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Curve Fitting
I s i

7.1 LEAST - SQUARES CURVE FITTING PROCEDURES :

With an experimetal data, the data is ploted on a graph paper and a straight line is
drawn through the plotted points. This is the usual method to fit a mathematical equation to
experimental data. The method of least squares is the most systematic procedure to fit a
-+ unique curve through the given data points. Its application is wide in practical computations.

Let the set of data points be (x> ¥;),i =1,2,,...,m. Suppose the curve y = f(x) is
.. fitted to this data. Let the observed value at x = x; 1s y; and the corresponding value on the

curveis f(x;). Let e is the error of approximation at x = x;, then we have,
&—=¥— %) : 5 3
Consider §'= [ ~ PO #1y = AP + .1y, - £ (5P
:e,2+ezz+....+e,3, 7
ey The method of least squares consists of minimising S.
. 7.2 FITTING A STRAIGHT LINE
Let y = ay + a;x is a straight line to be fitted to the given data. Then

=0 - (a +ax)P +[y, = (@ + Gx)P + ... + [y, — (ag + ayx, )]

If S is to be minimum, we must have
oS

a0 2y~ (ag + aix)] - 2 [y, — (@ + @z,
0 1
=2 [V —(ap + 4x,)] =0
oS
a =0= —le[y| = (ao 5 a1 x )] Lo 2‘x2[y2 = (ao 4= ajxy )]
1

_2xm[ym T (ao + ax, =0
Simplifying these equations, we get

mao +a|(x| +X2 +...+Xm) = yl +y2 ++ym
and gg(x; + xp + ...+ x,) + (%2 + x,2 x e
e 2 et Xy X X Tt X, )

= XN e nyz T mem

Writing in simplified form, we have

m m
i=1 i=1

m m L
2
and a, in +q in = in)’i
I.II l:l i:]
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262 MATHEMATICAL METHODS

Since we know x; and y; equations (4) and (5) can be solved for two unknowns qj,

and g, . Equations (7) and (8) are called normal equations. M_,,_,,,,..,.w.w.w.m‘(_{g
These equations can be written as ff a&\ _&éﬁ *i

ST o T S
Ixy=aj, Tx+a;Zx’ et S ¢ )

Differentiating (4) and (5) once again w.r.t. g, and a, we get, 0 ‘S; and i%
Oa,, Oa,

We find that these two will be positive at a, and a, . Thus S is minimum at «, and g, .

Dividing the equation (7) with m we obtain, g, + q X = y where (x, y) isa centroid
of the given data points. Thus we can conclude that the fitted straight line passes through

centroid of the data points.
Result : Derive the normal equations to fit the straight line y =a + bx [JNTU 2006 (Set No.3)]|

Sol. Taking a,=a and a; = b in the above, we get the result.

7.3 NON - LINEAR CURVE FITTING
We discuss now a power function, a polynomlal of nth degree and an exponential

function to fit the given data points (x;, y;),i = 1,2, ,...

1. Power function :
Let y = ax© is the function to be fitted using the given data.

Taking logarithms on both sides, we get log y = loga + clog x )
which is of the form Y = g, + X where ay = loga,q = ¢ and Y log y and
X = log x . Using the procedure described earlier we can find @, and a; and hence ¢ anda.;
2. Polynomial of nth degree
Consider that the n* degree polynomial Y = qy + a;x + a2x2 F e A X 4(2)
be fitted to the data points (x;, y;),i = 1,2,,..m. Then we have
S = [y ~ (ag + axy + ... + a,x" YP-t-fy, — (@ +@xy-.. - X" )

e e T

o W Py i X W k)
As done earlier we equate the first partial derivatives to zero and after 31mp11ﬁcat10
we get the following normal equations.

