difference v — w as
v-w=v+ (-w)

Figure 47 illustrates the relationships among v, w, v + W, andv — w.

Multiplying Vectors by Numbers Geometrically

When dealing with vectors, we refer to real numbers as scalars. Scalars are
quantities that have only magnitude. Examples of scalar quantities from physics are
temperature, speed, and time. We now define how to multiply a vector by a scalar.

If v is a scalar and v is a vector, the scalar multiple av is defined as follows:

1. If @ > 0, av is the vector whose magnitude is a times the magnitude
of v and whose direction is the same as v.

2. If @ < 0, av is the vector whose magnitude is |a| times the magnitude
of v and whose direction is opposite that of v.

3. Ifa=0orif v=0,then av = 0. _J

See Figure 48 for some illustrations.

For example, if a is the acceleration of an object of mass m due to a force F
being exerted on it, then, by Newton’s second law of motion, F = ma. Here, ma is
the product of the scalar m and the vector a.

Scalar multiples have the following properties:

Ov =0 lv=yv —lv = —v

(a + B)v

av + By a(v + w) = av + aw

a(By) = (aB)v




592 CHAPTERY Polar Coordinates; Vectors

1 Graph Vectors

( EXAMPLE 1 |

Solution

Figure 49

bty

THEOREM

DEFINITION

DEFINITION

Graphing Vectors
Use the vectors illustrated in Figure 49 to graph each of the following vectors:

(@ v—w (b) 2v + 3w (c)2v—w+nu

Figure 50 illustrates each graph.

Figure 50

R R |

@v-w (b) 2v + 3w (c) 2v—w+u

smememm- QW WOPK prOBLEMS O AND 11
Magnitude of a Vector

We use the symbol ||v] to represent the magnitude of a vector v. Since [lv] equals the
length of a directed line segment, it follows that [v| has the following properties:

Properties of |v|

If v is a vector and if « is a scalar, then

@) vl =0 (b) |lvl = 0if and only ifv = 0

(©) I-vl = Iv (d) flavl = |aliv .

Property (a) is a consequence of the fact that distance is a nonnegative number.
Property (b) follows because the length of the directed line segment @ is positive
unless P and Q are the same point, in which case the length is 0. Property (c) follows
because the length of the line segment PQ equals the length of the line segment OP.
Property (d) is a direct consequence of the definition of a scalar multiple.

A vector u for which |ju| = 1 is called a unit vector. o

Find a Position Vector

To compute the magnitude and direction of a vector, we need an algebraic way of
representing vectors.

An algebraic vector v is represented as

v = {a.b)

where a and b are real numbers (scalars) called the components of the vector v. .




Figure 51
P

THEOREM

In Words L i,
An algebraic vector represen
“driving directions” to get from
the initial point to the terminal
point of a vector. So, if v = (5, 4),
travel 5 units right and 4 units
up from the initial point to arrive
at the terminal point.

AR R N )

5
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We use a rectangular coordinate system to represent algebraic vectors in the
plane. If v = (a, b) is an algebraic vector whose initial point is at the origin, then v is
called a position vector. See Figure 51. Notice that the terminal point of the position
vector v = (a,b)is P = (a, b).

The next result states that any vector whose initial point is not at the origin is
equal to a unique position vector.

Suppose that v is a vector with initial point Py = (xi, y1), not necessarily

the origin, and terminal point P, = (xa, ). If v = P1P;, then v is equal to
the position vector

v=(x— X, y2 — Y1) 1)

i

To see why this is true, look at Figure 52.

Figure 52
v =(ab)= (G~ xuy2 =)

¥

e
e ]
v o e
1a Pr=tx: ‘
NEEE e X

Triangle OPA and triangle P, P,Q are congruent. [Do you see why? The line
segments have the same magnitude, so d(O, P) = d(Py, P,); and they have the
same direction, so ZPOA = ZP,P;Q. Since the triangles are right triangles, we
have angle-side-angle.] It follows that corresponding sides are equal. As a result,
X, — x; = aand y, — y; = b,so v may be written as

v ={a,b) = (x; — X1, y2 = »1)

Because of this result, we can replace any algebraic vector by a unique position
vector, and vice versa. This flexibility is one of the main reasons for the wide use of
vectors.

( EXAMPLE 2 |

Figure 53

Finding a Position Vector
Find the position vector of the vector v = PP, if Py = (—1,2) and P, = (4,6).

Solution By equation (1), the position vector equal to v is
v=(4—-(-1),6 - 2) = (5,4)

See Figure 53.
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THEOREM

Figure 54

¢(0,1)

R

DEFINITION

In Words m
To add two vectors, add
corresponding components. To.
subtract two vectors, subtract
corresponding componente.

