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4
DETERMINANTS AND MATRICES

4.1. INTRODUCTION

In Engineering Mathematics, solution of simultaneous equations is very important. In this
chapter we shall study the system of linear equations with emphasis on their solution by means of
determinants. - ‘

4.2. DETERMINANT

The notation of determinants arises from the process of elimination of the unknowns of
simultaneous linear equations.
Consider the two linear equations in x,
ax+b =0 : o ()
a,x+b, =0 =(2)
b
From (1) x=-—t
S
Substituting the value of x in (2); we get the eliminant

or ab,—ab, =0 ‘ «(3)
From (1) and (2) by supressing x, the eliminant is written as
% 4 =0 . (4)
a, b,

when the two rows of a,, b, and a,, b, are enclosed by two vertical bars then it is called a
determinant of second order.

4 b,
and
a5 2
Column 1 Column 2

Row 1> a, bl
Row2— a, ""bz

Each quantity a,, b,, a,, b, is called an element or a constituent of the determinant.
From (3) and (4), we know that both expressions are eliminant, so we equate them.

a b ¥

b =a,b, —a, b or
a b

1
Eglbl = alrbl —-ab,

a2 2
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4.3.

a b
a,b, — a,b, is called the expansion of the determinant of ik
5 E Sl
3 2
Example 1. Expand the determinant 5T
e
3 2
Solution. Dg =3)x(NH-Q)x(6)=21-12=09. Ans.
6 7
EXERCISE 4.1
Expand the following determinants :
4 6 -3 7
Lo, 5 Ans. 8 2. 2 4 Ans. —26
8 S 5 -2 :
3. 3 1 Ans. -7 4. TR Ans. 23
DETERMINANT AS ELIMINANT
Consider the following three equations having three unknowns, x, y and z. :
ax+b ytez =0 L)
kb yre,y =0 wi(2)
g x+by+ez=0 , w3)

From (2) and (3) by cross-multiplication, we get

=¥ I -k (say)
bye; —bye, a6 —aye5  ayb —asb,
x =(bc;-bc)) k
y=(a,c,—a,c)k
and z ={a;b,—a,b)k
Substituting the values of x, y and z in (1), we get the eliminant
a; (byc; —bye)) k+b, (a0, ~ac ) k+e (ab,—ab)k = 0
or &, (be, = bie) ~bi(aje, =ae) v e, (ab,~ab) =0 ..(4)
From (1), (2) and (3) by suppressing x, y, z the remaining can be written in the determinant as

a b ¢
e =Y (5
a by o '
This is determinant of third order.
As (4) and (5) both are the eliminant of the same equations.
a b ¢
a, by ¢y|=a(bey — bie)) = by (aye; ~ a50y) + ¢ (ayh; — a3b,) = 0

a b o
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la, b ¢ [
g bl “ B , a, c, a, b, i
a Gil=aql = iEtc ¥
or 2 A b, < | la, ¢ 1 % & ]
. a by
4.4. MINOR :
The minor of an element is defined as a determinant obtained by deleting the row and column E;
containing the element.
Thus the minors a,, b, and c, are respectively. E
b, ¢ a ¢ , ey iaz b, :
by of CREY 1a; b }
Thus
| a b o
i a, (minor of a,) — b, (minor of b)) + ¢, (minor ofc)). 1
a by ¢ ,

-4.5. COFACTOR
Cofactor = (- 1)"¢ Minor
where r is the number of rows of the element and c is the number of columns of the element.
The cofactor of any element of Jth row and ith column is
; (- 1) minor

e N ot e e

= N

Thus the cofactor of & = (-1 {he, - by¢,) =+ (bycy - byc,)

The cofactor of b, == 11"%ge, ~ a;6,) == (ayc; - asc,) ‘
The cofactor of ¢, = D (apy—ab,) =+ (a,b, - a,b,) H
The determinant = a, (cofactor of @) + a, (cofactor of a,) + a, (cofactor of a,).
SOLVED EXAMPLES
Example 2. Write down the mincrs and cofactors of each element and also evaluate the l{
determinant. -

- 3- =2

4 -5 6

3Ny 2 L

| ’ ] «3..:-2

Selutien. M, = Minor of element s 4 ok .

s 9

-5 6
: 2’:(—5)x2—6x5=—10—30=—40

Cofactor of element (1) = 4,, = (- 1)! *! My, =(=1)*(-40)=-40

M,, =Minor of element 3)
> A . é
| =4 -§ ¢l= =4x2-3x6=8-18=-10 ]
A ey i,
L)

= Cofactor of element (-2) =4,=D"2(-10)=10
M,; = Minor of element (— 2)
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139
: 4 -5
|4 -5 6= e |=4x5—(—5)x3=20+15=35
s

= Cofactor of element (- 2) = A,, = (- 1)'> M, - (-1)*35=35

M,, = Minor of clement (4)
=2
: 3 -2
=456 |= o =3x2-(-2)x5=6+10=16
385 0

= Cofactor of element (4) = 4,, = (- 1)?*' M, = (- 1)**! (16) =~ 16
M,, = Minor of element (- 5)

SR 5
= (v i | = }=1x2—(-2)x3=2+6=8
: 32
3-5°2

= Cofactor of element (- 5) = 4,, = (- 1)*2 M,, = (- 1)***(8) =8
M,, = Minor of element (6)

23
1 3 _2 o
’ : s
= [Egeen S50 Y= =1x5-3x3=5-9=-4
2113
. - ugle TS
= Cofactor of element (6) = 4,, = (-1)** M,, = (- 1)**3 (-4) =4
M,, = Minor of element (3)
|
4 -5 6 =| 5 i=3x6—(—2)x(—5)=18—10=8
g L)
= Cofactor of element (3) = 4,, = (- 1)*' M, = (- 1)**'8=8
M,, = Minor of element (5)
B el ST
— 4 —.5 6 ='4 6 |=1X6—(—2)X4=6+8=14
3502

= Cofactor of element (5) = 4,, = (— 1)*2 M,, = (- 1)*** 14 =— 14
M,; = Minor of element (2)

e
=|4 -5 ¢ ='4 _5.=1x(—5)—4x3=—5—12=—17
i RRENL TEE )
Cofactor of element (2) = 4, = (- 1)*** M, = (- 1)***(= 17) =~ 17.
1 3 -2 ‘
4 -5 6| =1x(cofactorof1)+3 x (cofactor of 3) + (— 2) x [cofactor of (— 2)].
3 5 :

4 =1 x(-40) +3 x (10) + (- 2) x (35)

=-40+30-70
=—-80 Ans.
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Example 3. Find -

(i) Minors (if) Cofactors of the elements of the first row of the determinant
2° 3
4 1 0
'6 27
Solution.
(f) The minor of the element 2)is
2345 T
410 =’ Wy ’:(1)x('7)—(0)x(2)= 7-0=7
6.2 7

The minor of the element 3)is
2:-3..5 15
4 10 ='6 7‘:(4)><(7)—(0)><(6)=28—0=28
gt 9

The minor of the element (5) is

2..3.-5 4
wet (:):’6 é’=(4)x(2)—(l)x(6)=8—6=2
B

(i) The cofactor of (2) = (— 1)I*1 (7) =+ 7
The cofactor of (3) = (- 1)1*2 (28) = — 28 Ans.
The cofactor of (5) = (— 1)'*3 (2) =+ 2.
6.7 2
Example 4. Expand the determinant |2 3 5
o S

Solution. |2 3 5| =g (cofactor of 6) + 2 (cofactor of 2) + 3 (cofactor of 3).
Fa 1l =6(3x1-5%2)-2(2x1-4x5)+3(2x2-3x4)
= 6(3-10)-2(2-20)+3 (4-12)
=6(-7)-2(-18)+3(-8)

=-42+36-24
P Ans.
10 4
Example 5. Evaluate the determinant |° ° ~ 21 ;
()% ¢
(i) With the help of second row, (i) with the help of third column.
Solution.
0 4

