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Solution of Simultaneous Linear
Algebraic Equations
DIRECT METHODS

4-1 Introduction

We come across, very often, simultaneous linear algebraic equations for
its solutions, especially, in the fields of science and engineering. In lower
classes, we have solved such equations by Cramer’s rule (determinant
methods) or by matrix methods. These methods become tedious when the
number of unknowns in the system is large. After the availability of computers,
we go to numerical methods which are suited for computer operations. These
numerical methods are of two types namely : (i) direct (if) iterative.

We will study a few methods below:

Solution of Simultaneous Linear Algebraic Equations

4-2 Gauss-Elimination Method (Direct method). This is a direct
method based on the elimination of the unknowns by combining equations
such that the n equations in n unknowns are reduced to an equivalent
upper triangular system which could be solved by back substitution.

Consider the n linear equations in n unknowns, viz.

ay Xy +ax + - +ayx, = b
Ay Xy + Ak + - +ayx, =b,

....................... (1)
A Xy + Ay Xy + - + ApXy = bn
where a;; and b; are known constants and x;’s are unknowns.
The system (1) is equivalent to
AX=B «(2)
X b
A1 a1 Ay, . b]
) 2
where A= a21022a2n X=| |and B=
a, a a
nl “n2 nn X, bn

112



Numerical Methods—IV 113

- Now our aim is to reduce the augmented matrix (A, B) to upper
triangular matrix.

G e (3

aq;
Now, multiply the first row of (3) ( if a,, #0) by _Z{L and add to
11

the ith row of (A, B), where i =2, 3, ..., n. By this, all elements in the first
column of (A, B) except a;, are made to zero. Now (3) is of the form

ay app -+ ap,|b
0 by -+ by | (4)
0 bn'l bnn Cn

X
Now take the pivot b,,. Now, considering b,, as the pivot, we will
make all elements below b,, in the second column of (4) as zeros. That

i2

vis, multiply second row of (4) by o and add to the corresponding

22
clements of the ith row (i=3,4,..,n). Now all elements below b,, are
reduced to zero. Now (4) reduces to
(a, ay aj..q, |b
0 hzz bl*‘.bzﬂ C'2
(F (B te e (5)

d

n

(eSS

nn

Now taking cyy as the pivot, using elementary operations, we make
all clements below ¢yy as zeros. Continuing the process, all elements
below the leading diagonal clements of A are made to zcro.

Hence, we get (A, B) after all these operations as

5

Sy Wy e - a, | by
Q- Gy e By | s ..(6)
0 B 0 0 K, )

From, (6), the given system of linear equations is equivalent to
CuXy H Xy + iyt a0

byaxy + by + - + boyx,




(xll 'fr"- i KI!

’

n

(63

nn

Using this in the penultimate equation, we get x,  and so. By this back

Going from the bottom of these cquation, we solve for e —

substitution method, we solve for
“.n‘ X” -1 ’rn - x?‘ ‘xl'

Note. This mcthod of making the matrix A as upper triangular matrix had
been taught in lower classes while finding the rank of the matrix A.

42-1 Gauss-Jordan elimination method (Direct method)

This method is a modification of the above Gauss climination
method. In this method, the coefficient matrix A of the system AX = B is
brought to a diagonal matrix or unit matrix by making the matrix A not
only upper triangular but also lower triangular by making all clements
above the leading diagonal of A also as zeros. By this way, the system
AX =B will reduce to the form.

e R ]
0 .bzz = GE0 22 )
D 0O | K
From (7)
K Cy b,
g, Y

Note. By this method, the values of xy, xy, ..., x, are got immediately without
using the process of back substitution.

Example 1. Solve the system of equations by (i) Gauss elimination
method (ii) Gauss-Jordan method.

Xt+2y+z=3 2x+3y+3z=10; 3x—y+2z=13 [MKU 1981]
Solution. (By Gauss method)
The given system is equivalent to ?

1 21

VRN e

[
S
)

.. el 0 513

1 3 - VA Y A b an S A § o .

5 i ()

x
X
z
X
: 21 3 :
(A, By=|2 33 10 5
.2
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lLe.,

Now, we will make the matrix A upper triangular.

1 204 3
(A.B)=/2 3 3 |0
3 =1 2 13
N
(‘) f . RADR e,
0 Ly 4 B+ (=3 R, ie,
Now take b,,=— | as the pivot and make b, as zero.
S 3
A,B)~| 0 -1 | 4| Ry(=7)
0 0 -8 —24J
From this, we get
xX+2y+z=3
e
-8z=-24
2=3,y=~1,x=2 by back substitution.
T=2 y=—1z=

Solution. {Gauss-Jordan method)

Ry (-2)
R}l =3

(2)

In stage 2, make the element, in the position (1, 2) , also zero.

{5 9 3
A, B~|0 -1 | 4
En. -8 feng
AR T 1l
o o e R 4| R,(2)

[
l 0 0 2
—EOR =N 0 | R (3), Rax (1)
O HORCSS[E e
v=2,—y=1,-z=-3

Example 2. Solve the svstem by Gauss-Elimination method

2x+3y-z=5; 4x+4y-3z=3and 2x-3v+22=2. [MKU 1980]

Solution. The system is equivalent to
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2 3 -1 X 5

4 = Flpii=13

2 -3 2 1l -z L

/\ /\, = B
2 3 5
G, By =) ke b TS
2 -3 2 2

Step 1. Taking a,, = 2 as the pivot, reduce all elements below that to
zero.