«

&

n

m . m o
may + Qq Zx,- + a, in“ e Z Zy,
i=1 i=1

=1 =] = =
---------------------------- (4

n m

a ZA gl Zx S Zx Zx ¥

These are (m + 1) equations in (m +1) unknowns Hence can be solved fOf

By Byy w5 By »
Substituting these values in (2) we get the required polynomial of n™ degree.
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3. Parabola : Considering m = 2, we get the curve to be fitted is parabolay =a, +a, x + s 2,

The normal equations are

Ly, =may +a,Zx; + aZExiz )
Ix;y; = agZx; +a, Zx,-z + az)]x,-3 g

and Zx,-zy,- = ao):)ci2 +a, Ex,-3 - azzx;-'

4. Exponential function :

(i) Suppose the curve to be fitted with the given data is y = age™™*
Taking logarithms on both sides we get, log y = log ag + aix
which can be written in the form Z= A + Bx where Z = log y, A = log ag and B = g, .
Then the problem reduces to finding a least square straight line.

(i1) Let the exponential curve be y = ab®

Taking logarithms on both sides, we obtain
logo y =logga+xlog,gb or ¥ =44+ BX

where ¥ =log)yy, 4=log;ga and B =log,b.
The normal equations are given by

LY =mA + BZX,

IXY = AZX + BrX?

Ex. 1: By the method of least squares, find the straight line that best fits the

following data :

X

1

2

3

4

S

x

i4

27

40

55

68

Sol. The values of Z X, Z Vs

2% =153y, =204, x? = 554and D xiy; = 748

sz and Z xy are calculated as follows :

o B X1 Vi
1 14 1 14
2: 20 4 54
3] 40 9 120
il 850 - 163 1220
S|k 68 251 340

The normal equations are

ma +(IIZX‘- = Z}’i

aOZx,- 4 aIZx,-2 = Zx,-y,-

Substituting the values, we get

15a; + Saq = 204
55a; +15a, = 748

. Solving, we get a; =0, and q, = 13.6.
Thus the line of best fitting is y = 13.6x.
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Ex. 2> The temperatures T (m °¢) and lengths L (in mm) of a heated rod.are

given below. If L = q, + alT find the best values for a; and q;..

éﬁ;'ﬂﬁ“ it
%\Mw' d.dS ‘J?'d 'Q&

it SO S

T 20 30 _' 40 50 60
L 800.3 800.4 800.6 800.7 800.9 801 0
Sol. We require » T, Z £, Z T? and g
and these are computed as in the following table.
1 0 12 TL
20 800.3 400 16006
30 800.4 900 24012
R 40 800.6 1600 32024
50 800.7 2500 40035
60 800.9 3600 48054
70 801.0 4900 56070
> T=270| XL =4803.9 ZTZ =113900| X TL= 216201

We have the normal equations

may +a,2x,. = Zyi
Using (1) and (2), we obtain
6a, + 270a; = 4803.9 and 270a, + 13900q; = 216201
Solving these equations, we get ¢, = 800 and a, = 0.0146..

1) aOZx, + aIle-z

= Z XiYi

)

Ex. 3: Certain exprimental values of x and y are given below

If y = ay+ a, x find the approximation values of 4, and aq,.

X

0 2

5

7

X

-1 >

12

20

Sol. We form the following table values :

X y X xy

0 ] 0 0

2 25 4 10

5 12 25 60

7 20 49 140
Sx=14|Zy=36 |Tx* =78 | Zxy =210

Using normal equations we obtain 4q, + 14a; = 36 and 144, + 784, = 210

Solving the above two equations, we obtain a; = —-1.1381 and q,.= 2.8966.
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Ex. 4: A chemical company, wishing to study the effect of extraction time on
the efficiency of an extraction operation, obtained the data shown in the following

table.

[JNTU 2004 Sept (Set No.1)]

Extraction time minutes (x) .

27 45 41 19 3 39 19 49 18 31
Efficiency (y)

ST 64808 d6E62 F2.- 52 77 - 57 68
Fit a straight line to the given data by the method of least squares.