(@ |3 5 -1| =3 x (cofactor of 3) + 5 x (cofactor of 5) + (- 1) (cofactor of - 1).
01 2
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0 4 1 4 10
=3x(_1)2+l 1 2 +5x(_1)2*2 0 2 +(._1)x(_1)2+30 1
=-3x(0-4)+5(2-0)+(1-0)
=12+10+1=23 Ans.
1 0 4
(i) |3 5 -1| =4 x (cofactor of 4) + (- 1) (cofactor of (- 1)) + 2 x (cofactor of 2)
O 2
5 0 s 1 0
=4 x (-1 0 1 +H(E=D (1) o 1 +2x (1) T %
=4x(3-0)+(1-0)+2(5-0)
=12+1+10=23 Ans.
0.1 2 3 '
" : 1020
Example 6. Expand the fourth order determinant e
1 2 150
020 ¥ 200
1+2
Sollios Givels Ml =@y 1y 0] ¢ 1 S 1PECN T 1 2
251 0 1 1740
P00 el s
POYRICE 2 0313012 01
TE 4 12 50 -2 1
s2 70 1 00 1.0, 2
=0-]2 1 3{+2|2 0 3]-3{2 0 1
110 2 g
1 20 s ggf
L =1(Ix0-3x1)-2(2x0-3x)+0@2x1-1x1) i
Now =-3+6+0=3
Pl
1 06 0
2 0 3 =1(0x0-3x2)-02%x0-3x1)+0(2x2-0x])
¥ 2 6] -
150 07
a5 l'=l(0x1—lx2)—0(2x1~1xl)+2(2x2-—0x1)v
sk =-2-0+8=6
06 +—2 3
1 0 2 0f=-3+2(-6)-3(6)
Now (2 0 1 3(=-3-12-18=-33 Ans.
2 1 9
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EXERCISE 4.2

Write the minors and co factors of each element of the following determinants and also evalutate
the determinant in each case :

=23 My =. =9, My =9 M, =3, M,,=-2
Lot 4 9| Ay = =9, d=-& A =3, 4 ~-2 [4|=6 Ans.
cos@ -sin@| M, = cos®, M, =sin6, M, =—sin 6, M,, = cos 6
2. sin®  cos@| 4, = cosG,A=2=~sin9,AZl=sin9, A,,=cosB, |4|=1 Ans.
21 6| My=2M,=0, M;=-14, My =—16, M,,=0
o My, =112, My =38, M,, =0, M,, =266
1 3 g A = Ap=0 Ad=—14, 4, =16, 4,,~0
Ay =-112, Ay =38, 4,,=0, 4,;=266, |A|=0 Ans.
M,, = (ab*-ac?), M,,=(ab - ac), M,;=(c-b), M,, =a’b - bc?
1 a be M,, = (ab - bc), My, =(c-a), My, =(ca®>-cb?), M,,=ca- bc, M, =(b-a),
4. |1 b ca| 4, =(ab?-ac?, A, =(ac—ab), A, =(c-b), A, = bc* - a’b

e abl Ay, =(ab—bc), Ay;=(a-c), 4, = (ca’-cb?), Ay, = (bc-ca), Ay, = (b-a)
|4} =(@a-b)(b-c)(c-a). . Ans.

Expand the Sollowing determinants :

329k l S 7 l 6k g l
5. S B 6. I8 -6 _4I 7.1h b fl
‘—7 8 —9' T ,g f <
Ans.|4|=5 Ans. |4 |=42 Ans. |4 |=abc+2fgh—af? - bg? — ch?
Expand the following determinants by two methods :
(?) along the-third row.
(#7) along the-third column.
|t -3 2 3 =2 4 e g gl
8 (4 -1 2 911 Z .1 10. 23
S SnaD 0 1 -1 : i
Ans. |4|=40 Ans. |4 |=-7 Ans. |4 |=-37
log,512 log,3 | ;
s : g Ans. |4 |= L2
» | log,8 log, 9 2
12. Ifa, b, c are all positive and are the pth, gth, 7th
terms of a G.P. respectively; then prove that S L0 8 ST
loga p 1 -1 -4 -3 0

logh ¢ 1{=0 13: 6 4 2 -1 Ans. 96
loge r 1 25 =F 03 :
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4.6. RULES OF SARRUS (For third order determinants only).

After writing the determinant, repeat the first two columns as below

e - Fots RS o >
a, b, (e a, b, - G a4 b,
a, b, Gl=] 4 b, ) @ b,
a, b, I3 a, b, c; a, b,

=(a,byey + bcya; + ¢ia.b;) + (- ¢ byas —ajc b, - b,a,c5)
Example 7. Expand the detexminant

25 4 :
A=|1 5 3|byRuleof Sarrus.
SEE 5
T . S > e

Solution. A = 1 .5 ' Lre B 5

=) x () x(5) + () x (3) x (3) + (4) x (1) X (0) - (4) X (5) % (3) = (2) * (3) x (0) - (3) x (1) x (5)

=50+27+0-60-0-15=2 . Ans.
EXERCISE 4.3
Expand the following determinants by Rule of Sarrus.
3 2 -4 1 4 Gy 7 9 25 6
L o A=l 3 s aus 3 132 13 W & T 135
-2 6 7 3 6 4 0. 4 11 9. 256
Ans. — 155 Ans. 0 Ans. 10 Ans. 6
. a-x c b
S. Ifa+b+c=0, solve the equation |c b-x a =0
B sa c—x|.

Ans. x =+ \/(az +b%+¢? —a}b—_;bb—-ca) »Xx=0




- 228 Determinants and Matrices

4.7. PROPERTIES OF DETERMINANTS
Property (i) The value ofa determinant remains unaltered, if the rows are interchanged into columns
(or the columns into TOWS).
Consider the determinant,

@ il e

A= a, b, ¢y

a by o
=a, (byey—bycy) - b, (a,c, - asc,) + ¢, (a,b, - asb,)
=a,byc, - a,byc, - ab.c; + ab.c, + a,b,c, - a;b,c,
=(a,byc, - a,b;c,) - (ayb,cy - a,b.c,) + (a3blc2 —abyc))
= a, (bye, - byc,) - a, (byc, - bye )+ a, (bc, - byc,)

,I (JI 02 (4'3
=I'h B b
! 20 3 Proved.
C: CZ CS

Property (if) If two rows (or two columns) of a determinant are interchanged, the sign of the value
of the determinant changes.

Interchanging the first two rows of A, we get

]
a, b, c,
R
A'=|gq b, (e}
a b oo

=a,(bc;-byc)) - b, (a,c; - aye;) + ¢, (a,by - a;b))

ayb,¢5 = aybyc — a by, + asbyc, +a byc, - a;bc,
=—[(a,b,c, - a,b,c;) - (a,b,c, - a;b,c,) + (a,bsc, - a;b,c,)]
~[(a,(bye; ~ bycy) - b, (@ye5-a5c)) + ¢, (a,b, - a;b,)]

Il

,al b ¢
=

==da, & eyle=A Proved.
a by
Property (iii) If two rows (or columns) of a determinant are identical, the value of the determinant
is zero.
aq b ¢
Let A=|a b, €1 |> so that the first two rows are identical.
a; b ¢

By interchanging the first two rows, we get the same determinant A.
By property (ii), on interchanging the rows, the sign of the determinant changes.
- or A=-A or 2A=0 or A=0 Proved.
Property (iv) If the elements of any row (or column) of a determinant be each multiplied by the
same number, the determinant is multiplied by that number.
ka, kb ke,
A'=| a, b le,

a by ¢
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=ka (bjc,— bic,)= kb, (a,c,~asc, )+ ke, (ab, —azb,)
=kla 000 )b {a,c;—ae) e (ab;—ab))]

@ byec
=kla, b, c,|=kA
a3 b o
Example &. Prove that
a. a bec 1 1 1
b bowals <tat b &
¢ ¢ ab |a3 T
@ a be
b b
Solution. 7.
2
¢ c"ab

By multiplying R, R,, R, by a, b and c respectively we get

g a abe &l
= Liig? W amel = TELY Wy
abc abc
e oabe o e
& - a 1 & 4
=g 6t = -1 &P
& Yy I e g
| R
G g

Proved

1 bed a a° 1

a a
B> b 1 cda 4 » o
¢ ¢ 1 dab e e e i
d* d 1 abc a4 a1
‘Solution
a* a 1 bed @ a* a abcd
2 S o R —aR,
b "b: Lieda 1 b> b° b abcd
2 . abed | B3 -o2 i i B
(& ¢ 1 dab e o abe R ;—'>'cR3

L @ 1oobe d’ d* d .abed | R _,gp,
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@ a? Pl a @ a 1
abed | B B b 1 e R
— 1 - —
abed | 3 2 o Ci—> Cy e o] Proved
abed 7
& @ dl I L
1 a & 1 a bc
Example 10. Provethat |1 b b° |=|1 b ca | (Try yourselp
1 ¢ ¢ {1 ¢ ab

|
Property (v) The value of the determinant remains unaltered if to the elements of one row (or
column) be added any constant multiple of the corresponding elements of any other

row (or column) respectively.