SR T 5
B -1 052 = R DR )
e T B

Step 2. Taking the element —.2 in the position (2, 2) as pivot, reduce
all elements below that to zero.

3 -4 5
BB ~1 0 =2 =1 |-7| Rut=3)
0 k18

Hence 25E3y—2—5 et
il s

._2);;.2:—7 T . ’m&u
62= 18 b, e 25 135
z=3,y=2,x=1. by back substitution.

(— PR P PR L

Example 3. Solve the following system by Gauss-Jordan method:
X F o X = et e b = ]2
XX+ 0x; ¥, =—5; Xttt d,=—06

Solution. Interchange the first and the last equation, so that the
coefficient of x; in the first equation is 1. Then we have

T S B
: pheat o7 BT
Araj= ¥k e is
e T 4

1 1 1 4| -6

0 O - =34 18

“lo L? s —31 1| RaG1Ry(=1), Ry (=5)
g ~4 =4 —19} 34
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S 4 —67
0 {1} o =%k 3
1o [g, 5 i 1 Rz(é)tomakcthcpivotasl
0 -4 -4 -39 34J :
1 0 | 45| -9
01 0 -05] 3 (.
o o -3 1 12(= 1), Ryy (4)
0 0 -4 31} e
!
1 0 1 425 =9
0 1 0 =0l 23 P 1)
UM ~06 | 02 3 5J
00 =4 L3)V a6 5
F B0 sy
3 SgsihT g
G R - 06 02 Ri3(=1), Ry (4)
0 0 0 -234| 468
"848 54 —9«2]
0 1 6 <059 3
BIE i oL ¢ rf L)
U v 1 —U'Ol U2 "( ZjA4)
000 - =1 ZJ \
1 89+ @ 1)
¢ (O S 2 3
Tl B i Ru( g]vRu[—E).RH(SI)
8 00 =i 2
XI:I,XZ:Z' ,(3:—],/(4:_2.

Example 4. Solve the system of equations by Gauss-Jordan method :
x+y+z+w=2
2x—y+2z—w=-5
S 3x+2y+3z+4w =7
x=2y-3z+2w=>5

Solution. (A, B)=
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s
IR 2 Ri—28, = :/-%\‘ (g
= g %1 - S*G\r"f/
B S 3 L S
T e e
0 m (Gatdy] 3 i
Vil =k rREEal Rz[‘?)
g rlkeage | g
A RS Oy S
eria ; R, + (- )R,
“l'e o g 3 4 bkt
00 oues g it
\ \
[ (0 = I
O R 3 R-‘(E)
e B -
e e e g S “(”5)
(N St
S O 1= 1 3 Interchanging
O 0 1 -1 -3 Ry and R,
0.0 09 -
1o gl
O =% i3 -
g ey Ry e il
By N S
- O o
ot o0l i S+
glot raita gl o R,+ (- 1)R,
000 1.9 Rat Ry

x=0 =l 7z=—1 w=72.
Example 5. Apply Gauss-Jordan method to find the solution of the
following system :
10x+y+2z=12; 2x+ 10y +z=13; x+y+5z=7. [MS 1991
Solution. Since the coefficient of x in the last equation is unity, we
rewrite the equations interchanging the first and the last. Hence the
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7
A.B)=| 2 10 1 |13
W St
f 1 -ty BN
. - e 2)“_:3):
Lo -9 ~49!58J R
[ 1.4 5
9 ! l
o e o R EE 8‘
0 -9 T4y (-5g
i, 5 | 2]
S —éf
8
g 0 a8 _4_71)'
S
Ge R T T
9 1 8
i~ 0 | *:‘* —g R}(;EJ
G G 1 1)
i 49 57
9 1
= 0= aar = R +(—|)R2
6 0~ I
/
{0 iy
R2+(§-)R,
= G A ;
0 0 1 I Rﬁ(— )R}
x= =" 7=

Example 6. Using Gauss-Elimination method, solve the system:
3-15x — 1-96y + 3-85z = 12.95
2-13x+ 512y - 2.-892 = — 861
5~92x+3-05y+2‘/5::6-88 : (MKU 1981]
¢ 315 -196 385 12.95
Solution. (A, B)=| 2:13 5.2 -— 2-89 l - 861
58200305 © 245 | 488
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i -196 385 12:95 ia
o bh= R,
= 0 |[64453| —5-4933 | —17-3666 ( s )
0 67335 =50855 |- 174578 R3+( AL JR,
315 - 196 3-85 112:95
~| 0 |64453| —54933 | - 173666
0 0 06534 0-6853