N T Y Y

Figure 55

Lot |/

Two position vectors v and w are equal if and only if the terminal point of v is
the same as the terminal point of w. This leads to the following result:
Equality of Vectors

Two vectors v and w are equal if and only if their corresponding components
are equal. That is,

Ifv = (a;,b;) and w= (a5, by)
then v=w ifandonlyif a; =a, and by = b,.

o

We now present an alternative representation of a vector in the plane that is
common in the physical sciences. Let i denote the unit vector whose direction is
along the positive x-axis: let j denote the unit vector whose direction is along the
positive y-axis. Then i = (1,0) and j = (0, 1), as shown in Figure 54. Any vector
v = (a, b) can be written using the unit vectors i and j as follows:

v = (a,b) = a(1,0) + b(0,1) = ai + bj

We call a and b the horizontal and vertical components of v, respectively. For
example, if v = (5.4) = 5i + 4j, then 5 is the horizontal component and 4 is the
vertical component.

smpmmmene-- oW WOPK prosLEM 29

" Add and Subtract Vectors Algebraically

We define the sum, difference, scalar multiple, and magnitude of algebraic vectors
in terms of their components.

Letv = i + byj = (a;, b)) and w = a;i + byj = (ay, by) be two vectors, and
let « be a scalar. Then

v+ w= ((11 = (Iz)i + (bl b4 bz)j = (a1 i az,bl g bg) (2)
v—w=(a — @i+ (b — b)j= (a1 —ab — b) (&)
av = (aa)i + (aby)j = (aar, ab) (C))

Ivl = \/at + b ©)

=)

These definitions are compatible with the geometric definitions given earlier in
this section. See Figure 55.

il

(a) Ilustration of property (2) ‘ ‘(b)‘

0

0

oudy t

Illustration of property (4), >0 (c) lllustration of property (5):
|| v || = Distance from Oto Py
livil=ag + 5%
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( EXAMPLE 3 |

Solution

Adding and Subtracting Vectors
Ifv = 2i + 3j = (2,3) and w = 3i — 4j = (3, —4), find:
(a) v+w (byv—w
@v+w=2i+3)+Gi-4)=@2+3)i+(B-4j=5—]
or
v+w=(2,3)+ (3, -4) = (2+3,3+ (-4) = (5,-1)
by v-w=(2i+3) - @Gi-4)=2-3)i+3-(-li=-i+7
or
vow=(23)-(3,-4)=(2-33-(-4)=(17)

4 Find a Scalar Multiple and the Magnitude of a Vector

( EXAMPLE 4 |

Solution

THEOREM

Finding Scalar Multiples and Magnitudes of Vectors
Ifv=2i+3j=(23)andw=3i— 4j = (3, —4), find:
(a) 3v (b) 2v — 3w (c) Ivl

(a) 3v = 3(2i + 3j) = 6i + 9j
or
3v = 3(2,3) = (6,9)
(b) 2v — 3w = 2(2i + 3j) — 3(3i — 4j) = 4i + 6) — 91+ 12§
= —5i + 18j
or
2v — 3w

2(2,3) — 3(3,—4) = (4,6) — (9, -12)
= (4 - 9,6 — (-12)) = (-5,18)

© Ivl = I2i + 3§l =\/22 + %= V13

emmeme—Now WOPK prosLEMS 35 anp 41

o’

For the remainder of the section, we will express a vector v in the form ai + bj.

5 Find a Unit Vector

Recall that a unit vector u is a vector for which || = 1. In many applications, it is
useful to be able to find a unit vector u that has the same direction as a given vector v.

Unit Vector in the Direction of v

For any nonzero vector v, the vector

v
"M

is a unit vector that has the same direction as v.

Proof Letv = ai + bj. Then |v| = \/a® + b*and
v ai +bj a L

. 7 .
e, vl ;s \/a2 4 B K- \/ a + bzl e \/nz + bz.l

u
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The vector u is in the same direction as v, since [[v| > 0. Furthermore,

\/ a* 4 b _\/(zz‘f'bz__l
ful = @+ &+ b @+ b

That is, u is a unit vector in the direction of v. -

As a consequence of this theorem, if u is a unit vector in the same direction as a
vector v, then v may be expressed as

v = [viu (6)

This way of expressing a vector is useful in many applications.

( EXAMPLE 5 ]

Solution

Figure 56

i
1

v

(cos «, sin o)

B X

Finding a Unit Vector

Find a unit vector in the same direction as v = 4i — 3j.

We find |v| first.

vl = J4i = 3j] = V16 +9 =5

: 1 i : ; — g
Now we multiply v by the scalar m =3 A unit vector in the same direction as v is

v _4i-3 4, 3
Lo aal

vl 5 5 5

J
/ Check: This vector is, in fact, a unit vector because

(4)2 < 3)2 16 005
il b —= =—+4+ —=—=1
5 5 25 35 75

smmeenes~ QW WOPK prosLem 51

Find a Vector from Its Direction and Magnitude

If a vector represents the speed and direction of an object, it is called a velocity
vector. If a vector represents the direction and amount of a force acting on an object,
it is called a force vector. In many applications, a vector is described in terms of its
magnitude and direction, rather than in terms of its components. For example,
a ball thrown with an initial speed of 25 miles per hour at an angle of 30° to the
horizontal is a velocity vector.

Suppose that we are given the magnitude |v|| of a nonzero vector v and the
direction angle ., 0° = a < 360°, between v and i. To express v in terms of |[v| and
a, first find the unit vector u having the same direction as v.

u= ﬁ or v=|v|u (@)

Look at Figure 56. The coordinates of the terminal point of u are (cos e, sin a).
Thenu = cos @i + sin aj and, from (7),

v = [[v[(cos ai + sin aj) 8)

where « is the direction angle between v and i.