_ q b ¢
Let A=la, b, c
a by ¢

On multiplying the second column by / and the third column by m and adding to the
first celumn we get
a +1b +mc; b ¢
A'=] a, +1b, + me, b, c,
ay + by + mey, by G

a b Cll ,bl b Cll !Cl b "xl
=la, b, c|+Ilb, b, c,|+m ¢ b ¢
a by o by by G by g
=A+0+0 (Since columns are identical)
=A Proved
o
Example 11. Evaluate, using the properties of determinant /1 3 -4
9 9B 19y
Solution. Let A=l =4
15501
Applying: R, > R, +3R, and R, - R; + 3R, we get
| 2 18 0 23
A=/ 1 3 -4]=6x2(1 3 -4
p i4 18 0 439 -8
203
Expand by C, IA =6x2x4 29

=48(2x9-2x3)=48 x 12 =576, _Ans.
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265 240 219

Example 12. Without expanding evaluate the determinant 4 = 240 225 198
219 198 181

Solution. Applying C, = C, - C; and C, — C, - C;, we get

4655721 219
A=|42 27 198
38017 181

Applying C;, - C, -2C, and C; - C; - 10 G, we get

231

4 21 9
A=i=12027" —72
4 17 11
Applying R, > R, — R, and R, - R, + 3R,
0 4 -2 0 2 -1
A=|0 78 -39/=2(39)[0 2.-1|[Taking2 common from R, and 39 common fromR,]
42l 1 4 17" 11
=78x0=0 (Since R, and R, are identical) Ans.
li-¢ eoa a=b
Example 13. Show that A=|c—a a-b b-c|=0
a-b b-c c-a
b-c c-a a-b
Solution. Let A=|lc-a a-b b-c
a-b b-c c-a
Applying C, = C, + C, + C;, we get
: 0. c-a a-b
- i e [+ C, consists of all zeros.]
0 b-c c-a .

sina

cosa sin(a+0o)

Example 14. Without expanding, evaluate the determinant | sin f§

cosfB sin(f+35)|.

siny

cosy

sina coso  sin(ou+8)

sin(y+6)

A =|sinf

siny

“ Solution. Let

sina
sinf3

| siny

cosP
cosy

cosa.
cosf
cosy

sin( + 8)
sin(y + 9)

sino £osd + cosasind

sinfcos3 + cosPsind

sinycos§-+ cosysind :
[ sin(4 + B) =sin 4 cos B + cos 4 sin B]
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sin o éosd 0
= A=|sinf cosp 0 [Applying C, > G - cosd.C, - sind.C,]
siny cosy O

=2 A =0 [ C; consists of all zeros] Ans.

ox —] X7 x4d

Example 15. Solve the determinenial equation x 6 2 (=0
= et 3

=1 %7 x+4

Solution. Given equation | X 6 2 |=0
| X —1'° x+1 3
0 0. x=1
By applyingR, - R, — (R, +R,), weget | * 6 2 |=0
=1 x+1 3

On expanding by first row, we get
-1)(?+x-6x+6) =0 = - (x-2)(x-3)=0 = x=1,2,2 Ans.
Example 16. Using the properties of determinants, show that

Xty X o X
Sx+4y 4x 2x|=i.

10x + 8y &8x 3x

X Ep iy
Soiution. Let A=|5x+4y 4x 2x
|10x +8y 8x 3x
Operate : R, - R, - 2R, ; R, > Ry — IR,

x+y XX

e 3x+2y 2x
ael s BxpandbyC, A=xl O
7x +5y Sx s
=x [5x (3x + 2y) - 2x (7x + 5y)]
: =x [15x% + 10 xy — (14x2 + 10 xp)] = 3. Proved.
Example 17. Using the properties of determinants, evaluate the Sfollowing :
0 ab® ac’
ab 0 b
a’c b’ 0
> | 0 ab® ac?
Solution. Let A = (4% 0o pc2
2 2
ac cb 0 0o @
Take a?, b2 and ¢? common from C,, C, and C; respectively, A=a’b** (b 0 b

¢ e 0
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2

lo ©

a
Operate: C, > C, - C;, A= a?b*ctlb -b b
¢t 0
Expand by R A=d"b’c’.a e =a’b*c? (be + be) = 2°b° . Ans
P S c. ¢ 5

Example 18. Using properties of determinants, prove that

o T S
i s ) T
X 0y z |=xyzx —y6— z)z=x)
& ya =
A I e e |
0 2 k0
Solution. Let A=lxs "y zil=xnzix y 2z
iy 3 5 -yl g
] 0 0 1
Operate: C, > C, - C,;C, > C, - Cy, A=xyz| x-y y-z z
e I e o
ooy W= 2
- el (x-»0-2 :
“ i = = d = D, Hg -
On expanding by R, A= %2 xz—yz y2—22 e Yy X¥Y y+z
= xyz(x=y) (v —2) (z—x). Proved.
Example 19. Using the properties of determinants, show that
atx iy Z
X @ty z'=a2(a+x+y+z).
X g 17
: la+x y z
Solution. Let Lot o a+y Z
X Y. atz
; L 0
Operate: R, > R, -R,, A=|x a+y z
Xy g 2
Sy a 0 0
Operate: C,—>C,+C, A=|x a+y+x z
2 ¥ R a4z

atptrx . 2

On expanding by R, A=a T af(a+ty+x)(at+tz)-(y+x)z]
=a[@+az+(y+Daty+nz-(+x2 |

=atla+tx+y+a). Proved.
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Example 20. If @ is the one of the imaginary cube roots of unity, find the value of the determinant

I o &
& o
& e
' P gt ’
Solution. The given determinant = | ¢ &
o 1 o
By R, = R, + R, + R,. we get
1+0+ ¢ 1+0+ o 1+0+0’ 05 202050
; 2 2
= 1 = 2
® ® R | [ 1+0+0>=0]
o’ 1 (e B
=0 ' (Since each entry in R ; 1s zero) Ans.
A a b ¢
Example 21. Without expanding the determinant, show that (a+b+c)isafactorof i
a bsée cab
Solution. Let A=|b ¢ a
c-a b
at+b+c,b o I g
Operate: G, > G+ G, +Cy, A=|a+b+E ¢ a|=(a+b+c) 1 .c.a|
, a+b+c a b 1 a b
= (a+b+c)isafactor of A. " Proved.
Example 22. Using properties of determinants, prove that :
x+4 X X
x x+4 x [(=1603x+49)
X x x+4|
x4+4 x x
Solution. Let’ S T
x x x+4
x4 % X
Operate: G > G +C, +C;, A=|3x+4 x+4 g
- Ix+4 x x+ 4
iy bl (o LAy
=@x+4)|l x+4 «x =@x+4[0 4 O|R, - R =(3x+4)4 0’
i P e 0 0 4R, -R ¢

=16(3x + 4) Proved.
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get,

g bit e
Example 23. Without expanding the determinant, prove that |1 b ¢ +a|=0.
. I~%ciiath
1 a b+c
Solution. Let AS=IShN e+ a
e atb
1l a a+bh+c a1
Operate: C; > C; + G, A=|1 b a+b+c|=(a+b+c)|l b 1
{'e a¥b+c| [“ el
=0 (' C, and C; are identical). Proved.
4 a be
a
/i
Example 24. Without expanding the determinant, prove that j b’ ca|=0
% ¢t ab
L be
e i L
: P 4 P e LR
Solution. Let A= 5 by ca gﬁf )ﬂﬁﬁl mﬁi}a‘ 3§
B, Auniigl) 28 513
% cz ab "}-\}:"'"""“'“w-m’bﬁ"ﬁ;ji@ ‘g?
Multiply R, by a, R, by band R, by c. .
1 @ abc| a1
a=-L11 & abe| =—L.abc|t B 1|=1x0=0.
abc abc
1 ¢ abe| 1 &1
(Since C, and C; are identical) Proved.
3w e