315 x - 196y + 3-857 = 1295
64453y — 54933z = — 17-3666
0-6534z = 0-6853

B il midoa

0-6853 ’*“3;,,?“-\-16‘ s &"’fﬁé
L= L U4EE i ;
06534
54923 x 1-0488— 17-3666
g e e S
— 1-8005) — 3-85 (1.0 :
196 % (= 18009 3-125( 0488) + 1295 _ _ .o

x - 1-7089, y =— 1-8005, z= 1:0488.
Example 7. Solve by Gauss-Elemination method:
Je -t 5z =18 2x =y 8T—="13 Sk — 2yt Ja=20):

B ‘18
Selution. (4. B)="| 2 —1 8 13
5. w9y lzo
R 18 :
IE e R, =3 R,
=i ic s ) 1 s
0 == 1 Bk
3 3
3 4 5 18 R, (3)
R e 3
6 1.7 Uis R3[—E)
(3 " a5 s
<of DA L Rﬁng
204 204
0 0 2 |2
A
o S S
- o | 3 R}(L)
I A e
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10,
1.
12.

13.
id.

15
16.

-

18.

19

- 2x+dy+2=3, 3x+2y-27=-2, X y+z=6

z=1, ~Hy+14z=3, 3x+4y+5z=18
Hence, F=4] )’:}:]llﬁzl, = 18—‘!2 —52:3

EXERCISE 4.1

Solve the following systems by (1) Gauss-Elimination (ii) Gauss-Jordan methods:

2x+y=3, Tx-3y=4

Hx+3y=17, 2x+Ty=16

4x—3y=[1, 3x+2y=4

X—y+z=1, -3x+2-32=-6, 2x—Sy+4z=5

x+3y+10z=24, 2x+17y+4z-35, 28c+4y—z=32 IMS Ap 1992]
X=3y—z=-30, 2x—y~-3z=5, 5x—y-2z=142

Sx-9y-2z+4w=7, 3x+y+4z+ lw=2,

10x = 7y+ 3z + 5w =6, —6x+8y—z—-4w=5

10x+y+z=12, -+ 0yt Ztyal)==12

x+y+z=18-141, x+ 10y +2=28-140, x+y+ 10:=38:139  [MS 1991]
3x+y—z=3, 2 -8y+z=-5, x—2y+9:=8
3,r—y+2:=|2,x+2y+3z=l|.lx—2y~z=

2x=3y+z==1, x+4y+57=25, 3x—4y+z=2

X+2y+3:=6, 2x+4y+z=17, 3x+2y+9z= 14

Zx-y+3z74+w=09, 3x+y-4z+3w=3,

It ~Ay+ ==, r-Aj=24Iw=~2
dety+3z=11, 3x+4y+2z=11, Qe By =1
XtytZi=4, Joty-Jp=—d, dx—3y-5:2~5

- e+ 6y —z=—12, Sx—y+z=1I, Sr—y+ 37= {0 IMS Ap 87|

X+2y+z-w=-2 u+3y-z+2w=7

X+y+3:-2w=-6, x+y+z+w=2 [{MS Nav 86|
4-12¢ - 9-68y +2-017 =493

1-88x ~4:62y + 5507 = 3-11

1-10x - 096y + 2.727 = 402

6x—y+z=13, x+y+z=9, 10x+y-z=19

< X+2y—12248w=27, Sx+4y+7z-2w=4,

6x—12y-8z43w=49, 3x-Ty-9z-Sw=-1]

x+05y+033z=1, 033c+025+02:=0, 0-5x+ 033y + 025z =0
Xty+z-w=2, Tx+y+3z+w=12,

Bx-y+z-3w=5, 10x+5y+3z+2w=20

. 2x+4y +8z=4], 4x+6y+ 10z =56, 6x+8y+ 107=64

2+ 2y —z4+w=4, Ax+3y—z742w=6,
8x+5y—3z+4w=12, Ix+3y—-2z+2w=6
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a; X tapnta;xy=bhH

Ay XY tapxntapnx=>b

Ay Xy +ay Xy + a3y x3 = b,y
will be solvable by this method if

Ial||>'012|+|013|

|022|>,02||+|023|

Lagslis Loy | 4] ayy ]
In other worus, the solution will exist (iteration will converge) if the
absolute values of the leading diagonal elements of the coefficient matrix
A of the system AX = B are greater than the sum of absolute values of the

other coefficients of that row. The condition is sufficient but not
necessary.

4-8 Jacobi method of iteration or Gauss-Jaco‘bi method

Let us explain this method in the case of three equations in three
unknowns.

Consider the system of equations,
ayx+b y+c z=d,
Gx+byy+c,z=d, ()
ayx+byy+cyz=d,
Let us assume |a,'>|b,|+|6,|
|b2|>|a2|+|c2|
|c3|>la3|+|b3|

Then, iterative method can be used for the system (1). Solve for x,
¥, z (whose coefficients are the larger values) in terms of the other
variables. That is,

i 1
= 2 (dy=byy- €12)

’ 1
h i) S &‘i@'&é y=b_2(d2_‘12x“czz) (2)

q :
z=""(dy—ay - byy)
63
If X9, 7 are the initial values of X, ¥, z respectively, then

