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Chapter One 

 Functions 
 

 Functions : Function is any rule that assigns to each element in one set some 

element from another set : 

 

                                                   y = f( x ) 

 

         The inputs make up the domain of the function , and the outputs make up 

the function's range. 

          The variable x is called independent variable of the function , and the 

variable  y  whose value depends on  x  is called the dependent variable  of the 

function . 

          We must keep two restrictions in mind when we define functions : 

 

1. We never divide by zero . 

2. We will deal with real – valued functions only. 

 

Intervals :   

 

- The open interval  is the set of all real numbers that be strictly between 

two fixed numbers  a  and  b : 

 

bxa)b,a(   

 

- The closed interval is the set of all real numbers that contain both 

endpoints : 

 
bxa]b,a[   

 

- Half open interval is the set of all real numbers that contain one 

endpoint but not both : 

bxa]b,a(

bxa)b,a[




 

 

Composition of functions : suppose that the outputs of a function  f  can be 

used as inputs of a function  g  . We can then hook  f  and  g  together to 

form a new function whose inputs are the inputs of  f   and whose outputs 

are the numbers :  

))x(f(g)x)(fog( =    
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 EX-1- Find the domain and range of each function : 

            

x2y)d,x9y)c

2x

1
y)b,4xy)a

2 −=−=

−
=+=

   

Sol. -  0y:R,4x:D4x04x)a yx −−+  

                        
0y:R2

y

1
x

2x

1
y

2x:D2x02x)b

y

x

+=
−

=

−

 

3y0:R0ycesin

3y30y9cesin

y9xx9y

3x3:D3x30x9)c

y

2

22

x

2



−−

−=−=

−−−


 

 

2y0:R
0y4xif

2y0xif

4x0:D4x00x2)d

y

x


==

==

−

 

  

EX-2-  Let   
x

1
1)x(gand

1x

x
)x(f +=

−
=    . 

          Find   (gof)(x)   and     (fog)(x) . 

Sol.-   

                

1x

1
x

1
1

x

1
1

x

1
1f))x(g(f)x)(gf(

x

1x2

1x

x

1
1

1x

x
g))x(f(g)x)(fg(

o

o

+=

−+

+

=







+==

−
=

−

+=








−
==

 

  

EX-3-   Let 
x

1
)x(fandx)x)(fg( o ==   .  Find  g(x). 

Sol.-  
x

1
)x(gx

x

1
g)x)(fg( o ==








=  
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Trigonometric functions : When an angle of measure θ  is placed in 

standard position at the center of a circle of radius r , the trigonometric 

functions of  θ  are defined by the equations : 














Cos

Sin

Cot

1

x

y
tan,

sec

1

r

x
Cos,

csc

1

r

y
Sin =======  

         
 

 

The following are some properties of these functions : 

 














tan.tan1

tantan
)tan()5

Sin.SinCos.Cos)(Cos)4

Sin.CosCos.Sin)(Sin)3

cscCot1andsectan1)2

1CosSin)1
2222

22


=

=

=

=+=+

=+







 

)](Sin)(Sin[
2

1
Cos.Sin

)](Cos)(Cos[
2

1
Cos.Cos

)](Cos)(Cos[
2

1
Sin.Sin)10

tan)tan(andCos)(CosandSin)(Sin)9

Sin)
2

(CosandCos)
2

(Sin)8

2

2Cos1
Sinand

2

2Cos1
Cos)7

SinCos2CosandCos.Sin22Sin)6

22

22

























++−=

++−=

+−−=

−=−=−−=−

==

−
=

+
=

−==



 

x 

y 

o 

r 

θ 

 



 4 
 

2
Sin.

2
Sin2CosCos

2
Cos.

2
Cos2CosCos)12

2
Sin.

2
Cos2SinSin

2
Cos.

2
Sin2SinSin)11













−+
−=−

−+
=+

−+
=−

−+
=+

 

 

 

θ 0 Π / 6 Π / 4 Π / 3 Π / 2 Π 

Sinθ 0 1/2 1/√2 √3/2 1 0 

Cosθ 1 √3/2 1/√2 1/2 0 -1 

tanθ 0 1/√3 1 √3 ∞ 0 

 