Example 25. Evaluate || p b’

2
1 iesve

" Solution. Let A be the given determinant. Applying R, = R, — R, and R — Ry — R;, we

2
1 a a Vg g

== P : [Taking out (b — @) common
A=10 b-a b"-a"| =(b-a)c-a)|0 1 b+a| fromR,and(c-a)fromR,]

0z & =i 0 1 c+a

a )
=(b-a)(c-a)|0 1 b+a < [Applying R; — Ry - R)]
0 0 c-b
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1 b+a
0 c-b

=(b-a)(c-a)(c-b). Ans.
Example 26. Using properties of determinants, prove that :

=(b-a)(c-a)

[Expanding along C S

3
I ava

I & b =(@-bb-cjfc-a)a+b+c)

L¢ 8

1 & a3,
Solution. Let A=|1 p b

I eve

Drg—~b & 2500

a=b & -%
Operate:R,—)R,—RZ;RZ_”QZ_RJ,A:0 bo Bt =i,

3 b—c B¢

1 C (e | )

(Expanding by C)
y 1 a® +ab+ b
Sy TP
I 5 +be+ et
Bt ot i
Operate: R = R, - R,, A=(a-b)b-c)|° @ ~¢)+@-bo)

1 b + be + ¢ |
=(a—b).(b—c).(-1)[a2—c2)+b(a—c)]
={a-b).(b-c)(c-a)(a+ b+ c)! Proved.

a-b-c 2a 2a
Exampie 27. Evaluate 2b b-c-a 2b
Zc 2c c—a-b

at+b+e a+b+ec a+b+e
Solution. By R, — R, + R, +R,, we get 2b b-c-a 2b
2c 2c c—a—b|
1 1 !
=(@+b+c)|2b b-c-aq 2b
2c 20 c—-a-b

1 0 0
=(@a+b+c)|2n —(a+b+c) 0 Oy +C
i | 2 0 ~(@+b+0)| G-
On expanding by first row =(@a+b+c) (@a+b+cP=(a+b+c) Ans.

/ il

"
Example 28. Show, without expanding | * vy z|=(x - y)(y - 2)(z - x)
: 3 ;

2 2
6 Syaas
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0 0 g

: Ex—y =2

Solution. By C, - C,,C,-C,, weget =| x—y W=z z’=|x2_y2 yz_zz
2 2 2k

XE ey 2 2

On expanding by first row, we get

-

xX+y y+z

=(x=y)y-2) - x-»-2)(tz-x=y)=(x-y)(y—2)(z—x). Ans.

a B ¥
Example 29. Prove that o’ ,BZ }’2 =(@-pB-Nr-a)@+p+y
: p+y yv+a a+f
a B Y
Solution. Let A=l ot B2 Y2

B+y y+a a+p

a i Y
A=| @ B> ¥ Applying R; = R, + R,
a+B+y a+B+y a+P+y
a P . ¥

=(@a+B+Yy) g5 P> [Taking out (o + B +Y) common from R,]
1 )i

o Bp-a Y —Q

Applying C, = C, - C,
2 n2 2.2 2 2 2 1
S €, =0,

=@+B+7)
B o 0

o .I 1
=@+B+NB-0 (-0’ B+a y+a
1 0 0

1 1
B+a y+a
=(@+B+7)B-a)y-a)(y+ta-p-a)

=(a+B+Y)(B-N-a)(a-B) Proved.

-a* ab ac

=(@+Bp+1)B-a)(y-0o).l

[Expanding along R,]

; 2 B2
Exatpled0, Provethar | 08 —0 be|=4abic -
ac bc -c’

—-a ab ac

Solution. Let A=l ba -=b* e

ac bc -c
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, -a a a
Taking a, b, ¢ common from R,, R, and R respectively, weget A =abc| b -b b

= b Tl e e =

< a’b?c? |
1 1 -1
-1
=a’b’c?| 1
1

[Taking a, b, ¢ common from C 1» G, and C, respectively]

[Applying C, -C,+C, C > G +qG]

N S
N SN D

=a(-1) |,

0 : {Expanding along R,]
=a’b’c? (- 1) (0-4) =422 B2 2
3a -a+b —-a+c
Example 31. Show that |-b + a 3b —b+c|=3@+b+c)(ab+bc + ca)
' —-cta -c+b 3c

Proved.

: 3a -a+b -a+c¢
Solution. Let A=|-b+ a 3b -b+c¢

-c+a -c+b 3c
la+b+c -a+b -a+c
Applying C, - C, +C, + C,;, we get A=la+b+c 3b -b+c
a+b+c —-c+b 3¢
Il —a+b -a+c¢

1

1 30 -b+c
1 -c+5b 3c

Il
_~
.‘
(=)
.'
(3}
N

[Taking (a + b + ¢) common from Gl

Il —a+b -a+c
=(@a+b+¢c)|0 2b+a —b + a|[Applying R, =R, -R, By >R, -R]
0 ~c+a 2c+a
2b+a -b+a
S [Expanding along Cl
=(a+b+c)[(2b+a)(2c+a)—(—b+a)(—c+a)]
=(a+b+c){(4bc+2ab+26a+az—-(bc—ab—ac+az)}

={a+b+¢) (3bc + 3ab + 3ca)

=3(a+b+c)(ab+bc+ca) : Proved.

Property (vi) Ifeach element of a row (or column) of a determinant consists of the algebraic sum of
: n terms, the determinant can be expressed as the sum of » determinants, :

=(@a+b+c)

a+p+q b ¢
Let A=ia,+p, +gq, b, o

Gtpyt+q b o
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=(a, +p, +q,) (byc;—bycy)) —(a, +p, + q,) (byc;—byc)) +(ay +py+4q5) (byc, — byc))
=a, (byc; - byc,) = a, (byes — byey) + a5 (be, — bycy)
+ py (byey—bycy) =Py bycy— byc)) + 5 (bycy = byey)
+ q, (bye;—bye))=¢, (bycy - byc)) + g, (byc, — byc))

aq b ¢ p b ¢ a b ¢
=la, b, c,|+|p, b, |+|q, b o Proved:
ay by ¢ py by ¢ g3 by ¢
@ a a1 :
Example32. If |b b° b’ — 1| -0, provethatabc = 1.
e et e~ w
a o & ~1 g & a & a5 |
Solution. |b B B =lj=0= |6 B . B |+|b B -1|=0
c ¢ & =1 c ¢ c ¢
1 a a @ a1
abe|l b B*|-|b b 1{=0
=
L.e & e & 1
(Taking out common g, b, ¢ from R,, R, and R, from 1st determinant)
4 ' a a a1l ‘ a’
bell b B2|l+|b 1 B2|=0
= — ; (Interchanging C, and C,)
: P ¢ ¢ CRANeC
b .oa 1 a a°
: be|l b B*|-|1 b b*|=0
= i - (Interchanging C, and C, )
i ¢ o ] ¢ o i
Vi d
(abc -1)|1 b b*|=0
=5 v y
e &
b+c c+a a+b a btle

T a8y Showdor [T TP RRQI=Tp g %

% i _ vl ZRkX. Ry X.y 2z :
Solution. The abovedeterminant can be expressed as the sum of 8 determinants as given
below:
b+c c+a a+b| |b ¢ a b a a b e b b a b
grrorEp prgi=ig v piyie P pltiqd v qiTiqg P9
y+z z+x x+y Yk ze X Vi X X Y ey o
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¢ e: a ic a a crehlEte va b
e rEp ey il g7 Py
AR g X 2oy fzx oy
lb Ny ca b
=lqg r pl+0+0+0+0+0+0+]r P q
¥ 2 x 28 Xny
a b e a b ¢l la b ¢
=V p g r|+(D|p ¢ r!=2p q.r| Proved
x ¥y z x y zj X g
2a a+f a+y
Example 34. Prove tha i ol e
reapep - 2y Proved.
at+ta a+f a+y
Solution. Given determinant — e Bep B YI
' Tha yep yey
- The above determinant can be expressed as the sum of 8 determinants.
Each of the 8 determinants has either two identical columns or identical rows.
.. Each of the resulting determinant is zero. Hence the result. Proved.
X Sl
X' itk
Exampie 35. Prove that =x-a)(x-P(x-y)
a L]
Fo 4 ,.,} T 1!
EIRE | TR T
: a x 1 U o nod
Solution. a B = S €, =»C- aC,)
a f /{ - By [On expanding by first columnj
xnl x=p n 1
e s B e U il oo
By I S0
=(x-a)(x-B)(x- Y) [On expanding by first column] Proved.
Example 36. Show that x = — (a + b + ¢) is one root of the equation:
Jrrta s h e
b .x+c .a |=0 andsolve the equation completely.
c a x+b "
x+a+b+c b (5
Solution. By C, 2> C+C+C,weget |x+a+b+c x+c a |=0

xX+a+b+c a x+b
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1" b &
- (x+a+b+o)|l x+c a |=0
JE gl -t b
1 b (s
=> (x+a+b+c)|0 x-b+c a-c |=0, R, OR, - R; R, —> Ry — R,