1
i 5 (d - b )’(0) S| Z(o))
1

: |
WS -0, "~ ;) -(3)
2
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1 i 0
W=y =a,xV - ¢, 10
Now, having known ") and y(]), use xV for x and y(” for y in the

third equation, we get

I
2('):_ (d'; - a, .X“)— b3 }'(”)
3

In finding the values of the unknowns, we use the latest available values

on the right hand side. If x, ¥, 2 are the rh iterates, then the iteration
scheme will be

4 I
x(’ + l):__(d’ _bl y(’)__ 6 z(’))

a;
1 :
y(r+])=b—(dz-‘azx(r+l)—CZZ(’))
2 :
l -+
é(:+ ”:;L((/} ‘(l_})'(r' l)_/)xy(r, l))
'y

-

This process of iteration is continued until the convergence is
assured. As the current values of the unknowns at each stage of iteration
are used in getting the values of unknowns, the convergence in
Gauss-Seidel method js very fast when compared to Gauss-Jacobi method.
The rate of convergence in Gauss-Seidel method s roughly two times
than that of Gauss-Jacobi method. As we saw the sufficient conditions
already, the sufficient condition for the convergence of this method is also
the same as we stated earlier. That is, the method of iteration will

for different unknowns).

Note 1. For all systems of equations, this method will not work (since
convergence is not assured). It converges oniy for special systems
of equations.

2. Iteration method js self-correcting method. That is, any error made
in computation, is corrected in the subsequent iterations.

3. The iteration is stopped when the values of %, ¥ z start repeating
with the required degree of accuracy.

Example 1. Solve the Jollowing system by Gauss-Jacobi and Gauss-
Seidel methods -
10x -5y —27=3 . 45— 10y +32==3 X+06y+10z7=-3.
[MS. Ap. 1992]

Solution. Here, we see that the diagonal elements are dominant.
Hence, the iteration process can be applied.

Ly
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10 -5 -2
That is, the coefficient matrix | 4~ — 10" - 3 |is diagonally domi-

15506 10
nant, since SRR
l1ol>1-s5l+l-21,1-10l>14l+13landl101>111+16]

Gauss-Jacobi method. Solving for x, y, z we have

et ’ =*]15 B+5y+22) A
5 yumgaall =50 3 1 Az iy
Mgt 248 71 y=1p G +4r+3) )

=t (-3 x—6) ()

First iteration - Let the initial values be (0, 0, 0).
Using these initial values in (1), (2), (3), we get

2= 1—‘0— [3+ 5(0) + 2(0)] =03
yP= 716 [3+4(0) +3(0)] =03

&= 3= ()~ 60)] - 03
Second iteration : Using these values in (1), (2), (3), we get

=5 (345 (03) +2(-03)]=039
y(z) i Tl(‘) [3+4(03)+3(—03)]=033

2= %0 [~ 3—(0-3)— 6 (03)] =— 051
Third iteration: Using the values of x?, y®, 2% in (1), (2), (3) we, get

X =<5 (345 (0:33) 42 (-051)] =363
= %o [3+4(0-39) +3 (- 0-51)] =0-303

Nel :% (-3 —(0:39) - 6 (0:33)] = 0-537
Fourth iteration :

< :TIE [3+5 (0-303) + 2 (- 0-537)] =0-3441

o 1_[0 (3 +4 (0-363) + 3 (~ 0-537)] = 0-2841
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A 116 [- 303636 (0303)] =— 05181
Fifth interation :

b % [3+5(02841)+2 (- 0-5181)] = 0-33843

& :% [3+4 (03441) + 3 (- 0:-5181)] = 02822

M= ]1—0 [-3-(0-3441) - 6 (0-2841)] = — 0-50487
Sixth interation :

2 = 1'—0 [3+5(0-2822) + 2 (- 0-50487)] = 0-340126

¥ =55 [3+4(0:33843) + 3 (- 0:50487)] = 028391 |

(6)

<

=0 [-3-(0-33843)— 6 (0-2822)] =— 0-503163
Seventh iteration -

{

A

AT = Tlo [3+5 (0283911 +2 (- 0-503163)] = 0-3413229

¥ =-L (344 (0340120 + 3 (- 0.503163)] =02851015

s 1—10 [- 3 - (0-340126 — 6 (0-283911)] = — 0-5043592

Eighth iteration :

2

X(8

. % [3+5 (02851019 +2 (~ 0-5043592)] = 0-3416789

® 1—10 [3+4 (03413229 + 3 (- 0-5043592)] = 02852214

29 =< [~ 3 (03413229 — 6 (0-2851015)] =~ 0-50519319

Nineth iteration : )
P 1—10 [3+5 (0-2852214 + 2 (- 0-50519319)] = 0-341572062
¥ = % [3+4 (03416789 + 3 (- 0-50519319)] = 0-285113607

= Tlo [~ 3~ (03416789 — 6 (0-2852214)] = — 050530073
Hence correct to 3 decimal places, the values are

x=0-342, y=0285, z=-0-505
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Gauss-Seidel method : Initial values : y=0, z=0.
First iteration : ' ~ VAN

AV = 1i0 [3 + 5(0) +2(0)] = 0-3
y= % [3+4 (0-3) + 3(0)] =042
i bl % “@ ‘,‘:"
=L 3-03)-6049 =058 P MR =ia™
e £, Aunkigl! S J513