Graphs of the trigonometric functions are : 

-1.5

-1

-0.5

0

0.5

1

1.5

 

1y1:R

x:DSinxy

y

x

−

=
 

 

-2Л                        -Л                                                      Л                         2Л 
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-1.5

-1

-0.5

0

0.5

1

1.5

 

1y1:R

x:DCosxy

y

x

−

=
 

 

 

-2π                      -π                                 0                             π                               2π

 

y:R
2

1n2
x:Dxtany

y

x



+
= 

 

-2Л                        -Л                                                     Л                         2Л  
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-2π                         -π                           0                             π                         2π

 
 

y:R

nx:DCotxy

y

x



= 
 

 

 

 

 

-2π                         -π                           0                             π                         2π

1

-1

 
 

1yor1y:R
2

1n2
x:DSecxy

y

x

−

+
= 
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-2π                         -π                           0                             π                         2π

1

-1

 

1yor1y:R

nx:Dxcscy

y

x

−

= 
 

 

 

 

EX-2 -  Solve the following equations , for values of θ from 0o to 360o 

inclusive .  

a)    tan θ = 2 Sin θ              b) 1 + Cos θ = 2 Sin2 θ 

Sol.- 

  

oo

ooo

300,60
2

1
Cosor

360,180,00Sineither

0)Cos21(Sin

Sin2
Cos

Sin
Sin2tan)a

==

==

=−

==













 

    

Therefore the required values of  θ are 0o,60o,180o,300o,360o . 

 

o

oo

22

1801Cosor

300,60
2

1
Coseither

0)1Cos)(1Cos2(

)Cos1(2Cos1Sin.2Cos1)b

=−=

==

=+−

−=+=+









 

There the roots of the equation between 0o  and  360o are 60o,180o 

and 300o . 

 

,......3,2,1,0nWhere =



 8 
 

EX-3- If tan θ = 7/24,  find without using tables the values of  Secθ and Sinθ.     

Sol.- 

25

7

r

y
Sinand

24

25

x

r
Sec

25247r
24

7

x

y
tan

22

====

=+===




 

 

EX-4- Prove the following identities : 












CscSec

Cottan

Cottan

CscSec
)c

SinCosSinCos)b

Sec.CscSec.tanCsc)a
2244

2

+

+
=

−

−

−=−

=+

 

Sol.- 

.S.H.R
CscSec

Cottan

Cos.Sin

1

Cos.Sin

1

.
CosSin

CosSin

CosSin

1

Sin

Cos

Cos

Sin

Sin

1

Cos

1

Cottan

CscSec
.S.H.L)c

.S.H.RSinCos

)SinCos).(SinCos(SinCos.S.H.L)b

.S.H.RSec.Csc
Cos

1
.

Sin

1

Cos.Sin

SinCos
Cos

1
.

Cos

Sin

Sin

1
Sec.tanCsc.S.H.L)a

22

22

222244

2

22

22

=
+

+
=

+

+
=

+
=

−

−

=
−

−
=

=−=

+−=−=

===
+

=

+=+=













































 

EX-5- Simplify Csc.axwhen
ax

1

22
=

−
   . 

Sol.- 


tan
a

1

Cota

1

aCsca

1

ax

1

222222
==

−
=

−
  . 

 

EX-6-  Eliminate θ from the equations : 

         i)  x = a Sinθ   and  y = b tanθ 

        ii)  x = 2 Secθ   and  y = Cos2θ 

 

 

 

 

7 

24 
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Sol.-  

 

1
y

b

x

a
1CotCscSince

y

b
Cot

b

y
tantanby

x

a
Csc

a

x
SinSin.ax)i

2

2

2

2

22 +=+=

===

===







 

22

2

2

2

22

x8yx
x

4x

x

4
y

SinCosy2Cosy
x

2
CosSec2x)ii

−=
−

−=

−==

==





 

 
EX-7- If  tan2θ – 2 tan2β = 1  , show that 2 Cos2θ – Cos2β = 0 . 