Sol. Let the least squares of straight line of Yon X'is ¥ =a, + a,'X
Its normal equations are

XY = Nay + 22X

and XY = ay% + g 2X >

X Y X2 Y2 XY
27 57 729 3249 | 1539
45 64 2025 | 4096 | 2800
41 80 | 1681 | 6400 | 3280 .
19 46 361 2116 | 874 |
3 62 9 3844 | 186
39 7 1521 | 5184 | 2808
19 52 361 2704 | 988
49 77 2401 | 5929 | 3773
15 57 225 3249 | 855
31 68 961 4624 2108
288 635 10274 | 41395 | 19211

IX =228, TY =635, ZX?=10274, £Y2=41395, XY =19211and N= 19
Substituting these values in the above normal equations, we get
635 = 10a, + 2884, , : %)
19211 =288a,+ 10274a, =al2)
To find g, and a,, solve these equations. '
(1) x29.8 = 288a,+ 8294.4a, = 18288
2)x1 = 288a,+ 10274a, =19211

=197196a;=—923
= #, = 235%x10°¢
and a, = 634.93
Thus the least square straight line Y on X is Y = 634.93 + 0.000235X.
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Ex. 5:'Fit a second degree polynomial to the following data by the method of

least squares :

x [10 |12 |15 |23 |20
y |14 {17 |23 |25 |21

Sol. Let the required polynomial is y = az)c2 x4 ay.
From (4), we get the normal equations as (see page 262) ,

Z Yi =mag +q Z X+ azZ %’ mw“'“““"‘““"”
e ; é‘y
iny,- —aOZx, +alzx, +aZZx, R) Mw‘w&‘é{fﬁ}

> %y, =aoz,r2+a12xi3+azzxi4 R imid o arm I
The above values are calculated by means of the following table.
X Yi xl_z xi3 xi4 XiYi ' x,2 Yi
10 14 100 | 1000 10000 140 1400
12 17 144 1728 20736 204 2448
15 23 225 3375 50625 345: 1. S175
23 25 529 | 12167 279841 575 3 13225
20 21 - 400 8000 160000 420 . 8400
b EAB N DT SRy X X5 | 2wy
=80 | =100| =1398 | =26270 | =521202 | =1684 | = 30648

Substituting these values in normal equations, we obtain
Say + 80a, +1398a, = 100, 80a, + 13984, + 26270a, = 1684;
1398a, + 26270qa, + 521202a, = 30648

Solving these equations, we get
a, = —8.72790114 ; a =3.009927929 and a, = -0.069495514
The required equation is y = —0.695x* + 3.001x — 8.728.

Ex. 6: Fit a second degree polynomial to the following data by the method ol

least squares :

0] 1) 20 S saed
y|1118] 13125183

Sol. Let the required polynomial equationis y = a, x2 ¢ ayx + ay- The normal equation

are
) 2
Z}’, = "Iao = 5 (1] Z .\'I t azz ,\"
= 2 3
le.‘} = aOZ"‘ i “IZ-":' g GZZ A7

o

PR R

f%f
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inz)’f = aozxiz + alzxi3 1 azzx,“

Theabove values are calculated by means of the following table.

X Vi xzz xi3 xi4 X i xizyi

0 1 0 0 0 0 70

1 1.8 1 1 1 1.8 1.8

2 1.3 4 8 16 2.6 5.2

3 25 gl o 81 75 22.5

4 6.3 16 64 256 752 100.8
Z X Z Vi Z xi2 Z -"f3 Z xi4 Z LR Z xiz /i
=10 | =129]| =30"| =100} =354 | =37.1 | =1303

Substituting these values in normal equations, we get
Sa,+ 10a, + 30a, = 12.9, 10a, + 30a, + 100a, = 37.1 ; 30a, + 100a, + 354a, = 130.3

Solving these equations, we get‘ ag =1.42,a; = -1.07 and a, = 0.55.
~. The required equation is y = 0.55x> —1.07x +1.42.