Second iteration - R TR

it 1_10 [3+5 (042) +2 (- 0-582)] = 03936

YO = 716 [3+4 (0-3936) + 3 (- 0-582)] = 028284

1B 1_10 [~ 3 - (0:3936) — 6 (0-28284)] = — 0-509064
Third iteration :

e e % [3 +5 (0-28284) + 2 (= 0-509064)} = 0-3395072

Y = % (3 +4(0:3396072 + 3 (- 0-509064] = 0-28312368

o 1_10 [~ 3~ (03396072 — 6 (0-28312368)] = — 0-503834928
Fourth iteration :

x4 = 1—10 (3 +5(0-28312368 + 2 (— 0-503834928)] = 0-34079485
yH = Tlo [3+4(0-34079489 + 3 (- 0-50383492)] = 0-285167464

Y= -l% [=3-(0-34079485) — 6 (0-28516746)] =— 0-50517996
Fifth iteration :
£ = T16 [3+5(028516746) + 2 (— 0-50517996)] = 0-34155477

9 = Tld (3 + 4 (0-34155477) + 3 (- 0-50517996] = 028506792

= llo (- 3— (034155479 — 6 (0-28506792)] = — 0-505196229
Sixth iteration :

A= % [3 +5 (0:28506792 +2 (- 0:505196229)] = 0:3414947 14
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y(“) — 716 [3+4(0:341494714) + 3 (- 0-505196229)] = 0-285039017

9= 1—10 [-3 - (0-341494714) - 6 (0-285039017)] = — 0-5051728
Seventh iteration :

XD = 1_]0 [3+5(0-285039017 + 2 (-~ 6-:5051728)] = 0-3414849
¥ T]o [3 +4 (03414849 + 3 (— 0-5051728)] = 028504212

= l—'o [~ 3~ (0-3414849 - 6 (0-28504212)] = — 0-5051737

The values at each iteration by both methods are tabulated below:

Itera- Gauss-Jacobi method Gauss-Seidel method

fion . x y z x y 2z
1 03 03 -03 03 042 - 0-582
2 039 033 -0-51 0-3336 028284 - 0 509064
3 0-363 0-303 — 0537 03396072 028312364 - 0-503834928
4 03441 0 2841 - 05181 034079485 028516746 -0-50517396
S 0-33843 0-2822 —0-50487 0-3415547 028506792 - 0-505196229
6 0-340126 0-283911 —0-503163 0-34143947 0-28503%90 - 0-5051728
T 0-3413226 02851015 — 0-5043532 0-3414849 028504212 - 0-5051737
8 0-341678¢ ¢ 0-2852214 - 0-50519319
9 0-341572062 0285113607 — 0-505300731

The values correct to 3 decimal places are
x=0342, y=0285, z=-0-505 :
Note. After getting the values of the unknowns, substitute these values in the
given equations, and check the correctness of the results.

Example 2. Solve ihe following system of equations by using
Gauss-Jacobi and Gauss-Seidel methods (correct to 3 decimal places) :

8x—3y+27=20
Ix+1ly—z=33
i 6x+3y+ 12z = 35. [BR. Ap. '94]
Solution. Since the diagonal elements are dominant in the
coefficient matrix, we write x, y, z as follows

x=%[20+3y—2z] ()

y=l—ll[33—4x+z] A
1

z=15 135~ 6x - 3] -(3)

Gauss-Jacobi method :
First iteration: Let the initi}l values be x=0, y=0, z=0
Using the values x=0, y=0, z=0 in’ (1, (2), (3) we get,
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i
e 3 [20+3(0-20)] =25
y<":lll[33—4(0)+01:3 0

i % [35 - 6(0) — 3(0)] =2:916666

Second iteration : Using these values Y, y('), " again in (1), (2),

(3), we get

L [20 +3(3:0) -2 (2:916666)] =2-895833

ey
)<2>:li[33 4 (2:5) + (2:916666)] = 2:356060 w-’f \%g
s R
@=L 135_6(25) -3 (3:0)] =0916666 g )'\ “’sy i
12 S}' o /"'

Third interation

i :% (20 + 3 (2:356060) — 2 (0-916666)] = 3154356
= ﬁ (33 — 4 (2:895833) + (0:916666)] = 2:030303

3 _ 11_2 (35— 6 (2:895833) — 3 (2:356060)] = 0-879735
Fourth iteration :
é (20 + 3 (2:030303) — 2 (0-879735)] = 3.041430

¥ = ﬁ [33— 4 (3:154356) + (0-879735)] = 1:932937

s ]'—2 (35— 6 (3-154356 — 3 (2030303 =0-831913
Fifth iteration :
J =% (20 + 3 (1:932937) — 2 (0831913)] = 3-016873

o l’—l (33 — 4 (3:041430) + (0-831913)] = 1969654

9 =l—‘7 (35 — 6 (3:041430 — 3 (1:932937] = 0-912717
Sixth iteration :

® =% [20 + 3 (1:969654) — 2 (0-912717)] =3-010441
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NG :]—' (33 -4 (3:016873) + (0912717)] = 1.985930