(b) Had the farmer arranged the tractors with a 25° angle
between the forces, would he have been successful in
removing the stump? Explain.

v§°®\Y°

40°
7000 Ib

Interactive Exercises

Visualizing Vectors

92. Open the Vectors applet. Draw the directed line segment
from P, = (1,2)to P, = (5,4). Then draw the position
vectorv = PP,

93. Open the Vectors applet. Suppose v =2i+ 3j and
w=4i — 3j.

Explaining Concepts: Discussion and Writing

SECTION95 The DotProduct 603

91. Static Equilibrium Show on the following graph the force
needed for the object at P to be in static equilibrium.

AR

F,\ e

(a) Draw v and then use the red vector to show 3v.

(b) Use the red vector to show —v.

(c) Draw v and w. Then use the red vector to show v + w.
(d) Use the red vector to show v — w.

(e) Use the red vector to show 2v + w.

94. Explain in your own words what a vector is. Give an example
of a vector.

95. Write a brief paragraph comparing the algebra of complex
numbers and the algebra of vectors.

.

96. Explain the difference between an algebraic vector and a
position vector.

9.5 The Dot Product

¢ Law of Cosines (Section 8.3, p. 528)

PREPARING FOR THIS SECTION Before getting started, review the following:

\mw Work the ‘Are You Prepared?’ problem on page 609.

OBJECTIVES 1 Find the Dot Product of Two Vectors (p.603)

2 Find the Angle between Two Vectors (p.604)

3 Determine Whether Two Vectors Are Parallel (p.605)

4 Determine Whether Two Vectors Are Orthogonal (p.605)
5 Decompose a Vector into Two Orthogonal Vectors (p.606)
6 Compute Work (p.608)

1 Find the Dot Product of Two Vectors

The definition for a product of two vectors is somewhat unexpected. However, such
a product has meaning in many geometric and physical applications.

DEFINITION
defined as

If v=aji + bjj and w = ai + byj are two vectors, the dot product v-w is

Vew = aja, + bibs (€8]

-

( EXAMPLE 1 |

Finding Dot Products

If v = 2i — 3jand w = 5i + 3j, find:

(a) v-w

(b) wev

@ww (v (©® vl

(c) vov
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Solution (a) v-w=2(5) +(-3)3=1 (b) wev = 5(2) +3(-3) =1
(©) v-v=2(2) + (-3)(-3) =13 (d) wew = 5(5) + 3(3) = 34
@ =2+ (-37 = V13 @ vl =\/5 +#=V3

o)

COMMENT A scalar multiple av io a Since the dot product v+ w of two vectors v and w is a real number (scalar), we

vector. A dot product u-v is a scalar  sometimes refer to it as the scalar product.

(real number). = The results obtained in Example 1 suggest some general properties.
THEOREM Properties of the Dot Product

If u, v, and w are vectors, then

Commutative Property

u'v=v-u 2)
Distributive Property
ur(v+w =uv+uw 3
vev = |v? @
. 0:v=0 5)

=)

Proof We prove properties (2) and (4) here and leave properties (3) and (5) as
exercises (see Problems 34 and 35).
To prove property (2),letu = aji + byj and v = a,i + byj. Then

u*y = a18 6 2 ble = e bel i A
To prove property (4),letv = ai + bj. Then

vev=a + b = |v? =

2 Find the Angle between Two Vectors

One use of the dot product is to calculate the angle between two vectors. We
proceed as follows.

Let u and v be two vectors with the same initial point A. Then the vectors u. v,
and u — v form a triangle. The angle 6 at vertex A of the triangle is the angle
between the vectors u and v. See Figure 64, We wish to find a formula for calculating
the angle 6.

The sides of the triangle have lengths [v], [uf, and [u - v|, and @ is the included
angle between the sides of length |v]| and JJu}. The Law of Cosines (Section 8.3) can
be used to find the cosine of the included angle.

fa = vl = Jul? + IvI* = 2|ullv] cos 6

Figure 64

Now use property (4) to rewrite this equation in terms of dot products.
(u—v)(n—v)=u-u+vev-— 2{uflv] cos @ 6)
Then apply the distributive property (3) twice on the left side of (6) to obtain

(u=v)-(@-v)=u-(@=-v) - v-(u-v)
=g-u—u'v—-v-utvey
?u-n+v'v—2|l'v @)
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Combining equations (6) and (7), we have

wu+vyv—2u-v=u-u+v-v—2|ullv|cosé
u-v

lullivll cos 6

Angle between Vectors

If u and v are two nonzero vectors, the angle 6,0 < 6 < m, between u and v is
determined by the formula

u'v

fullvi )

cosf =

il

( EXAMPLE 2 |

Solution
Figure 65
e DR
HEEP m
EEPOFEL]
! : B hxja_.f,iA,
VIR
I St
| ™ |
L] di

Finding the Angle § between Two Vectors
Find the angle 6 betweenu = 4i — 3jand v = 2i + §j.

Find u-v, [ul, and [v|.

u-v = 4(2) + (=3)(5) = -7
full = \/4* + (-3)*=5
M = V22 + 52 = V29

By formula (3%). if 0 is the angle between u and v, then

I o A
“ vl 5v29
We find that § ~ 105°. See Figure 65.