Sol. – 

 

.D.E.Q0CosCos2

0
Cos

2

Cos

1
0Sec2Sec

1)1Sec(21Sec1tan2tan

22

22

22

2222

=−

=−=−

=−−−=−








 

 

EX-8-  If  a Sinθ = p – b Cosθ   and  b Sinθ = q + a Cosθ .Show that : 

 a2 +b2 = p2 +q2 

Sol.-   

22222222

2222

ba)SinCos(b)CosSin(a

)aCosbSin()bCosaSin(qp

Cos.aSin.bqandCos.bSin.ap

+=+++=

−++=+

−=+=







 

EX-9- If  Sin A = 4 / 5  and  Cos B = 12 / 13  ,where A  is obtuse and B  is 

acute . Find , without tables , the values of : 

a)  Sin ( A – B )      ,    b)  tan ( A – B )      ,     c)  tan ( A + B ) .  

 

 

 

 

 

 

4x
2 −  

x 

2 
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Sol. -  

 

 

56

33

12

5
.

3

4
1

12

5

3

4
Btan.Atan1

BtanAtan
)BAtan()c

16

63

12

5
.

3

4
1

12

5

3

4
Btan.Atan1

BtanAtan
)BAtan()b

65

63

13

5
.

5

3

13

12
.

5

4

SinB.CosACosB.SinA)BA(Sin)a

−=

+

+−

=

−

+
=+

−=

−

−−

=

+

−
=−

=+=

−=−

 

 

 

EX-10 – Prove the following identities: 

 





Cot

12Cos2Sin

12Cos2Sin
)d

SecB.SecACscB.CscA

CscB.CscA.SecB.SecA
)BA(Sec)c

CosB.CosA

)BA(Sin
BtanAtan)b

CosB.SinA.2)BA(Sin)BA(Sin)a

=
+−

++
−

=+

+
=+

=−++

 

-3 

5 

4 A 

B 

13 

12 

5 
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Sol.-  

.S.H.RCot
Sin

Cos

Sin2Cos.Sin2

Cos2Cos.Sin2

1)SinCos(Cos.Sin2

1)SinCos(Cos.Sin2

12Cos2Sin

12Cos2Sin
.S.H.L)d

.S.H.L)BA(Sec

)BA(Cos

1

SinB.SinACosB.CosA

1
CosB

1
.

CosA

1

SinB

1
.

SinA

1
SinB

1
.

SinA

1
.

CosB

1
.

CosA

1

SecB.SecACscB.CscA

CscB.CscA.SecB.SecA
S.H.R)c

.S.H.LBtanAtan
CosB.CosA

SinB.CosACosB.SinA

CosB.CosA

)BA(Sin
.S.H.R)b

.S.H.RCosB.SinA.2

SinB.CosACosB.SinASinB.CosACosB.SinA

)BA(Sin)BA(Sin.S.H.L)a

2

2

22

22

===
+

+
=

+−−

+−+
=

+−

++
=

=+=

+
=

−
=

−

=
−

=

=+=

+
=

+
=

==

−++=

−++=


















 

 

EX-11 – Find , without using tables , the values of Sin 2θ and Cos 2θ, when: 

a) Sinθ = 3 / 5    ,    b)  Cos θ = 12/13    ,    c)   Sin θ = -√3 / 2   . 

Sol. – 

         a) 

  
 

25

7
)

5

3
()

5

4
(SinCos2Cos

25

24
)

5

4
.(

5

3
.2Cos.Sin.22Sin

2222 =−=−=

===








 

 

 

 

 

 

 

-4 

5 3 

θ 
3 

5 

θ 

4 
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b) 

       

169

119
)

13

5
()

13

12
(SinCos2Cos

169

120
)

13

12
).(

13

5
(2Cos.Sin.22Sin

2222 =−=−=

===








 

 

c) 

 

2

1
)

2

3
()

2

1
(SinCos2Cos

2

3
)

2

1
).(

2

3
(2Cos.Sin22Sin

2222 −=−−=−=

=−==








 

 

EX-12- Solve the following equations for values of θ from 0o to 360o 

inclusive: 

a)  Cos 2θ + Cos θ + 1 = 0    ,      b)  4 tan θ . tan 2θ = 1 

 

 

 

 

 

 

 

 

 

 

1 

θ 

 