0 a-b x+b-c

On expanding by first column, we get
(x+a+b+c)[(x-b+c)(x+b-c)-(a-b)(a-c)] =0

= (x+ta+b+c)[2-(b-c)-(a>-ac—ab+bc)] =0
=5 (x+a+b+c)(x®-b*—c*+2bc—-a’+ac+ab-bc] =0
=5 A (x+a+b+c)(2-a*-b*-c*+ab+bc+ca) =0

Eitherx+a+b+c=0 > x=-(a+b+c)

or P—a?-b -c2+ab+bc+ca=0
: = 2 >
= x—i\/a2+b +c¢" —ab-bc-ca Ans.
2 ;
(b+c)2 a a’

Example 37. Find the value of B (c+ a)’ b?
o ¢’ (a + b)2

oo ~a® da~d e
B =p 2 _p2 B2
Solution. By C, — C,, C, - C;, we get (c+a) |

c-@+b? F-(@+ b (a+ by’
(@+b+c)b+c-a) 0 e
0 @+b+c)c+ta-b) b

(@+b+c)c-a-b) (@+b+c)c—a-b) (a+b)

On taking out (a + b + ¢) as common from 1st and 2nd column, we get

b+c-a 0 a*

smabeatls 0 c+a-b . ¥
T s R

2

~a+b+c 0 - a
> =(a+b+c)’ 0 a-b+c b |R, >R —(R +Ry)
: -2b —2a 2ab
~a+b+c 0 a’
=—2(a+b+c)2 0 a=bive &

b a —ab
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On expanding by first row, we get

=-2(@+b+c)f[(-a+b+o) {~ab(a-b+c)-ab’} +a®{0-b(a-b+c)})
—2(a+b+c)[(~a+b+c)(-a’h—abc)-a*h(a-b +c)]
—2ab{a+b+c)[(-a+b+c)(-a-c)-a(a-b+c)]
—2ab(a+b+c)(a>+ac—ab -bc—ac—c*-a® +ab - ac]
—2ab(a+b+cP(-bc-ac-c?)
2abc(a+b+c)i(b+a+c)
2abc (a + b +c)’. Ans.

Il

Il

I

atcva—x a—xi

Example 38. Using properties of determinants, solve forx: a—x atx d-— x' =0
=X a2 a-r xl

a+x a-x a-x

Solution. Giventhat (a-x a+x a-x

=0
a-x a-x a+x
3a-x a-x a-x
Applyingcl_,q+C2+_C3 3a -x a-+x.a-x =0
; da-x a-x a+x
1l a-x a-x
= Ba-x)|1 a+x a-x|=0

H a~% a-x
N~ B s D SipE o D = /35,1—\*\'0 2x 0 =0
ENOWYy slyy) T dvy 0wy a1y =7 ng "y, \ il I
0 0 25 |
Expanding by C,, we get (34 - x) (4x> = 0) = 0
= 4x*(3a-x=0 = If 4x” =0, then x =0
= ¥ 3a - x =0, then x = 3a
Hence, S x=0 or 3a Ans.

Example 39. Using properties of determinants, prove thefollowing.-i:’-:.f?f"i"‘:' )
I+a / /
SE ey U =abc(—1—+—;-+-]—+1)

a c
I Ite
‘ I4+a- 1 1
Solution. Let A=t 1 . T+b: L
= 1 1 l+c¢
Ire 1 - 1 TS R
a a a a a a
i dalas . | =abc| 1 141, 1.
A= abe 5 0 3 = A aCI b +b b
EERE L Ly ,— Sl s
’ - v = J c c c
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A | 1L e IS
l+—+—4+— l+—+—+— l4+—+—+-
& D ¢ asabee a b e
' 1 I 1
Operate: R, > R, + R, + Ry, A =abc S 1+E :
.1_ l 1+.l_
c c c
Taking (l+l+il7-+-l-) common from R, we get
a c
1 1 1
A=abc(1+~‘l;+%+%)—ll; 1+ —ll;
.l l 1+l
c c €
100
Operate: C, - C, -C, ;G =G -C, A=abc(l+l+l+l)l 10
arcbhiie b
At
c
5 R T . :
= abc Z+E+Z+l (On expanding by R,) - Proved.

2
a a bc

Example 40. Provethat: |p b’ ac|=(a - b)(b - c)(c — a)(ab + bc + ac).

e c: “ab
5 a® & abe e 1
e S b2 b abel= Lo abe|b® B 1
Solution. Let A=|b b* ac abc abc’
20y , 9l 23
2 € . A c. C ll
et rab

@ -b a-b 0
A= bz b b3 3 0
Operate: R, > R — R, ; R, > R, - R;, = = e

2 3
c c 1

la+b a®+ab+b® 0

C=@-b)b-c)|b+c B +bc+c 0
2 6 3

C (o 1
a+b a’+ab+b
Expand by C, A=(@-bb-0).1 ” s
b+c:b"+bc+c

a_+b' a* +ab + b®

cia b(c - a) +(c2 —az)

=(a-b)(b-c)c-a)

Operate: R, > R, - R, A=(a-b)(b-c)

a+b a*+ab+b
1 b+c+a
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=@-8)(b-c)(c-a)[(a+b)(a+b+c)-1.(a>+ab+b?)]

=(a-b)(b-c)(c-a)(ab+bc +.ac). Proved.
a-b-c 2a 2a
Example 41. Evaluate 26 b=¢~a B
’ 2c 2c  c-a-b

a+b+c a+b+c -a+b+c

Solution. By R R R, we get 2b b-c-a 2b

2c 2c c—a-b
1 1 B ! 0 0
. ' > % CZ “Cl
= (a+b+¢)| 2b b-c-a 2b = (a+b+c)|2b —(a+b+c) 0 C e
2c 2c c—a—b' 2¢ 0 ~(a+b+c)| 3 .
=(@atb+c)(a+b+c)l=(a+b+ ey’ [On expanding by first row] Ans.
EXERCISE 4.4
Expand the Joliowing determinants, using properties of the determinants :
' I <3857 : ‘ T
479 1 o 2 —a)’
I I Ans. 51. 2. Provethat (@ x a|=(x+2a)(x - a)’.
- s a a x|
T hrei
X=X
3
3. Solve the equation v'-a’ b b= 0,b#c,bc+0 Ans. x = Z—c,x=b,x=c
3 s B

i ‘| , 0 xX—-a x—bl

X +a 0 X —=el=10

4. Show that zero is one of the roots of the equation

Xtbh x=¢ 0

3 a bc
a
5. Without expanding the determinant, prove that % b ca|l=0
1 ;
=\ Jc “ab
e
Xty ytz zi+x

6. Without expanding the determinant, prove that : z X ) [
1 1 1

x+4 2x 2x
2 x+4 2 |=(5x+4@-x’

7. Using properties of determinant prove that : (
2x 2x x+4 ¢

a+b+ 2 a b i

8. e b+c+2a b =2(a+b+c)3 "

c a c+a+2b
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1 x+y % % y2
IR e S yz+z2 =(x-y)(y-2)(z-x).

I a2en 242
b’c® be b+c I a a b

10, o R T 11! 1 b b*—ca|=0.
a’b® ab a+b I cc’-ab
a a+b a+b+c e o v

12. 2a 3a+7 4a+3b+2|=ad 3. | @ B vy |=B-7(-a)(a-p).
3a 6a+3b 10a + 6b + 3¢ By yo ap
I.4 & 1 a be a’ bc  ac+c?

i 1 b b*|={1 b ca 15. a’+ab b ac | =4a’b?c?
R 1 ¢ ab i ab B +bec P
a+b+c —C =D

16. —-c a+b+c -a =2(a+b)(d + c)(c + a).