=~ —0.26

o

emmmssme~NoW WOPK prosrems 7(a) anp (b)

" Determine Whether Two Vectors Are Parallel

Two vectors v and w are said to be parallel if there is a nonzero scalar « so that
v = aw. In this case, the angle 6 between v and w is 0 or 7.

( EXAMPLE 3 |

Figure 66
v is orthogonal to w.

Ak

Determining Whether Vectors Are Parallel

g 1
The vectors v = 3i — j and w = 6i — 2j are parallel, since v = Z" Furthermore,
since

vew e 20 5.

cosf = = = =
IMiwl  v10V40 V400

the angle 6 between v and wis 0.

o’

Determine Whether Two Vectors Are Orthogonal

: T
If the angle # between two nonzero vectors v and w is —-, the vectors v and w are
called orthogonal.* See Figure 66.

Since cos% = (), it follows from formula (8) that if v and w are orthogonal then
vew = 0.

* Orthogonal, perpendicular, and normal are all terms that mean “meet at a right angle.” It is customary
to refer to two vectors as being orthogonal, two lines as being perpendicular, and a line and a plane or a
vector and a plane as being normal.
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On the other hand,if v.w = 0,thenv =0 orw = Qorcosf = 0. If cos = 0,

ar - 4
then 6 = E, and v and w are orthogonal. If v or w is the zero vector, then,

since the zero vector has no specific direction, we adopt the convention that the zero
vector is orthogonal to every vector.

THEOREM Two vectors v and w are orthogonal if and only if

vew =20

[ EXAMPLE 4 } Determining Whether Two Vectors Are Orthogonal

The vectors
Figure 67 v=2i—j and w=3i+ 6j
7 7:; L are orthogonal, since
£ E :
[ vw=6-6=0
ERIESN See Figure 67.
bl 1 1 QJ
E J. % smemememmn- oW WOPK prosLem 7(c¢)
v=2i—+j
5 Decompose a Vector into Two Orthogonal Vectors
In the last section, we learned how to add two vectors to find the resultant vector.
Figure 68 Now, we discuss the reverse problem, decomposing a vector into the sum of two

components.

In many physical applications, it is necessary to find “how much” of a vector is
applied in a given direction. Look at Figure 68. The force F due to gravity is pulling
straight down (toward the center of Earth) on the block. To study the effect of
gravity on the block, it is necessary to determine how much of F is actually pushing
the block down the incline (F;) and how much is pressing the block against the
incline (F,), at a right angle to the incline. Knowing the decomposition of F often
will allow us to determine when friction (the force holding the block in place on the
incline) is overcome and the block will slide down the incline.

Suppose that v and w are two nonzero vectors with the same initial point P. We
seek to decompose v into two vectors: vq, which is parallel to w, and v,, which is
orthogonal to w. See Figure 69(a) and (b). The vector v, is called the vector projection
of v onto w.

The vector v; is obtained as follows: From the terminal point of v, drop a
perpendicular to the line containing w. The vector v; is the vector from P to the foot
of this perpendicular. The vector v; is given by v, = v — v,. Note thatv = v; + v,,
the vector v, is parallel to w, and the vector v, is orthogonal to w. This is the

i &) decomposition of v that we wanted.
' Now we seek a formula for v that is based on a knowledge of the vectors v and w.
5! | Since v = v; + v,, we have
-y ai Vw= (Vi + V) W=V,"W+ V' W )}
(®) Since v, is orthogonal to w, we have v,+w = 0. Since v, is parallel to w, we have

v, = aw for some scalar a. Equation (9) can be written as
VWS =Wy = allw||2 ¥ W Yo W
YW
Qe
Iwl?

Then
VW

=—w
Iwi?

N
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34. Prove the distributive property:
u(v+w)=uvtuw
35. Prove property (5).0:v = 0.

36. If v is a unit vector and the angle between v and i is «. show
that v = cos ai + sin aj.

Weight = 5300 pounds

Find the magnitude of the force required to keep the Sienna
from rolling down the hill. What is the magnitude of the force
perpendicular to the hill?

30. Braking Load A Pontiac Bonneville with a gross weight of
4500 pounds is parked on a street with a 10° grade. Find the cos(a — B) = cosacos B + sinasin B
magnitude of the force required to keep the Bonneville from
rolling down the hill. What is the magnitude of the force
perpendicular to the hill?

31. Ramp Angle Billy and Timmy are using a ramp to load v=(v-i)i + (v-j)i
furniture into a truck. While rolling a 250-pound piano up
the ramp, they discover that the truck is too full of other
furniture for the piano to fit. Timmy holds the piano in place
on the ramp while Billy repositions other items to make room
for it in the truck. If the angle of inclination of the ramp is 20°,
how many pounds of force must Timmy exert to hold the
piano in position?

37. Suppose that v and w are unit vectors. If the angle between v
and i is « and that between w and i is B, use the idea of the
dot product v+ w to prove that

38. Show that the projection of v onto i is (v +i)i. Then show that
we can always write a vector v as

39. (a) Ifuand v have the same magnitude, show thatu + vand
u — v are orthogonal.
(b) Use this to prove that an angle inscribed in a semicircle is
a right angle (see the figure).