θ 

1- 

-√3 

 2 
-√3 

2 

5 

13 
-5 

θ 

θ 

12 

13 
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Sol.- 

  

 

 oooo

oo

oo

2

2

oooo

oo

oo

2

6.341,4.198,6.161,4.18

6.341,6.161
3

1
tanor

4.198,4.18
3

1
taneither

1tan9

1
tan1

tan2
.tan.412tan.tan.4)b

270,240,120,90

240,120
2

1
Cosor

270,900Coseither

0)1Cos.2(Cos

01Cos1Cos201Cos2Cos)a

=

=−=

==

=

=
−

=

=

=−=

==

=+

=++−=++






















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Problems ( 1 ) 
 

 

1. Let 
1x

2x
y

2

2

−

+
=  , express  x  in terms of  y  and find the values of  y  for 

which  x  is real .                                    (ans.: )1yor2y;
1y

2y
x −

−

+
=   

 

2. Find the domain and range of each function :  

x3

1
y)c,

x1

1
y)b,

x1

1
y)a

2
−

=
+

=
+

=  

)0y,3x)c;0y,0x)b;1y0,x)a:.ans(   

 

3. Find the points of intersection of x2 = 4y  and  y = 4x .   (ans.:(0,0),(16,64)) 

 

4. Find the coordinates of the points at which the curves cut the axes : 
22223

)5x)(1x(y)c,)9x)(1x(y)b,x9xy)a −+=−−=−=  

(ans.:a)(0,0);(0,0),(9,0);b)(0,9);(1,0),(-1,0),(3,0),(-3,0);c)(0,25);(-1,0),(5,0)) 

 

5. Let f(x) = ax + b  and   g(x) = cx + d  . What condition must be satisfied by 

the constants  a , b , c and  d  to make f(g(x))  and  g(f(x)) identical  ?     

                           (ans.:ad+b=bc+d) 

 

6. If f(x) = 1/x  and  g(x)=1/√x  , what are the domain of  f , g , f+g , f-g ,  f.g , 

f/g , g/f , fog   and gof  ?  What is the domain of   h(x) = g(x+4) ? 

)4x;0x,0x,0x,0x,0x,0x,0x,0x,0x:.ans( −  

 
7. Solve the following equations for values of θ from -180o to 180o inclusive: 

i) tan2θ + tan θ = 0                         ii) Cot θ= 5 Cos θ 

iii) 3 Cos θ + 2 Sec θ + 7 = 0          iv) Cos2θ + Sin θ + 1 = 0 

 (ans.:i)-180,-45,0,135,180; ii)-90,11.5,90,168.5; iii)-109.5,109.5; iv)-90)   

 

8. Solve the following equations for values of θ from 0o to 360o inclusive: 

i) 3 Cos 2θ – Sin θ + 2 = 0               ii)  3 tan θ = tan 2θ 

iii) Sin 2θ. Cos θ + Sin2θ = 1           iv)  3 Cot 2θ + Cot θ = 1 

(ans.:i)56.4,123.6,270; ii)0,30,150,180,210,330,360; iii)30,90,150,270; 

iv)45,121,225,301) 

 

9. If Sin θ = 3/ 5 , find without using tables the values of : 

i) Cos θ          ii) tan θ                                                 (ans.: i) 4/5 ; ii) 3/4 ) 

 

10. Find, without using tables, the values of Cos x and Sin x,when Cos 2x is : 
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a) 1/8    , b) 7/25   ,  c) -119/169      

)
13

12
,

13

5
)c;

5

3
,

5

4
)b;

4

7
,

4

3
)a:.ans( 

 

 

11. If Sin A = 3/5 and Sin B = 5/13 , where A and B are acute angles , find 

without using tables , the values of : 

a) Sin(A+B) ,  b) Cos(A+B)  ,  c) Cot(A+B)      (ans.: 56/65; 33/65; 33/56)  

 

12. If tan A = -1/7  and tan B = 3/4 , where A is obtuse and B is acute , find 

without using tables the value of  A – B  .                                    (ans.: 135 ) 

 

 

13.Prove the following identities : 