© ,——') 35— 6 (3:016873) — 3 (1-969654)] = 0.9158 | 7

Seventh iteration -

(7

v 5 [20+ 3 (1-985930) - 2 (0-915817)] = 3-015770

:m—

¥y = ]'—l (33 -4 (3:010441) + (0-915817)] = 1.988550

M= =15 135~ 6(3:010441) - 3 (1.985930)] = 0.914964

Eigth iteration :

= l [20+ 3 (1-988550) — 2 (0 914964)] = 3-016946

_ym—]—'-m 4 (3-015770) + (0-914964)] = 1.986535

¥ = Ti [35-6(3:015770) — 3 (1-988550)] = 0-911644

Ninth iteration .

9) :é [20+ 3 (1-986535) — 2 (0-911644)] = 3-017039

y = 1—11 33 - 4 (3:016946) + (0-911644)] = 1985805

= 1—’2- [35-6(3:016946) — 3 (1-986535)] = 0911560

Tenth iteration -

10 :é. (20 + 3 (1-985805) — 2 (0-911560)] = 3-016786
310 _ TIT (33 -4 (3:017039) + (0-911560)] = 1-985764

0= 1-12 [35 -6 (3:017039) — 3 (1-985809] = 0-911696

In 8th, 9th and 10th iterations the values of X, ¥, Z are same correct
to 3 decimal places. Hence we stop at this level.

Gauss-Seidel method : :
We take the tnitial values as y=0, z=0 and use equations (1)
First iteration -

“’:%[20+3(0)—2(0)]=
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|
5= (33— 4 (2:5) + 0] = 2:090909
i

Second iteration :

1

L@ :% (20 + 3 (2:090909) — 2 (1-143939)] = 2:998106
Yy = ﬁ [33 — 4 (2:998106) + (1-143939)] = 2-013774

£¥ = [35 - 6 (2998100 — 3 (2013774] = 0914170
Third iteration :

A =é (20 + 3 (2:013774) — 2 (0-914170)] = 3-026623
e ﬁ (33 — 4 (3:026623) + (0-914170)] = 1982516

V= Tli (35— 6 (3:026623) — 3 (1.982516)] = 0-907726

 Fourth iteration :

o :é (20 + 3 (1-982516) — 2 (0-907726)] = 3016512
Y= IL] (33 — 4 (3:016512) + (0-907726)] = 1:985607

Y= T% [35-6(3:016512) — 3 (1-985607)] = 0-912009
Fifth iteration :

£ =é [20 + 3 (1-985607) — 2 (0-912009)] = 3-016600
¥ =L (33 - 4(3.016600) + (0-912009)] = 1-985964

o % (35 — 6 (3-016600) — 3 (1:985964)] = 0911876
Sixth iteration -

RO % (20 + 3 (1-985964) — 2 (0-911876)] =3-016767
4O = ﬁ (33 — 4 (3-016767) + (0-911876)] = 1.985892

Bl _]15 [35-6(3-016767) — 3 (1-985892)] =0911810

155

(The values of x, y, z got by Jacobi method correct to 3 decimal
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places are got even in the 6th iteration by Gauss-Seidel method.) -

Seventh iteration -

2" :gl (20 + 3 (1:985892) - 2 (0-911810)] = 3-016757
y = ﬁ (33 -4 (3:016757) + (0-911810)] = 1-985889
gl [35-6(3-016757) - 3 (1.985889)] = 0:911816

I
Since the seventh and eighth iteralions give the same values for x v
Z correct to 4 decimal places, we stop here.
x=3-0168, y=1-9859, :=09118
The values of x, y, z by both methods at each iteration are tabulated
below: .

N

Gauss-Jacobi method . Gauss-Seidel method
Iteration|——— ' r%—
x y z x Y e
I 25 3.0 2916666 | 2.5 2090909 | 1-143939
2 2-895833 | 2-356060 | 0916666 | 2:998106 2013774 | 0914170
3 3:154356 | 2-030303 | 0-879735 | 3-026623 | | 982516 | 0907726
4 3-041430 | 1-932937 | 0-831913 | 3-016512 1-985607 | 0-912009
5] 3-016873 | 1:969654 | 0-9i12717 | 3-016600 1985964 | 0911876
0 3-010441 | 1-985930 | 0515817 | 3-016767 1-.985892 | 0911810
) 3-0i5770 | 1.988550 | 0914964 | 3.016757 1-985889 | 0911816
8 3-016946 | 1-986535 | 0911644
9 3-017039 | 1-985805 | 0-911560
10 3-016786 | 1-985764 | 0911696

This shows that the convergence is rapid in Gauss-Seidel method
when compared to Gauss-Jacobi method. We see that 10 iterations are
necessary in Jacobi method to get the same accuracy as got by 7 iterations
in Gauss-Seidel method.