7N

40. Let v and w denote two nonzero vectors. Show that the
: ! VW
vector v — aw is orthogonal to wif a = W
41, Let v and w denote two nonzero vectors. Show that the
32. Incline Angle A bulldozer exerts 1000 pounds of force to vectors [wiv + [v|w and |wlv — [v|w are orthogonal.
prevent a 5000-pound boulder from rolling down a hill.
Determine the angle of inclination of the hill.

1250 Ib

42. In the definition of work given in this section, what is the
work done if F is orthogonal to AB ?

33. Find the acute angle that a constant unit force vector makes
with the positive x-axis if the work done by the force in
moving a particle from (0, 0) to (4. 0) equals 2. fu+ v[2 = u~ v|* = 4(u-v)

43. Prove the polarization identity,

Explaining Concepts: Discussion and Writing

44. Create an application different from any found in the text that requires a dot product.

‘Are You Prepared?’ Answer

1 2 =a*+ b* — 2abcosC

9.6 Vectorsin Space

PREPARING FOR THIS SECTION Before getting started, review the following:
e Distance Formula (Section 1.1, p. 3)

\ Now Work the “Are You Prepared?’ problem on page 618.

OBJECTIVES 1 Find the Distance between Two Points in Space (p.612)
2 Find Position Vectors in Space (p.612)
3 Perform Operations on Vectors (p.613)
4 Find the Dot Product (p.614)

5 Find the Angle between Two Vectors (p.615)

6 Find the Direction Angles of a Vector (p.615)
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1 Find the Distance between Two Points in Space

The formula for the distance between two points in space is an extension of the
Distance Formula for points in the plane given in Chapter 1.

THEOREM Distance Formula in Space

If Py = (xy, y1.21) and Py = (x, 2, 25) are two points in space, the distance d
from P, to P, is

d=\/(x2— %P+ (= 0+ (- 2) )

i

The proof, which we omit, utilizes a double application of the Pythagorean
Theorem.

( EXAMPLE 1 | Using the Distance Formula
Find the distance from P, = (—1,3,2) to P, = (4, —2,5).

Solution d =\/[4— (-)P+[2-3F+[5-2F= VB +25+9= V5 o

e oW WoPrK proBLeEm 15

2 Find Position Vectors in Space

To represent vectors in space, we introduce the unit vectors i, j, and k whose
directions are along the positive x-axis, positive y-axis, and positive z-axis,
respectively. If v is a vector with initial point at the origin O and terminal point at

Figure 78 3 .
P = (a, b, c), we can represent v in terms of the vectors i, j, and k as

v=ai+ bj +ck

See Figure 78.

The scalars a, b, and ¢ are called the components of the vector
v = ai + bj + ck, with a being the component in the direction i, b the component in
the direction j, and ¢ the component in the direction k.

A vector whose initial point is at the origin is called a position vector. The next
result states that any vector whose initial point is not at the origin is equal to a
unique position vector.

THEOREM Suppose that v is a vector with initial point P; = (xy, y;, 21), not necessarily
the origin, and terminal point P = (xa, y2. 22). If v = PP, then vis equal to
the position vector

y=(rnp-x)it+ (-t (- ak 2)

5

Figure 79 illustrates this result.

Figure 79 z

= W' Py = (X2, Y5, 2)

V="PiP= (6~ x)i+ (o — Wi + (22— z)k
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( EXAMPLE 2 |

Solution

DEFINITION

Finding a Position Vector
Find the position vector of the vectorv = PP, it Py = (=1,2, 3)and P, = (4,6,2).

By equation (2), the position vector equal to v is
v={4—(-l)]i+(6—2)j+(2—3)k=5i+4j—k

emmsmee-- oW WOPK proBLEM 29

Perform Operations on Vectors

We can define equality, addition, subtraction, scalar product, and magnitude in
terms of the components of a vector.

Letv = @i + byj + cikand w = api + byj + ¢k be two vectors, and let « be
a scalar. Then

v=w ifandonlyif a; =ay.by=by,ande; =
v+ w=(a+ a)i+ (b + b)j+ (c + )k
v—w=(a — a)i+ (b — b)j+ (c; — )k

ay = (aa))i + (aby)j + (ac)k

IVl = Vi + b + cf

=

These definitions are compatible with the geometric definitions given for
vectors in the plane earlier in Section 9.4.

( EXAMPLE 3 |

Solution

Adding and Subtracting Vectors

Ifv=2i+3j—2kandw = 3i — 4j + 5k, find:

(@) v+w ®)v—w

(@) v+ w= (2i +3j - 2k) + (3i - 4j + 5Kk)
=(2+3)i+ (B -4)j+(—2+5k
=5i—j+ 3k

(b) v — w=(2i +3j —2k) — (3i — 4j + 5K)

2-3)i+[3-(-4))+[-2-5k

—i+7 - 7k o

( EXAMPLE 4 |

Solution

Finding Scalar Products and Magnitudes

Ifv = 2i + 3j — 2kand w = 3i — 4j + 5k, find:

(a) 3v (b) 2v — 3w () vl
(a) 3v = 3(2i + 3j — 2k) = 6i + 9j — 6k

(b) 2v — 3w = 2(2i + 3j — 2k) — 3(3i — 4j + 5K)
= 4i + 6 — 4k — 9 + 12j — 15k = —5i + 18j — 19k

© IVl = 2i +3j - 2kl =\/2 + # + (-2 = V17
-

emmmmene--NoW WoPK prosLEmMs 33 anp 39
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THEOREM

Recall that a unit vector u is one for which [ju| = 1. In many applications, it is
useful to be able to find a unit vector u that has the same direction as a given vector v.