-b =a a+b+c

4.8. FACTOR THEOREM

If the elements of a determinant are polynomials in a variable x and if the substltutlon x=a
makes two rows (or columns) identical, then (x — a) is a factor of the determinant.

When two rows are identical, the value of the determinant is zero. The expansion of a determinant
being polynomial in x vanishes on putting x = a, then x — a is its factor by the Remainder theorem.

o
Example 42. Shdwthat | X y. z |=(x -y -2)(z - x)
xz yZ ZZ

Solution. If we putx =y, y =z, z=x then in each case two columns become identical and the
determinant vanishes.

(x—y), —2), (z-x)are the factors.
Since the determinant is of third degree, the other factor can be numerical only % (say).

1 1 1 ' ;
x y z|=k(x-y)(y-2)(z-x) - (1)
o yz > ’

» This leading term (product of the elements of the diagonal elements) in the given detenmnant
is yz* and in the expansion

k(x-y) (v —2) (z - x) we get kyz?
Equating the coefficient of yz? on both sides of (1), we have
k=1
Hence the expansion = (x — y) (y - z) (z — x). Proved.
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LT
Example 43. Factorize A=|g° b ?
& b ¢
Solution. Puttinga =5, C ; = C, and hence A = 0.
. a-bisa factor of A. Similarly b — ¢, ¢ — a are also factors of A.

S (@a=b)(b-c)(c—-a)is a third degree factor of A which itself is of the fifth degree as is
Judged from the leading term 523

The remaining factor must be of the second degree. As A is symmetrical in a, b, c the
remaining factor must, therefore, be of the form & (a2 + b2+ ) + I (ab + bc + ca)

= A=(a-b)y(b-c)(c-a) {k(a®+ b+ %) + 1 (ab + bc + ca))
If k = 0, we shall get terms like a*b, b*c etc. which do not occur in A. Hence, & must be zero.

A =(a-b)(b-c)(c-a) {0+(ab+ b+ ca)}

or A=l(a—b)(b—c)(c—a)(ab+bc+ca)
The leading term in A = 52c3. The corresponding term on R.H.S =/ p2¢3
I =1
Hence, A =(a-b)(b-c)(c-a)(ab+ bc + ca). Ans.
x 2 2

Example 44. Show that |y )* y*|= xz(x-y)(y-2)(z—x).

PR R
¥ % , B a2t
Solution. |7 ¥* Y |=0z|l ¥y ¥ o y6in (z-x) (see example 43)
722 e Proved.
o
B el
Example 45. Show that T (r=)(x=B)(x=1)(a—P)(B-7) (e ~7)
3y y 1 ‘
Solution. If we putx = o; x = ; x = Y;=B,B=y;y=a then two rows become identical and

_the determinant vanishes.

(- ) (x=B); (x~ v); (= B); (B 1) ; (x—7) are the factors.
" Since the determinant is of six degree the other factor can be numerical only say &

3 2

X X l‘

3 2 ;

;3 ;2 ; :=k(.x—a)(x-B)(x—Y)(a—B)(B—v)(y—a)
e

The leading term is x> o2 B.  And in the expansion it is kx? (- a?)B.
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k=-1 Hence the expansion =—(x - a) (x—B)(x-

EXERCISE 4.5

2 3
a a l+a

2 3
B TR e,

2 3
ere A=

2. Without expanding, show that

1. Evaluate, without expanding

(@a-x’ @-y°’ (@-2y
A=|(b-x* b-y7 (b-2)
€-%° -y (-2

3. Show (without expanding) that

G b
be a - a

bc ab ca
b> ca b*|=lab ca bc
| et ¢ abl lea be ab

49 PIVOTAL CONDENSATION METHOD

247

1)(a—P)B-7 (v- a)

Proved.

(@a=b)(b—c)(c—a)(l+abc)

2(a-b)(b-c)(c-a) (x-y) (¥ -2) (z—x).

= ——;—(ab + be + ca)[(ab - be)? + (be — ca)® + (ca - ab)’]

]

The condensation process of reducing n™ order determinant to (n — 1) order determinant is

shown below :

a, bl q dl' ......
az bZ Cz dz ......
as b3 Cy d3 ......

Consider n" order determinant D =|a, b, ¢4 d; ... ...

(1 S

b

ol a" n
Add such a multiple of first column in the other columns so that at the placesofb, c,,d, ....... , We |
: C] dl ; = ¥ \ ' i
get zero. Hence substracting P e Rl the first column from the 2nd, 3rd, 4th...
- el e
columns respectively, we get
a 0 0 0
c d; -
a2 bz =i "—.az CZ "_laz dz _—1:.a2
a a a,
c d, -
» & % 4
D= ¢ d
a, b,=—.a, Cy——4a, d,——.a,
q q a
d
a, bn —ﬁ' a, Cn g a, dn __L'an ''''' .
a "o a

w
A AN B A L B
.,_., e

F sl ikt
*:?w-"*"“ uswgéé

sk anO e dr nan
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R

;) 1)
4

b3—ﬁ.a3
9
1

b, —i.an
a

c d
5 1
Cy——d, d,—.a,
q a
€ d
1 i
G ——a dy——.a,
q a
G d,
C4_‘a4 d4 _—.a4
a a
1 i
G .
€, =g d,~—a.
a, a,

Which is a determinant of (n — 1)th order. Now,

a\b, ~ba, ac, —¢a, ayd, —da,
q aq a
aib; —ba, 45— 04 ad; —dya,
a a a
@b, ~ba, €4 —C1y ad,-da,
D =g, ) ‘
a, a, q,
ab, —ba, ¢, — G4, ad, -d;a,
9 a 4
a,b, —bya, ac,—ca, ad,-da,
a,by —bya, 43 —Cag ady -d,a,
D 1 |ab-ba, aic,—qa, ad,-da,
=4 n-1
(ax)
albn —blan alqn —-qa, aldn —dlan

as the determinant is of (# — 1)% order and 23
1

a b
a b
a b ’
a b
el a b
3 (a i ay b,
a b
a, b,

a ¢| |a d,
a G| |a, d,
@ ¢| | 4
a3 ¢ a3 d
a ¢l |a d
ay et ey dy
a ¢ |a d
aﬂ cﬂ a’l dll

Determinants and Matrices

[On expanding along
the first row

1s common in every row (or column)
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Thus, the n order determinant is condensed to (n — 1)th order determinant. Repeated application
of this method ultimately results in a determinant of 2nd order which can be evaluated.

It is obvious that the leading element a, behaves like a pivot in the condensation process
(i.e., reduction from n to (n — 1) and hence the method is pivotal condensation.

If the leading clement is zero, it can be made non-zero by interchanging the columns.

Example 46. Condense the following determinants to second order and hence evaluate them:

o A

@ 15 %215 @G D= ol
: g3 e

Lo Snbi 5 -1 3-8

Solution. (i) Using the leading element as pivot, we get

1 120-10 150+15
e [ order = 3]
(10)*"2 |-60-14 40+21
1 -|110 165 G 11 "
= D= 10 7 61 (122+2 2)=?x3 =11x172=1892. Ans.

: —4-4 14-12 12-20
(i) ——=| 6+8 2+24 0+40 | asthe orderis 4.