Btan
)BA(Sin)BA(Sin

)BA(Cos)BA(Cos
)5

SinSec

Costan
SinSec)4

)tanSec(
Sin1

Sin1
)3

CosSec)Sec1(Sin)2

Csc.SecCscSec)1

22

2

2222

2222

=
−++

+−−
+

+
=−

+=
−

+

−=+

=+

 

Ctan.Btan.AtanCtanBtanAtan

:thatshow,triangleaofanglesareC,B,AIf
Btan.AtanAtan.CtanCtan.Btan1

Ctan.Btan.AtanCtanBtanAtan
)CBAtan()7

)BA(Sin.SinA)BA(Cos.CosACosB)6

=++

−−−

−++
=++

−=−−

 

Atan31

AtanAtan3
A3tan)12

A4Sin3A3Sin.ACos4A3Cos.ASin4)11

)34Cos(
4

1
CosSin)10

A2tan
1A2CosA4Cos

A2SinA4Sin
)9

x2Cos1

x2Cos1
xtan)8

2

3

33

44

−

−
=

=+

+=+

=
++

+
+

−
=

 

 

 

 

14. If 




Cos

Sin1
u

+
= , prove that 





Cos

Sin1

u

1 −
=  and deduce formula for Sinθ , 

Cosθ , tanθ  in terms of u.    (ans.:(u2-1)/(u2+1); 2u/(u2+1);(u2-1)/(u2+1)) 
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15. If )x(Cos2)x(Sin  −=+ ; prove that : 




tan21

tan2
xtan

−

−
=  . 

 

16. If )x(Cos)x(Sin  +=− ; prove that : 1xtan =  . 

 

17. If  2SinSinyand2CosCosx +=+=  . Show that : 

 




4Sin3Sin22Sinxy2)ii

4Cos3Cos22Cosyx)i
22

++=

++=−
 

 

18. If 2CosB2Cos.A2Cos = , prove that : 

 22222
SinBSin.ACosBCos.ASin =+  

 

19. If S = Sin θ  and  C = Cos θ , simplify : 

       
C

S

S

C
)iii,

C1.C

S1.S
)ii,

S1

C.S
)i

2

2

2
+

−

−

−
 

                                                                   (ans.:i) Sinθ; ii)1; iii) Secθ.Cscθ) 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 17 
 

Chapter Two 

Limits and continuity  
 

        Limits : The limit of F( t ) as  t  approaches  C  is the number L  if : 

                       Given any radius  ε > 0  about  L   there exists a radius   δ > 0  about 

C  such that for all t , − Ct0    implies  − L)t(F   and we 

can write it as  : 

L)t(Flim
Ct

=
→

 

                  The limit of a function  F( t )  as  t→C  never depend on what 

happens when  t = C . 

 

 Right hand limit :      L)t(Flim
Ct

=
+→

       

                The limit of the function F( t )  as t →C  from the right equals  L  if : 

                  Given any  ε > 0  ( radius about  L ) there exists a δ > 0  ( radius to 

the right of C ) such that for all t  : 

 −+ L)t(FCtC  

 

  Left hand limit :          L)t(Flim
Ct

=
−→

 

The limit of the function F( t ) as t →C   from the left equal  L  if : 

     Given any ε > 0  there exists a δ > 0  such that for all t  : 

                       −− L)t(FCtC  

 
 

  Note that – A function F( t )  has a limit at point C  if and only if the right 

hand and the left hand limits at  C  exist and equal . In symbols : 

L)t(FlimandL)t(FlimL)t(Flim
CtCtCt

===
−→+→→

 

 

    The limit combinations theorems :  

 

 

 
 

 

radiusinmeasuredisthatprovided

1
Sin

lim)5

k)t(Flim*k)t(F*klim)4

0)t(Flimwhere
)t(Flim

)t(Flim

)t(F

)t(F
lim)3

)t(Flim*)t(Flim)t(F*)t(Flim)2

)t(Flim)t(Flim)t(F)t(Flim)1

0

11

2

2

1

2

1

2121

2121








=

=

=

=

=

→



 

     The limits ( in 1 – 4 ) are all to be taken as t→C  and F1( t )  and F2( t ) are 

to be real functions . 
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     Thm. -1 : The sandwich theorem : Suppose that )t(h)t(g)t(f   for all 

Ct   in some interval about C and that  f( t )  and  h( t ) approaches the 

same limit  L  as t→C  , then : 

 L)t(glim
Ct

=
→

 

 

 

Infinity as a limit :  

 

1.The limit of the function  f( x ) as x approaches infinity is the number  L:             

L)x(flim
x

=
→

 .  If , given any   ε > 0   there exists a number M such that 

for all  x  : − L)x(fxM  . 