Unit Vector in the Direction of v

For any nonzero vector v, the vector

L
v

is a unit vector that has the same direction as v. _J

As a consequence of this theorem, if u is a unit vector in the same direction as a
vector v, then v may be expressed as

v =[v]u

( EXAMPLE 5 |

Solution

DEFINITION

Finding a Unit Vector
Find the unit vector in the same direction as v = 2i — 3j — 6k.
Find |v| first.
vl = [2i —3j —6k| = V4 + 9+ 36 = V49 =7
1 1
Now multiply v by the scalar M =7 The result is the unit vector

2i - 3j — 6k _

v e
™~ et

o=
vl 7

i
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Find the Dot Product

The definition of dot product is an extension of the definition given for vectors in
the plane.

If v=ai+bj+ck and w=ai+ bj+ ek are two vectors, the dot
product v+ w is defined as

vew = aqia; + bib, + ¢, 3)

_J

( EXAMPLE 6 |

Solution

Finding Dot Products

Ifv = 2i — 3j + 6kand w = 5i + 3j — k, find:

(@) vew (b) wev (c) vev

(d) wew (e) vl () Iwl

(a) vow =2(5) + (-3)3 + 6(-1) = -5

(b) wev = 5(2) + 3(=3) + (~1)(6) = -5

() vev =2(2) + (=3)(=3) + 6(6) = 49

(d) wew = 5(5) + 3(3) + (~1)(~1) = 35

) IM=\/2+ (=32 +6=Va9=7

@ ol =\/5+ 3+ (-1)° = V35 o
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The dot product in space has the same properties as the dot product in the plane.

THEOREM Properties of the Dot Product
If u, v, and w are vectors, then

Commutative Property

=y =ven

Distributive Property

us(v+w) =u-y+u-w

vev = v
0.v=0

-

5 Find the Angle between Two Vectors

The angle # between two vectors in space follows the same formula as for two
vectors in the plane.

THEOREM Angle between Vectors

If u and v are two nonzero vectors, the angle 8,0 = 6 < , between u and v is
determined by the formula

Ly
586 = Tl -

J

ﬁXAM PLE 7 ] Finding the Angle 6 between Two Vectors
Find the angle 6 betweenu = 2i — 3j + 6kandv = 2i + §j — k.

Solution  Compute the quantities u-v, [[uf, and [v|.
uev = 2(2) + (<3)(5) + 6(=1) = —17
ol =2 + (37 + € = Ve =7
M=VZ+5+ (-1 = V3

By formula (4),if 6 is the angle between u and v, then

cosf = ll—‘v_ = i ~ —(.443

ll vl — 7730
We find that 6 ~ 116.3°. .

evssemene-- Now Work prosLem 51

6 Find the Direction Angles of a Vector
A nonzero vector v in space can be described by specifying its magnitude and its
three direction angles a, 3, and y. These direction angles are defined as
« = the angle between v and i, the positive x-axis,0 = a = 7
B = the angle between v and j, the positive y-axis,0 = B = 7
v = the angle between v and k, the positive z-axis,0 = y = 7
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Figure 80

THEOREM

See Figure 80.

C=(0,0¢

B=(0,b,0)

0<asw 0<B<m0sysw

Our first goal is to find expressions for «, 8, and vy in terms of the components
of a vector. Let v = ai + bj + ck denote a nonzero vector. The angle « between v
and i, the positive x-axis, obeys

e e
cosa = m - "—vu
Similarly, .
cos B = < cosy = Pl
vl vl

Since [[v| = \/a* + b? + ¢, we have the following result:

Direction Angles

If v = ai + bj + ckis a nonzero vector in space, the direction angles «, 8, and
7y obey

a a b b
oS =——m———oo=-— sf=———— = —
\E+r+e M VEe+r+e M

£ C

oSy =————— =y S)
’ \/Eip+e M (

o

The numbers cos «, cos B, and cos y are called the direction cosines of the
vector v.

( EXAMPLE 8 |

Solution

Finding the Direction Angles of a Vector
Find the direction angles of v = —3i + 2j — 6k.

IVl = \/(-3)2 + 2 + (=6)* = V49 =7

Using the formulas in equation (5), we have

cos a = —:?1 cos B = - 05y = ;6
S 7 e
a ~ 115.4° B ~ 73.4° v ~ 149.0°
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Property of the Direction Cosines

If a, B, and v are the direction angles of a nonzero vector v in space, then

cos’> a + cos® B + cos’y = 1 (6)

J

The proof is a direct consequence of the equations in (5).

Based on equation (6), when two direction cosines are known, the third is
determined up to its sign. Knowing two direction cosines is not sufficient to
uniquely determine the direction of a vector in space.