4-2
M5 4-15 =10-7%
A oy 52-7 -80+28
Lha 26 40 az%?‘ 7 13 200 =%‘44‘9 ;48+36'
e o wtr o371 o s aap P z i
-59 -52 59 52| ;
=4 R i PSRN R - —
35 184 4135 46 : T :
g% 12
5°3-7 8
Example 47. Condense and hence evaluate the determinant, |4 1 2 3
o} ‘ ; L2y
Solution. As the leading elemcnt is zero, hence interchanging the 1st and second columns, we get
1o 4 1°2
b gy 012 20-0 28-3 32-6 : 20 25 26
; 3 57 8)=—=|16=0  8-112=2| =——[16 7 10
G S 42 16 :
15 bk gt | 4-0 20-2 20-4 4 18 18
: 2485 B
: 5295 13 : ; 318
o 1 1]35-100 25-52| 1|65 27| 1|65 27|
16 | g gl 275[90=25 40-13|7 101 8527 107657 27
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x=1 T 9.3
Loierans
Example 48. By condensing the given determinant evaluate llidsr0 g
=2 SN0
w793 B g g
Solution. D = ’ wa s < 0 ! 25
2x+2 6 8 3 6 2x+2 8 3
=2 119 Ao B A
: ‘ i 14 35 | : 1 2
=-—7—2 14x+14-6x+6 56-54 21-18 =—7—2x7 8x+20 2 3
-14—x+1 7=9 = W=7 Al =g el
. 1 1S
=+=18c+20 1 3 =zil—8x—20 3—40x—100|
L 2 (8x+19)(Sx +62)—(40x+97)(x412)]
| R —7[( x+19)(5x +62)~(40x+97)(x +12) ]
=%[40x2+95x+496x+ll78—40x2—97x—480x—1164] =%[14x+14]=4x+4
Thus 4x+4=0 =5 x+1=0 = x =<1 Ans.
Exercise 4.6
Using the leading element as pivots, codense the following determinants to second order and hence
evaluate them. o R
LIy 20D S 2 e
e - e GEaRE N e e
25186 -2 -5 1 -2 3 4 4 39 3
Ans. 51 : Ans. 52 Ans.— 39 Ans. 75
s 2.3 4 5
S e R
s A % 4 123
3 |=5 18 1§ ans-1334 6. 8 1.3 7 2| Ams.-2276
alifi e <54 3
7. Condense the following determinant and hence evaluate x,
Sl 302 e
4 7 6. 2
=0. :
121 x=t 4 Ans. x =4
o ¥ vig. g

4.10 CONJUGATE ELEMENTS

Two equidistant elements lying on a line perpendicular to the leading diagonal are said to be
conjugate.

SR

257 A

29T TN e e
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a b ¢
S a, b, ¢|, a,b; a.c; by,c,;arepairsof conjugateelements.
In the determinant | 2 “2 2 277 St 30%2
ay by ¢

4.11. SPECIAL TYPES OF DETERMINANTS

(9) Orthosymmetric Determinant. If every element of the leading diagonal is the same and
the conjugate elements are equal, then the determinant is said to be orthosymmetric determinant.

a h g
nieat of
g J a

(i) Skew-Symmetric Determinant. If the elements of the leading diagonal are all zero and
every other element is equal to its conjugate with sign changed, the determinant is said to be Skew-

symmetric.

0 —-a -b
a 0 -c
) bl s 0
Property 1. A Skew-symmetric determinant of odd order vanishes..
0 .—a -b
Example 49. Provethat 4=|a 0 —c|=0
Solution. Taking out (— 1) common from each of the three columns :
[0 S o
A=) |=a 0 e
-b -c 0
0 -a -b
Changing rows into columns A = (-1)’|a 0 -c|=(-1)’A=-A
hERC=() '
OF © 2A =0 or A=0 ! Proved.
Property 2. A skew-symmetric determinant of even order is a perfect square.
S T :
i r = (ax-by +cz)*
Example 50. Prove that |-y —¢ 0 a
-z -b -a 0 0 & y z
: e o Slber - ¢ b
Solution. The given determinant is, by multiplying column 2 by a = — :
al-y —ac 0 a
" On expanding by column 2, we get -z —ab -a 0
=5 e ol X el
- —(ax—-by+cz) = : e (ax—by+cz) -
a a

-z —-a 0 z -a 0|
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f

2 | ax ac b 5 ax-by+cz ac—ac ab-ab

i (ax—a::cz, ¥ olgl s (ax- )2/+cz) y 0 %
iz -a 0 = z —-a @ .
[« R = R = bR, +cRy]
R ) Lax—by+cz Q0 0 |
_(ax—by+ecz =
e y 0> a =W(ax—by+02)(a2)
z ~a 0 a

=(ax - by + cz)? Proved.

4.12
FIRST TWO ROWS

LAPLACE METHOD FOR THE EXPANSION OF A DETERMINANT IN TERMS OF

({) Make all possible determinants from first two rows by taking any two columns.

(i)
columns intersecting at them.

(#7)  Add them with proper signs.

Multiply each of them by corresponding determinant which is left by suppressing the rows and

Here we count the number of movements of columns of the determinant by shifting to the
place of the first determinant. If the number of movement is odd then negative sign, if even then

pesitive sign. ;

i

L

Example 51. Expand the determinant d}-

: a,
|4 blla 4 la ot d
5 o g il

19 b ic dyj |3y €2 0194

b dla ¢ Ml d, l a; b
b, dy|lay 4| |c; d, a, b,

b ¢ 4 f
b, ¢ 4,
% & d by Laplace method.
b, ¢, d,
a d||b C3i+ibl 9 “03 d3i
|a2 a’zl b4 L4' |('}2 c2||a (1'4|
] q G '
Explanation :
5 & ,

Now the ¢ column being 3rd can be made 2nd by one movement of column; “a” column is in the
position of first column so that the total number of movements is one i.e. odd; hence the sign will be

=¥e.

7 a
Example 52. Expand the following determinant by Laplace method : | >

al b] C3 d3 v a] 0
Solution. A= i
a, bylle, dy| |a, 0
. a] 0 b3 C3 5 b1 O a3 d3 5
a2 0 b4 C4 bZ 0 a, d4
a b||le; dy
= = b " d _ d
a, bylley d, (@b, —ayby) (c3d4 —cqd;)

2 0.0
a by ¢ dy

By g oyl

by d,
b, d,
b,Oa3c3+00a3b3
b, 0||a, (e 0 Ofla, b,

Ans.

Mt PR TS

WS R AN 35 S50 8 LR LA
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4.13. APPLICATION OF DETERMINANTS

Area of triangle. We know that the area of a triangle, whose vertices are (x,, ,), (x,, y,) and
(x5, y4) is given by

A= _:12 [xl 2 =y) =% —y)+ x5 - yz):l

(e fios
_-_-%{x‘ 72 =5 o { + x, Y 1} E X, ¥, 1
D) V3 Y2 x ¥l

Note. Since area is always a positive quantity, therefore we always take the absolute value of
the determinant for the area.

Condition of collinearity of three points. 1 .et 4 (x,, ), 8 (x,, y,) and C (x,, y,) be three
points. Then,
A, B, C are collinear < area of triangle ABC = 0
6 o»n 1 % oH 1
Q%x2y21=0 o |x y, 1]=0
X y3 1 X oyl
Example 53. Using determinants, find the area of the triangle with vertices (- 3, 5), (3, — 6)
and (7, 2).

Proved.

=35 -5 1
Solution. The area of the given triangle = % ES3 6 ]
P21

-6 11 0

Operate: Ry, > R, - R, ; R, > R, - R, =% =4 =g

T = 2 1

o e TR ] [ ;

Expand by C; = El iR —2—(48 + 44) = 46 sq. units A,

Example 54. Using determinants, show that the points (11, 7), (5, 5) and (- 1, 3) are collinear.

1 7o |
Solution. The area of the triangle formed by the given points = % SR
: -1 31
Operate: Ry, > R, - R, ; R, >R, - R,
6 2 0
gt . e
g §-2 D= 2 B=0. ("~ R, and R, are identical)
-1 31
® = The three given points are collinear. Proved.

Example 55. Using determinants, find the area of the triangle whose vertices are (1, 4) (2, 3)
and (- 5, — 3). Are the given points collinear?

Solution. Area of the required triangle = % R |
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=%p@+3y_qz+$+1e6+1ﬁ]=%m-28+m=1y2¢0

Hence, the given points are not collinear. Ans.

EXERCISE 4.7

Using determinants, find the area of the triangle with vertices:

i

L

R

95
(2,-7),(1,3),(10,8). Ans. 4= o 2. (-2,4),(2,-6)and (5,4). Ans. Area =35

(-1,-3),(2,4)and (3,- 1). Ans. A=11 4. (1,-1),(2,4) and (- 3, 5). Area=13

Using determinants, show that the points (3, 8), (—4, 2) and (10, 14) are collinear.