2. The limit of f( x ) as x  approaches negative infinity is the number  L :  

L)x(flim
x

=
−→

   . If , given any ε > 0  there exists a number N  such that 

for all x  :  − L)x(fNx  . 

The following facts are some times abbreviated by saying : 

 

a) As  x  approaches 0  from the right , 1/x  tends to  ∞ . 

b) As  x  approaches 0  from the left , 1/x  tends to  -∞ . 

c) As  x  tends  to  ∞  ,   1/x  approaches 0 . 

d) As  x  tends  to  -∞  ,   1/x  approaches 0 . 

 

Continuity : 

 

   Continuity at an interior point : A function  y = f( x ) is continuous at an 

interior point C  of its domain  if :   )C(f)x(flim
Cx

=
→

   .  

 

   Continuity at an endpoint :  A function  y = f( x ) is continuous at a left 

endpoint a  of its domain  if :   )a(f)x(flim
ax

=
+→

 . 

 

 A function  y = f( x ) is continuous at a right endpoint b of its domain  

if:   )b(f)x(flim
bt

=
−→

 . 

 

Continuous function :  A function is continuous if it is continuous at 

each point of its domain . 

 

Discontinuity at a point : If a function  f  is not continuous at a point  C , 

we say that  f  is discontinuous at C ,  and call C   a point of 

discontinuity of  f  . 
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The continuity test : The function   y = f ( x )  is continuous at   x = C   if 

and only if all three of the following statements are true : 

 

1) f ( C )  exist  ( C  is in the domain of  f  ) . 

2) )x(flim
Cx→

  exists (  f  has a limit as  x→C ) . 

3) )C(f)x(flim
Cx

=
→

 ( the limit equals the function value ) . 

 

 

Thm.-2 : The limit combination theorem for continuous function : 

   If the function   f  and  g  are continuous at x = C , then all of the 

following combinations are continuous at  x = C  : 

0)C(gprovided

g/f)5gf,fg)4kg.k)3g.f)2gf)1 oo




 

 

Thm.-3 :  A function is continuous at every point at which it has a 

derivative . That is , if   y = f ( x )  has a derivative  f ' ( C )  at  x = C , 

then  f   is continuous at   x = C . 

 

EX-4 – Find : 

















−

++−

−

−

+

+−

−+









+

+

−

−

−

+

→→

−→→

→→

→→

→→

→→

−

)x(tanCos
2

Sinlim)12,
x

Sinx
1Coslim)11

1x

1
lim)10,

5x7x2

1x
lim)9

2y

7y3
lim)8,

5x11x10

7x5x3
lim)7

x

1
Cos1lim)6,

xx2

x2Sin
lim)5

y3

y2tan
lim)4,

x3Sin

x5Sin
lim)3

ax

ax
lim)2,

x16x3

x8x5
lim)1

0x0x

1x
2

3

x

2
y

3

23

x

x
2

0x

0y0x

44

33

ax
24

23

0x



 

S0l.-   

2

1

160

80

16x3

8x5
lim

x16x3

x8x5
lim)1

2
0x

24

23

0x
−=

−

+
=

−

+
=

−

+

→→
 

a4

3

)aa)(aa(

aaa

)ax)(ax)(ax(

)aaxx)(ax(
lim

ax

ax
lim)2

22

222

22

22

ax
44

33

ax
=

++

++
=

++−

++−
=

−

−

→→
 

3

5

x3

x3Sin
lim

x5

x5Sin
lim

.
3

5

x3

x3Sin
3

x5

x5Sin
5

lim)3

0x3

0x5

0x
==

→

→

→
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3

2

y2Cos

1
lim.

y2

y2Sin
lim.