( EXAMPLE 9 |

Solution

Finding the Direction Angle of a Vector

i - 4 " T
The vector v makes an angle of a = 3 with the positive x-axis, an angle of 8 = 3
with the positive y-axis, and an acute angle y with the positive z-axis. Find y.

By equation (6), we have

cos2<%> + cosz<13r-> +cos’y =1 0%y« N
(%)2 e (%)2 +costy =1
PR
cos"y =3
cosy=—Z or cosy = ——\/—E
2 2
T 3
R L S

Since we are requiring that y be acute, y = T

The direction cosines of a vector give information about only the direction of
the vector; they provide no information about its magnitude. For example, any

; o= 5 o
vector parallel to the xy-plane and making an angle of s radian with the positive
x-axis and y-axis has direction cosines

2 2
cosa = 5 cosB——z— cosy =0

However, if the direction angles and the magnitude of a vector are known, the
vector is uniquely determined.

(EXAMPLE 10 ]

Solution

Writing a Vector in Terms of Its Magnitude and Direction Cosines

Show that any nonzero vector v in space can be written in terms of its magnitude
and direction cosines as

v = [v|[(cos @)i + (cos B)j + (cos y)k] (@)

Let v = ai + bj + ck. From the equations in (5), we see that

a=|vlcosa b =|v|cosB ¢ = |v]cosy
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9.7 The Cross Product

OBJECTIVES 1 Find the Cross Product of Two Vectors (p.620)
2 Know Algebraic Properties of the Cross Product (p.621)
3 Know Geometric Properties of the Cross Product (p.622)
4 Find a Vector Orthogonal to Two Given Vectors (p.622)

5 Find the Area of a Parallelogram (p.623)

1 Find the Cross Product of Two Vectors

For vectors in space, and only for vectors in space, a second product of two vectors is
defined, called the cross product. The cross product of two vectors in space is, in fact,
also a vector that has applications in both geometry and physics.

DEFINITION Ifv=ai+ bj+ ckandw = ai + byj + ¢,k are two vectors in space, the
cross product v X w is defined as the vector

v X w = (bic; — bacy)i — (@102 — axey)j + (b — asb )k (1)

)
Notice that the cross product v X w of two vectors is a vector. Because of this, it
is sometimes referred to as the vector product.

.

[ EXAMPLE 1 ] Finding Cross Products Using Equation (1)
If v = 2i + 3j + Sk and w =i + 2j + 3k, an application of equation (1) gives
Y OC W3-8 -5 —(D-3 = -5y + (22— 130k
(o =RI0 N (Gr S R 4= R

—-i—j+k o

Determinants* may be used as an aid in computing cross products.
A 2 by 2 determinant, symbolized by

a b
a bg
has the value ayb, — a,by; that is,
a b]
= ab, — azb
o b, a0y — @by
A 3 by 3 determinant has the value
A. B G
ag b1 C|=I;l zlA 21 EIB“'Zl [;]C
@ b o 2 € Yy €y 3 2

[ EXAMPLE 2 ] Evaluating Determinants

23
(a) \1 2’—2-2—1-3-4—3-1

A B
m) 2 3
£ g

23
t 2

w v 0
Il

I8+ [ 3e
3

]

(9= 10)A — (6 = 5)B + (4 - 3)C

-A-B+C .J
evemmmne—Now Work rrosLem 7

#*Determinants are discussed in detail in Section 11.3.
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The cross product of the vectors v = aii + bjj + cjkand w = ai + by + ok,
that is,

v X w = (bic; — byey)i — (@16 — axc1)j + (arhy — azby)k
may be written symbolically using determinants as

§q vk

vXw=|ag b ¢f= Z' et gids Clj+ " l[;lk
a by s 2 € a G a D
[ EXAMPLE 3 ] Using Determinants to Find Cross Products
Ifv=2i+ 3j + Skandw =i + 2j + 3k, find:
(@) vXw (b) wXv () ¥ X% (d) wxw
i, k
. 5 2505
Solution (a) vXw= |2 3 5=|3 i~‘ lj+‘,2 3‘k=——i—j+k
203 T 3 2
12,3
| i
23 : 1.2
(b)WXV=123=l i—. ’j+' ‘k=i+j—k
3
2 3 5 3.5 255 2
itk
) vkw=1]2 5
235
3 S 2.5 253
= e - S e
’3 5|l 12 5|] ‘2 3}k 0i—0j +0k=0
¥ k
dwxw=|1 2 3
223
203 153 i
= i : R T
’2 4|i ’1 3’]+’1 2’k 0i—0j +0k=20 .J
smensennese- W WOPK prosLEM 15
2 Know Algebraic Properties of the Cross Product
Notice in Examples 3(a) and (b) that v X w and w X v are negatives of one
another. From Examples 3(c) and (d), we might conjecture that the cross product of
a vector with itself is the zero vector. These and other algebraic properties of the
cross product are given next.
THEOREM Algebraic Properties of the Cross Product

If u, v, and w are vectors in space and if « is a scalar, then

uxXu=0 ?2)
uXxXv=—(vXnu) 3)
a(u X v) = (au) X v=1u X (av) 4)
uX (v+w)=(uXv)+ (uXxXw) (5)