Example 3. Solve the following system of equations by Gauss-Jacobi
and Gauss-Seidel method correct to three decimal places :

x+y+54z=110
27x+6y—2z=85
6x+ 15y +2z=72

Solution. As the coefficient matrix is not diagonally dominant as it
is, we rewrite the equation, as noted below, so that the coefficient matrix
becomes diagonally dominant

27x+6y—2z=85
6x+ 15y +2z=72
x+y+54z=110
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|
¥ 77 33— 4(25) + 0] =2090909

5”:%[35 6(25)  3(2090909)] =1 143939

Second iteration -
!

£? = % [20 + 3 (2-090909) — 2 (1-143939)] = 2:998106
¥y = ﬁ [33 — 4 (2:998106) + (1-143939)] = 2-013774

o ]_12 [35—6(2:998106 — 3 (2:013774] =0-914170
Third iteration :

NE) :% (20 + 3 (2:013774) — 2 (0-914170)] = 3.026623

= 4 (33 — 4 (3:026623) + (0-914170)] = 1-982516 £y %
I - A S
@y o 4 / B > 7 £ 3_/"
— — . AN 3] =0-907 i o
z 5 [35 - 6 (3:026623) (1.982516)] = 0-907726 / A ‘?
P2 .ﬂ\ N
Fourth iteration : 4 .?__ ?/
@] [20 + 3 (1-982516) — 2 (0-907726)] = 3-016512 v/
X =i . — : =3 'xgg@}*’
8 !

Y= ﬁ (33 — 4 (3:016512) + (0-907726)] = 1:985607

pLo Tli (35 - 6 (3-016512) - 3 (1:985607)] = 0912009

Fifth iteration :

9 = % (20 + 3 (1.985607) - 2 (0-912009)] = 3-016600
9 - (33 - 4 (3.016600) + (0:912009)] = 1985964

= —1'5 (35 -6 (3-016600) — 3 (1-:985964)] = 0-911876
Sixth iteration -

£ :é (20 + 3 (1-985964) - 2 (0911876)] =3-016767
O = ILI (33 — 4 (3-016767) + (0-911876)] = 1985892

29 = % (35 - 6 (3-016767) — 3 (1-985892)] = 0911810

(The values of x, y, z got by Jacobi method correct to 3 decimal
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places are got even in the 6th iteration by Gauss-Seidel method.)

Seventh iteration -

e gi (20 + 3 (1:985892) — 2 (0-911810)] = 3-016757
y = ﬁ [33 - 4(3:016757) + (0-911810)] = 1-985889

= —]'5 [35-6(3016757) - 3 (1-985889)] = 0911816

Since the seventh and eighth iterations give the same values for X,
Z correct to 4 decimal places, we stop here.
x=3-0168, y=19859, z=09118
The values of x, ¥, Z by both methods at each iteration are tabulated
below: .

e §  Gauss-Jacobi method o Gauss-Seidel method
lteration—————— e
| x y Z x y Z
I 2:5 3.0 2-916666 | 2-5 2-090909 | 1-143939
2 2-895833 | 2:356060 | 0-916666 | 2998106 2:013774 | 0914170
5 3-154356 | 2:030303 | 0-879735 | 3-026623 1-982516 | 0-907726
4 3-041430 | 1-932937 | 0-831913 | 3-016512 1-985607 | 0-912009
5 3-016873 | 1-969654 | 0-9i2717 | 3-016600 1-985964 | 0911876
0 3-010441 | 1-985930 | 0-515817 | 3-016767 1.985892 | 0911810
7 3015770 | 1.988550 | 0914964 | 3.016757 1-985889 | 0-:911816
8 3-016946 | 1-986535 | 0911644
9 3-017039 | 1-985805 | 0-911560
10 3-016786 | 1-985764 | 0-911696

This shows that the convergence is rapid in Gauss-Seidel method
when compared to Gauss-Jacobi method. We see that 10 iterations are
necessary in Jacobi method to get the same accuracy as got by 7 iterations
in Gauss-Seidel method.

Example 3. Solve the Jollowing system of equations by Gauss-Jacobi
and Gauss-Seidel method correct to three decimal places :

x+y+54z=110
27x+6y—z=85
6x+ 15y +2z=72

Solution. As the coefficient matrix is not diagonally dominant as it
is, we rewrite the equation, as noted below, so that the coefficient matrix
becomes diagonally dominant

27x+6y—z=85
6x+ 15y +2z=172
x+y+54z=110
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Solving for x, y, z, we get

1
X= 7[8 6y + 7]

1
i L%
Y15 [72- 6x—2¢]

1
2= [110-x ]

157

D

=o(2)

(D)

Starting with the initial value x=0, y=0, z=0 and using (1), (2), (3) and
repeating the process we get ghcrvalu'es of x, y, z as the tabulated by hoth
methods. (Gauss-Jacobi a,nd Gaus:s-Seidel)

S Gauss-Jacobi method Ga@s-Seidel method

A x y z 5 y 2
1 3-14815 4.8 2-03704 | 3-14815 | 3-54074 1-91317
2 2-15693 3-26913 1.88985 | 2-43218 | 3:57204 1-92585
3 2-49167 3-68525 1.93655 | 242569 | 3-57294 1-.92595
4 2-40093 3.54513 | 192265 | 2:42549 | 3-57301 192595
5 2-43155 3-58327 1.92692 | 2-42548 | 3-57301 1.92595
6 2-42323 3-57046 1-92565 2-42548 3.57301 1-92595
v 2-42603 3-57395 192604

o8 2-42527 3-57278 1-92593

Hence x =2-425, y=3-573, and z= 1926

(correct to 3 decimal places)

Example 4. Solve, by Gauss-Seidel method, the following system:
28x+4y—z7=32
x+3y+102=24
2x+ 17y +4z2=35

Solution. Since the diagonal elements in the coefficient matrix are
not dominant, we rearrange the equations, as follows, such that the
clements in the coefficient matrix are dominant.