Ex. 7: Fit a polynomial of second degree to the data points given in the follow-
" ing table:

x| 0 J10] 20
y | 1.0 6.0 [17.0

Sol. We require the quantities z X, Z x,.-z, Z x,-3, Z x,-4, Z Vi Z x;y; and Z )c,-2 y.
These are computed in the following table.

2 3 4 2

A Vi X X X« X Vi Xi Vi
y

0 1 0 0 0 0 0

| 6 1 1 1 6 6

2 17 4 8 16 34 68

Zo{ Ty | 2] 2| o ] Zoy =l y;
=3 | =24 | =5 =91 =17] =40 =74

Using equations (4), we get the equations (see Ex.5 on page 266)
3(10 -5 3a| o 5_a2 = 24, 3a0 4 5a, -+ 9(12 = 40, 5[10 + 901 + 1702 =
Solving these equations, we get q; = 1,4; = 2 and @, = 3.

The required polynomial is then given by y = 1 + 2x + 3x%. From the given data points
it is seen that this polynomial fitting as "exact".
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that y = ae

following table :

J
MATHEMATICAL METHODS §

Ex. 8: Determine the constants a and b by the method of least squares such
b\'

3 4 6 ¥ L ib
y | 4.077 | 11.084 | 30.128 | 81.897 | 222.62

Sol. The given relation is y = ge™

Taking logarithms of both sides, we obtain log y = log a + bx iy
Let logy =Y, x=X.Then loga = q; and b = q,.

The relation (1) takes the form Y = q; + ¢;X , which is a straight line.

The method of procedure is the same as in fitting a, straight line and we form the

X=x|Y=hy | x XY
2 1405 | - 4 2.810
4 2.405 16 | 9.620
6 3.405 36 20.430
8 | 4.405 64 35.240
10 5.405 100 54.050
X X ok o FXY
=30 | =17.025 | =220 | =122.150

The normal equations to fit the straight line gives

Sa, + 30a, = 17.025, 30a, +220a, = 122.150 gﬁ;{‘ ”g’“fmw
which yield the solution g, = 0.405 and g, = 0.5. 2 M <8 A;ésa u,;;!g ,;’

e R

Hence a = e® = ¢®° =1.499 and b = a, =0.5.

Hence the required curve is y =1.499¢%*

Ex. 9: Find the curve of best fit of the type y = ae® to the following data by
. pe y g

the method of least squares.

et sl b0
phael st 17 | a5l g

Sol. Required curve-to be fitted is y = g

Taking logarithms of both sides, we obtain log y = loga + bx = Ch)
Setting logy =Y, x =X, loga=qgyand b =aq,.

The relation (1) takes the form Y = g, + ¢, X , which is a straight line.



2y

CURVE FITTING 269

: :T_he method of porcedure is the same as in fitting a straight line and we form the
following table

x=X ¥y Y = log)p ¥ " XY
1 10 1.0000 1 1
S 15 1.1761 25 5.8805
7 12 1.0792 49 7.5544
9. F S 1.1761 81 10.5849
12 21 1.3222 144 15.8664
S X Y y= i e
=34 : 5.7536 =300 40.8862

Substituting these values in normal equations, we get
S5ay + 34a) = 5.7536, 34a, + 300aq; = 40.8862
Onsolving, a, = 0.9766 and @, = 0.02561

S a=e® = V% 94754 and b= a) = 0.059 e
0.059x

-

Hence the required curve is y = 9.4754 - e
Ex. 10: Using the method of least squares determine the constants 4 and b
h that y = ae® fits the following data.