Find the value of a, so that the points (1, - 5), (—4,5) and {a, 7) are collinear.
Ans.a=-5

Find the value of x, if the area of A is 35 square cms with vertices.(x, 4), (2, - 6), (5, 4).
Ans.x=-2, 12
Using determinants find the value of %, so that the points (k, 2 - 2k), (- k + 1, 2k) and

; 1
(- 4 -k, 6 — 2 k) may be collinear. Ans. k=-1, 3

If the points (x, — 2), (5, 2) and (8, 8) are collinear, find x using determinants.  Ans.x =3
If the points (3, — 2), (x, 2) and (8, 8) are collinear, find x using determinants. ~ Ans.x =1

4.14. SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS BY DETERMINANTS
(CRAMER'’S RULE)

Let us solve the following equations.

axtby+cz =d
a,x+b,y+c,z =4,
a;x+byy+cyz =d,

by ol ax b ¢
Let - D=la, b, ¢,| or xD= ax b, c,
a b ¢ ax by o

Multiplying the 2nd column by y and 3rd column by z and adding to the 1st column, we get

ax +by+cz b ¢ ; d, b ¢
xD=layx+by+c,z b, c, = xD=|d, b o
ax + by + ¢z b cy dy b e
dl b] Cl a] dl C]
dZ b2 CZ az d2 Cz
d b ¢| D D, |4 d;
x= =—L  Similarly, y=-2%=
AR D ER R e
ay b ¢ a b o
(13 b3 C3 a3 b3 C3
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a b 4
a b 4,
== D, |a b, d,
D a b ¢
a b o
ay by ¢
D D D
R Bl’ = .bl, z = _Dl Ans
Example 56. Solve the following system of equations using Cramer 5 rule :
Sx -7y +z=11
6x -8y - z=15
3x+2y—-6z=7
Solution. The given equations are
Sx-Ty+z=11
- 6x-8y-z=15
Ix+2y—-6z2=17
St =7 il :
Here D=|6 -8 -1 =‘5(48+2)+7(—36+3)+ 1(12+24)=55(=0)
" 3 25 <6 i A '

=11(48+2)+7(-90+7)+1(30+56)=55

P g
o
By=16 15 =l _ s s0+7)- 11 36+3+ 1 (B a5)=-55
& 7
5w g
D;=16 =8 B5| 4 5 56-30)+7(42-45)+ 1112+ =-55
3y '
; ) __|__.§= =_&=__55=_ =&=£=—
By Cramer’s Rule e T D - 55 1 e e 1
Hence, x=1, y=-1, z=-1 ' Ans.

Example 57. Solve, by determinants, the following set of simultaneous equations :
| SeSgpr =S
g Ix+4y—3z=19
2x+y+6z=46
fgt Lg il
Solution. D=|7 .4 -3|=419
201 6
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D]= 19 4 _3 =1257’ D2= 7 19 -3 =1676, D3= 7 4 19 =2514
46 1 6 2 46 6 21 46
D, 1257 D, 1676 Dy 2514
’ 3 = —= = = —= = =4 = —= =6.
By Cramer’s Rule: x D = 419 34 D 19 , N T
Hence, x=3, y=4, z=6 Ans.
Example 58. Solve the following system of equations using Cramer s Rule :
2x— 3y +4z=-9
—3x+d4y+2z=-]2
4x -2y —3z2=-3
Solution. The given equations are
2x -3y +4z=-9
-3x+4y +2z=-12
4x -2y -3z2=-3
2 -3 4
Here D={-3 4 2| s2(-12+4)+3(9-8)+4(6-16)=-53
4 -2 -3
-9 -3 4
Di=|-12 4 2| _ g 12+4)+3(36+6)+4(24+12)=-342
-3 -2 -3
2 -9 4
Dy=1=3 -12. 2 5 (36+6)+9(9—8)+4(9+48)=—321
4 -3 -3~ .
2 =3 -9
Dy=1-3 4 -12| 5 12_24)+3(9+48)-9(6-16)=—189
4 -2 -3
By Cramer’s Rule,
By =38 g oDy % 3 Dy A8 o
Pp- -5 525D 8. 5’ D =5 . 5
LML ,oam 1B
Hence, * = 53 Y 53 z 53 .Ans.

Example 59. Solve the following system of equations by using determinants :
X oyt z =il
gx+by+cz=k

a’x + bzy +clz =k

Solution. Wehave D=| a b ¢
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1 0 0
=ia b-a c—a L
3 V2 ook . [Applying C; - C, - C,and C; - G, =
a b =a v —a“'
1 0 0
=b-a)(c-a)| a 1

a> b+a c+a
1 1
b+a c+a

=(b-a)(c-a)(cta-b-a)

=(b -a)(c-a).l. [Expanding along R, ]

=(b-c)(c-a)(a-b) A5}
PR |
D=l kb b ¢el=b-e)lc-k)k-Db) [Replacing a by k in (1)]
2. 290 A0
kb e
) 1
Dy,={a k c|=(k-c)(c-a)(a-k) [Replacing b by & in (1)]
@ B e ‘
1l
and Dy=|a b kl=(@-bb-k)(k-a) [Replacing ¢ by k in (1)]
a Bx
xzﬂ___(b—c)(c—k)(k—b) D _(k-cc-a)a-k)
D (b-c)c-a)a-b) D (b-c)(c-a)a-b)
D _@-He-kk-a
" TP P -tic-a)
_e-RBk-b) _k-9@-k _G-RBk-a)
ek Tea@-b YT E-0a-b ™ T e-oc-a A

Example 60. The sum of three numbers is 6. [f we multiply the third number by 2 and add the
first number to the result, we get 7. By adding second and third numbers to three times the first

number we get 12. Use determinants to find the numbers.
Solution. Let the three numbers be x, y and z. Then, from the given conditions, we have g

x>+y+z=6 xX+y+z=6
x+2z=7; or x 0y + 2z =
3x+y+z=12 3x+ y+z=12
. Oy B
Here, D=1 0 2(=100-2)-1(1-6)+1(1-0) =-2+5+1=4
FE" :
6 11
Di={7 0 2/=60-2)-1(7-24)+(7-0) = _12+17+7=12
121 %
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I _
D,=11 .7 2|=1(7-24)-6(1-6) +1(12-21) = _17+30-9=4
2 :
PRE=6
and D;=|1 0 7|=10-7)-1(12-21)+6(1-0)=-7+9+6=38
SR
LB 1 S L8 el 8
x—D—4—3,y—D—4—l, and z—D—4—2
Thus, the three numbers are 3, 1 and 2. Ans.
EXERCISE 4.8
Using Cramer’s Rule, solve the'l"ollowing system of equations :
1 2x-3y=7 S ry=1 . 3. 2x+3y=10
Tx-3y=10 x—2y=38 x+6y=4.
3 29 16 2
Ans. X-= S,Y’“E Ans. x=2,y=-3 Ans.x=?,y=-§
4. 5x+2y=3 5. Ix-2y=-17 6. x—2y=4
3x+2y=35. 2x—y=1. —3x+5y=-7
Ans. x=-1, y=4 Ans.x=-3,y=-7 Ans.x=-6, y=-95
7. x—4y-z=11 8. x+3y—2z=35 9. x+t2p+52=23
2x—Sy+2z=39 2x+y+4z=8 3x+y+4z=26
=3x+2y+z=1. 6x+y—3z=S5. 6x +y+ 7z=47
Ans.x=-1, y=-5,z=8 Ans.x=1, y=2,z=1 Ans.x=4, y=2, z=3
10. x+y+z=1 11. 2y-z= O 12. x+y+re==|
3x+5y+6z=4 x+3y= v o x+2y+3z=-4
9x +2y—36x=17 3x+4y=3 "x+3y+4z=-6
Ans.x=%,y=1,z=~% Ans.x=5,y=-3,z=-—6Ans.x=1, y=-1,z=-1
18, xty+z=1
x+2y+3z=k

%+2%+3%=k? Ans. x = s k)2(3__ k), y= .(1 k)(13 k) z= s k)2(2 2
14. Show that there are three real values of A for which the equations:
(@-A)x+by+cz=0

bx+(c-N)y+az=0

ex+ay+(b-2)z=0 “ la

true, and that the product of these values of A is

Qo o
(ST N

—-d'embynsmgtheCramer s Rule
% "t.t.i‘x, O x,+x =0 (AMIETE, Summer 2005)
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