28x+4y —z=32
2¢+ 17y +4z=35
x+3y+10z=24

|
Hence, =—[32—-4y+z
ence, x 28[3 y +2]

|
= l7l35—2x—4z]

= (24— k=3

Setting y =0,2=0, we get

gy

Bl S B3 )

cem B A B G A S an § An ban® oS
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First iteration -

iy = 1.1429
K= 2 [32-4(0) + 0]

y(l)—l—l7135~2(1 1429) - 4(0)] = 1-.9244

z“):ﬁ [24 - 1:1429 — 3 (1-9244)] = 1-8084
Second iteration :

8 5% (32 - 4 (1.9244) + 1-8084] = 0-9325

@ _ 1—‘7 [35 -2 (0:9325) - 4 (1-8084)] = 1.5236

= % [24 - 09325 — 3 (1.5236)] = 1.8497
Third iteration -

NS :2_18_ [32 -4 (1-5236) + 1-8497] = 0-9913

Y = 1_17 [35 -2 (0-9913) - 4 (1-8497)] = 1-5070

Vo B RO 3 (1.5070M i

Z —]—O(z.q—uv:uo—ak .)U/U)J Lol
Fourth ileral[on :

M= [32 4 (1-5070) + 1-8488] = 0-9936

y“) :1—7 (35 -2(0:9936) - 4 (1-8488)] = 1-5069
o 716 (24 — 0-9936 - 3 (1-5069)] = 1-8486
Fifth-iteration :
= 2—18 [32 -4 (1:5069) + (1-8486)] = 0-9936
i 3O :% [35 -2 (0-9936) - 4 (i-8486)] = 1-5069

= l [24 —0-9936 - 3 (1-5069)] = 1-8486

Since the values of x, y, z in the 4th and 5th iterations are same, we
stop the process here.

Hence, x=0-9936, y= 15069, z=1-8486
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EXERCISE 4.6

Solve the following system of equations by (i) Gauss-Jacobi method and (i)
Gauss-Seidel method :

1. S5x—2y+z=—4, X¥+6y—2z=~1,and3x+y+57=13

2. Bx+y+z=8, 2x+4y+z-4, x+3y+3z=5

3. 8x—-6y+z=13.67, Sx typ=0z=1759 2x — 6y +9z=129-29

4. 30x—2y+3z=75, 2x+2y+182=30, x+ 17y—27=48
{Hint. Interchange second and third equations.

8. y—x+10x=3561, %5+ 2+ 10y =2008,y -z +10x=11-19

6. 3-122x +0-5756y — 0-1565z — 0-0067¢ = 1-571

B 5 +e %
0-5756x +2:938y + 01103z — 0-0015¢ = — 0-9275 ?’)‘wﬂ M

= 0-1565x +0-1103y + 4-127z + 02051 = — 0-0652

3 o » - - ‘
~ 0:0067x ~ 00015y + 02051z + 41331 = — 0.0178 5, Rl A8 S22

7. 10x-2y+z=12, XHE9y—z=10, Zx—y 4+ l1z=20
8. 10x-2y—z-1=3 — 2+ l0y—z—1= 15
==y +10:-2t=27, —s—y—27+10t=-9

9. Bx—y+z=18, BrEoyE g =3 ety v — G

10. 2x+y+7=4, x4+ 29 +7=4, Xy —o [MS. Nov.'87]
Il 4x+2y+2=14, x+5y—7z= 10, x+y+8:=20 [(Ms. Nov. 86]
12. 8x+y+z=8, 2x+dy+z=4, x+3y+5:=5 (Ms. Ap. 92]

13. 14x-5y=55 2x+7y=193
14. x-2y+10:=306, 2c+5y-z=105, Syl 7 =95
i15. 8x-6y+2=1367, 3x+1ly-2z=17.59, 2 —6y +9:=29-29
16. 7:6x-2-4y + 1-3z =20-396, 3-7x + 79y~ 2-5: = 35-866,
19x-43y+82:=32514
17. 83u+11y-4z=95, Tx+52y + 132 =104, 3x+ 8y + 29z =71
4-10. Relaxation methods

We will consider a system of three equations in three unknowns as
given below for the sake of simplicity. The method is applicable even for
more number of equations.

Consider the system of equations,
ax+by+ciz=d,
a2x+b3)'+czz:d: =Gl
ayx + b3y +cyz=d,
We define the residuals r,, r,, ry by the relations
rn=ax+by+cz-d,
rp=ay+by+c,z—d, w2)
Iy =asx + by + c3z2 — dy