X 0.0 0.5 1.0 1.5 2.0 2.5
y 0.10 0.45 2.15 915 40.35 180.75

Sol. Required curve to be fitted is y = ge®™

Taking logarithms of both sides, we obtain log y = log a + bx
Taking log y = Y,x = X, loga = a, and b = q;, the above relation takes the form

ay + /X , which is a straight line.

owing table

x=X y Y = logy ¥ i XY
0 0.10 =1 ‘ 0 ; 0
0.5 0.45 ~0.3468 0.25 -0.1734
1.0 2.15 0.3324 1.0 - 0:3324
1.5 9.15 0.9614 225 |~-1.4421
2.0 40.35 1.6058 4.0 3.2116
75 180.75 2.2571 6.25 5.6428

b Y Y= 3 I XY=

=175 3.8099 =13.75 10.4555
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method of least squares.

2 8.3 0.9191 4 1.8382
.,.*“Mwwk . ;
ﬂ 3 15.4 1.1875 9 3.5625
»f} 4. tagy | isww 1 16 | 679
5 652 | 1.8142 25 9.0710
6 1274 | 21052 36 1. 12631
> X Y= Iy xt] XY=
=20 7.5455 |=90 | 33.1819

Substituting these values in normal equations, we obtain

6a, + 7.5a; = 3.8099 and 7.5a, +13.75a; = 10.4555 r

On solving, @, = —0.9916 and a4, =1.3013 , !
w g=e® = 0P . 037098 and b =q = 1 3013 A ; §
Hence the required curve is y = 0.37098 e e

Ex. 11: Obtain a relation of the form y = ab* for the following data by th

X 2 3 4 S 6
y 8.3 15.4 33.1 65.2 127.4

Sol. The curve to be fitted is y = a(b")
Taking logarithms on both sides, log y = loga + xlogh

Consider logy =Y, x =X l(;ga = a, and aq; =logb

We get the curve to be fitted as Y = a5 + ¢,X.

To fit the above curve we form the table as follows :

x=X y Y=thpy. | X° XY

Substituting these values in normal equations, we get
Sa, + 20a; = 7.5455, 20q + 90a,- = 3311819
Onsolving, a;, = 0.31 and q; = 0.3

a=antilog of ¢y = 2.04,b= antilog of a; = 1.995
Hence the required curve is y = 2.04 (1.995)".
Ex. 12: Fit the curvey = aeb* to the following data.

0 142 3 ] 4 5 6| 7 8
20| 30|52 |77 |135] 211{ 326{550 1052

MATHEMATICAL METHOD.

vesizsni DA R

i PR BRI

[JNTU Dec 2004 (Set No.2)l
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Sol. Given curve is Y = ae™
Taking logarithm on both sides, we get

log? = loga+bxloge
Put log y = y*, a* = loga, b*=b.
Then y* = a* + b" x. This is a linear equation is X.
Its normal equations are

LY* = Na*+b" ZX

TXY* = a* TX +ZX?

X1 Y |Y=logY|l | XY

20 2995 0 0
30 3.401 1 3.401
52 3951 41 7902
77 4343 9 13.029

s Lol | s o196z
a1l sast o} 35 | 26755
320 | 5768 36 | 34.608
550 | 6.309 49 | 44.163
1052 6958 64 | 55.664
36 43981 | 204 | 205.142
$X =36, V" = 43.981, £X? = 204, ZXY* = 205.142 and N=9
Now the normal equations are

' 43.981 = 9a* + 36b* L

205.142 = 36a* + 204b* : | A
Solving (1) & (2) we get, a* =2.942, b* = 0.486 :
. a*=loga = a=1895 and b* = b=0.486
0.486X~

The least square exponential function is Y= 18.95¢

o U e S TS G P DT e G

Ex. 13: Fit y = a(b*) by the method of least squares to the data given below.
x 0 1 2 3 ClE s 7
y 10 21 38 .39 92 200 400 610

Sol. The curve to be fitted is y = a(b*)

Taking logarithms on both sides, logy = loga + x log b
Consider Y = log y,x = X - ay = loga and q, = logb.
We get the curve to be fitted as Y = gy + ¢ X.