)

Proof We will prove properties (2) and (4) here and leave properties (3) and (5)
as exercises (see Problems 60 and 61).
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THEOREM

Figure 81

Figure 82

uxy

To prove property (2), we let u = a;i + bjj + ¢ik. Then

b ik
BT A B bl e el (& b K
by ¢ a; ¢ a b
S 1 € 1 € 1 b

=0i—0+0k=0
To prove property (4), we let u = aji + byj + cik and v = @i + by + cok. Then
a(u X v) p a[(bicy — byey)i = (arc; — axey)j + (a1by — axby)k]

{
oly (1),

ALY
{

a(b102 = bzcl)i = a(alcz - @y )j G 5 a((l‘bz i (lzb])k (6)
Since au = aa;i + abj + ack, we have

(om) X v

(abic; — byacy)i — (aajc; — aac))j + (aah, — ayabi)k
= a(bic; = byey)i — a(ajc, — ayc))j + alaiby — ab)k @)

Based on equations (6) and (7), the first part of property (4) follows. The second
part can be proved in like fashion. ]

emummmese-NOW WOPK proBLEM 17

.3 Know Geometric Properties of the Cross Product

Geometric Properties of the Cross Product

Let u and v be vectors in space.

u X vis orthogonal to both w and v. (8)

fa X v|| = [u] [|v] sin 6, ()]
where 6 is the angle between u and v.

|u X v| is the area of the parallelogram (10)
having u # 0 and v # 0 as adjacent sides.

u X v = 0if and only if u and v are parallel. (11)

i

Proof of Property (8) Letu = @i + byj + c;kand v = ai + byj + cok. Then
u X v = (bie; — byey)i — (@162 — @e1)j + (a1b2 — @by )k
Now we compute the dot product u+ (u X v).
ue(u X v) = (ai + byj + ¢K)[(bicy = bycy)i — (@162 = axcr)j + (@b, — axby)k]
= ay(bicx = byey) — by(ayc; — apey) + ¢i(aby — aby) = 0

Since two vectors are orthogonal if their dot product is zero, it follows that u and
u X v are orthogonal. Similarly, v+ (u X v) = 0,sovandu X vare orthogonal. =

4 Find a Vector Orthogonal to Two Given Vectors

As long as the vectors u and v are not parallel, they will form a plane in space. See
Figure 81. Based on property (8), the vector m X v is normal to this plane. As Figure 81
illustrates, there are essentially (without regard to magnitude) two vectors normal
to the plane containing u and v. It can be shown that the vector u X v is the one
determined by the thumb of the right hand when the other fingers of the right hand
are cupped so that they point in a direction from u to v. See Figure 82.*

*This is a consequence of using a right-handed coordinate system.
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( EXAMPLE 4 |

Solution

Figure 83

v

Dés

Finding a Vector Orthogonal to Two Given Vectors

Find a vector that is orthogonal tou = 3i — 2j + kandv = —i + 3j — k.

Based on property (8), such a vectorisu X v.

e
uxv=|3 =2 1 =@2=-3)i-[3-(-D}+@-2)k=—i+2j+7k
= ey

The vector —i + 2j + 7k is orthogonal to both u and v.
‘/ Check: Two vectors are orthogonal if their dot product is zero.
ue(—i+2j+7k)=@Bi-2j+k)(-i+2j+7k)=-3-4+7=0
ve(=i+2j+7k) = (mi+3j-Kk)-(-i+2j+7k)=1+6-7=0

=
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The proof of property (9) is left as an exercise. See Problem 62.

' Find the Area of a Parallelogram

Proof of Property (10)  Suppose that u and v are adjacent sides of a parallelogram.
See Figure 83. Then the lengths of these sides are [u| and lv]l. If 6 is the angle
between u and v, then the height of the parallelogram is ||v] sin 6 and its area is

Area of parallelogram = Base X Height = [ul[|v] sin 6] = [u X v|

""'s*(‘;“z'-a"i

( EXAMPLE 5 |

Solution

WARNING Not all pairs of vertices give
rise to a side. For example, PP, s a
diagonal_of the parallelogram since
PPs + P3Py = PP, . Also, P\P5 and
P.Ps4 are not adjacent sides; they are
parallel sides. [ ]

Finding the Area of a Parallelogram
Find the area of the parallelogram whose vertices are P; = (0,0, 0), P, = (3, =2, 1),
Py = (-1,3,—1),and P, = (2,1,0).
Two adjacent sides of this parallelogram are
u=PP, =3i-2j+k and v=PP; =—i+3j-k
Sinceu X v = —i + 2j + 7k (Example 4), the area of the parallelogram is
Area of parallelogram = [Ju X v| = Vi+a+a9=54=3V6 square units

o
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Proof of Property (11) The proof requires two parts. If u and v are parallel, then
there is a scalar « such that u = av.Then
uXv=(av)Xv=a(vxXyv)=0

A

Property (4)  Property (2
If u X v = 0, then, by property (9), we have
fu X v = [u] [v|siné = 0

Since u # 0 and v # 0, we must have sin § =0, so 6 =0 or 6 = 7. In either case,
since 6 is the angle between u and v, then u and v are parallel. |