3

2

y3

y2tan
lim)4

0y0y20y
==

→→→
 

2
1x2

1
lim.

x2

x2Sin
lim2

xx2

x2Sin
lim)5

0x0x220x
=

+
=

+ →→→
 

20Cos1
x

1
Cos1lim)6

x
=+=








+

→
 

10

3

x

5

x

11
10

x

7

x

5
3

lim
5x11x10

7x5x3
lim)7

32

3

x3

23

x
=

+−

−+

=
+−

−+

→→
 

0
1

0

y

2
1

y

7

y

3

lim
2y

7y3
lim)8

2

2

y
2

y
==

−

+

=
−

+

→→
 

==

+−

−

=
+−

−

→→ 0

1

x

5

x

7

x

2

x

1
1

lim
5x7x2

1x
lim)9

32

3

x2

3

x
 

−=
+−

=
+−−→ 11

1

1x

1
lim)10

1x

 

10Cos
x

Sinx
lim1Cos

x

Sinx
1Coslim)11

0x0x
==−=− 

















→→
 

1
2

Sin0Cos
2

Sin)0(tanCos
2

Sin)x(tanCos
2

Sinlim)12
0x

==== 
























→


 

 

 

EX-5- Test continuity for the following function : 

 





























+−

=



−−

=

3x20

2x14x2

1x1

1x0x2

0x11x

)x(f

2

 

 

Sol.- We test the continuity at midpoints x = 0 , 1 , 2 and endpoints x = -1 , 3 . 
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0xatousdiscontinufunctiontheHence

existt'doesn)x(flimSince

)x(flim0x2lim)x(flim

1)1x(lim)x(flim

00*2)0(f0xAt

0x

0x0x0x

2

0x0x

=

==

−=−=

===

→

−→→+→

→−→

 

1xatousdiscontinuisfunctiontheHence

)1(f)x(flimSince

)x(flim)x(flim2)4x2(lim)x(flim

2x2lim)x(flim

1)1(f1xAt

1x

1x1x1x1x

1x1x

=



===+−=

==

==

→

→
−→→+→

→−→

 

2xatcontinuousisfunctiontheHence

0)2(f)x(flimSince

)x(flim)x(flim00lim)x(flim

0)4x2(lim)x(flim

042*2)2(f2xAt

2x

2x2x2x2x

2x2x

=

==

====

=+−=

=+−==

→

→
−→→+→

→−→

 

1xatcontinuousisfunctiontheHence

)1(f0)1x(lim)x(flim

01)1()1(f1xAt
2

1x1x

2

−=

−==−=

=−−=−−=

−→+−→

3xatcontinuousisfunctiontheHence

)3(f00lim)x(flim

0)3(f3xAt

3x3x

=

===

==

→−→

 

EX-6- What value should be assigned to  a  to make the function : 

 

















−
=

3xax2

3x1x
)x(f

2

    continuous at x = 3 ?   

Sol. – 

 
3

4
aa68ax2lim)1x(lim)x(flim)x(flim

3x

2

3x3x3x
===−=

→→+→
−→
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Problems  ( 2 ) 
 

 

1. Discuss the continuity of : 

   































=

−

−

+

=

2xfor0

2xfor1

2x1for1

1x0forx

0xfor
x

1
x

)x(f

3

 

(ans.: discontinuous at x=0,2 ; continuous at x=1) 

 

 

 

 

2. Evaluate the following limits : 

)n1n(lim)g

xx

x21x
lim)f

x1

x1
lim)e

)Sinxx(

Sinx.x
lim)d

x3tan

x
lim)c

x

Sinx1
lim)b

5x2

Sinxx
lim)a

2

n

21x1x

2x0x

xx

−+

−

−+

−

−

+

+

+

+

→

→→

→→

→→

  

(ans.:a)1/2, b)0, c)1/3, d)0, e)1/2, f)-1/2√2, g)0) 

 

3. Suppose that :   f(x) = x3 – 3x2 -4x +12  and  















=


−=

3xfork

3xfor
3x

)x(f

)x(h  . 

Find : a)  all zeros of  f .  

              b)  the value of  k  that makes  h  continuous at x=3 . 
)5k)b;3,2x)a:.ans( ==   


