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Abstract

The main objective of designing a Next Generation Optical Telescope (NGOT) 

is to gather information from the far regions of space. The information will be used for 

understanding the: Universe structure, birth and evolution of stars, origins and 

evolution of planetary systems and galaxies. The key element to achieve these goals is 

to build a space and/or ground based telescopes with a large reflector mirror. Many 

difficulties are associated with the size of such reflectors; to overcome these problems 

is to build a ground or space optical telescope with a number of small mirrors. These 

mirrors can be deployed inside the space launch vehicle for space telescope and then 

adjusted together in the orbit to form a desired shape of a single larger reflector; 

however, on earth the ground-based optical telescope is easily manufactured with less 

cost.    

 Simulation results showed that the hexagonal apodized aperture with 

subsegments hexagon 6-6 configuration, which has 72 subsegments was the 

recommended design for designing the next generation optical telescope.  

Beside the new configuration for the future telescope other approach force itself 

to improve the performance to achieve the diffraction limit like Deformable Mirror 

(DM) and Adaptive Optics (AO). Preliminary test of the wavefront and Point Spread 

Function (PSF) reconstruction using theories of numerical modeling for a single DM 

AO system has been performed and the preliminary results are presented.  

To construct the DM surface for compensation the perturbed incident wavefront four 

methods are adopted; Zernike polynomials, modified Zernike polynomials, poke 

matrix and trigonometric function (the suggested) methods. The simulation results 

showed that the suggested method is more accurate and less consuming calculation 

time.  
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Abbreviation and Acronyms

AITC Advanced Instrumentation and Technology 
Centre  

AO Adaptive Optics 

AT Auxiliary Telescopes 

DM Deformable Mirror  

EE Encircled Energy   

FFT Fast Fourier Transform  

FWHM Full Width at Half Maximum  

GMOS Gemini Multi-Object Spectrographs  

GTC Gran Telescope Canaries 

HST Hubble Space Telescope 

HET Hobby-Eberly Telescope  

IF Influence Functions  

IFU Integral Field Unit  

JWST James Webb Space Telescope  

LBT Large Binocular Telescope 

LGS Laser Guide Star 

MEMS Micro-Electro-Mechanical Systems  

MOAO Multi-Object Adaptive Optics  

MTF Modulation Transfer Function  

NGOT Next Generation Optical Telescope  

NGST Next Generation Space/Segmented Telescope  
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OTF Optical Transfer Function  

PSF Point Spread Function  

PSNR Peak Signal to Noise Ratio  

PSD Power Spectrum Density 

P-V Peak-to-Valley  

RMS Root Mean Square  

RSAA Research School of Astronomy and Astrophysics  

SAAO South African Astronomical Observatory  

SALT Southern African Large Telescope 

SH Shack-Hartmann  

SH-WFS Shack Hartmann Wavefront Sensor  

SVD Singular-Value Decomposition  

VLTI Very Large Telescope Interferometer  

WF Wavefront 

WFS Wavefront Sensor  
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General Introduction 

1.1 Introduction 

Astronomers had studied celestial objects since ancient times like stars, comets 
and planets. The fields of theoretical and observational astronomy are deeply linked to 
other natural sciences, such as physics, chemistry and even biology. For example, 
recent discoveries of planets orbiting other stars are giving the opportunity to think 
about life beyond Earth, and to link astronomy and biology. With a scientific basis for 
the first time in human history the old question "are we alone?" may be answered. 

Observational astronomy is part of astronomy that deals with research on objects 
in the sky through scientific observation. The telescope development, such as Galileo's 
telescope, which was built 400 years ago, is a key tool for this purpose. This has 
enabled steady growth in the volume and accuracy of observations of very faint objects, 
allowing astronomers to make transcendental discoveries, such as the rapid expansion 
of the universe or the existence of massive black hole at the center of our galaxy [1].  
 The astronomical optical telescope has evolved from a small, manually pointed 
device for visual observations to a large and sophisticated computer-controlled 
instrument with full digital output. All know that astronomers use telescopes to study 
the far reaches of space. But an astronomer's telescope would be useless without the 
instruments that measure and analyze the light that telescopes gather. Often, 
astronomers create their own instruments depending on what they are studying. 
 Throughout this development, two parameters have been particularly important: 
the light-collecting power or diameter of the telescope (allowing the detection of fainter 
and more distant objects) and the angular resolution (or image sharpness). For a perfect 
telescope used in vacuum, resolution is directly proportional to the inverse of the 
telescope diameter. A plane wavefront from distant star (effectively at infinity) would 
be converted by the telescope into a perfectly spherical wavefront, forming the image, 
with an angular resolution only limited by light diffraction - aptly called the diffraction 
limit [2].  
 New discoveries and exciting as these are the ones that are waiting for the next 
generation of optical telescopes, which will be built in selected locations on Earth, 
where the thin air above the telescope allows observations of an unprecedented quality. 
The next generation of telescopes conveniently named "Extremely Large Telescopes" 
or ELTs, are to signify a leap forward for their predecessors. [3].  
 Ambitions are to use a mirror diameter of more than 100m for the next 
generation. In order to build these giant machines the need to develop a new 
technologies, as well as, overcoming the obstacles, monetary and politics. The work 
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reported in this book is part of the development of new technologies for the next 
generation of the optical telescopes.
 Ground-based telescopes suffer from the negative effects of the atmosphere, 
even in the best astronomical sites on Earth.  
 Adaptive optics is a technique that deals with the effect of atmospheric 
turbulence on the performance of the telescope, in order to compensate for turbulence 
in real time while collecting the light from the sky for astronomical observation. The 
system of adaptive optics in the telescope increases the spatial resolution of obtained 
images.  The spatial resolution in a telescope image improves as the diameter of the 
telescope gets larger. This allows the resolution of the individual point sources (stars 
for example) that are close to each other in the sky to be resolved. High spatial 
resolution allows observing the components of the distant galaxy, enabling the study 
of its internal structure [4] [5].
 This science is not possible if the resolution were limited such that observing the 
galaxy as a diffuse nebula. The spatial resolution is function of wavelength and size of 
the optical element, and preferably larger telescopes not only because of their region's 
large collection, but also because of the spatial resolution that can be achieved [6]. 

1.2 Current Segmented- Mirror Telescopes 

 According to Wikipedia, the free encyclopedia, the Gran Telescope Canaries 
(GTC) is the largest optical telescopes on Earth; with a 10.4m segmented primary 
mirror have 36 hexagonal segments. It is located in one of the top astronomical sites in 
the northern hemisphere- 
13, 2007.  

 The next largest is the two 10m Keck I and Keck II telescopes located on the 

eight stores tall and weighs 300 tons, yet operates with nanometer precision. At the 
heart of each Keck Telescope is a revolutionary primary mirror. Ten meters in 
diameter, the mirror is composed of 36 hexagonal segments that work in concert as a 
single piece of reflective glass. 
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For table (1-2) that contains the summary of the sky survey telescopes: 
1. Field-of-view is the area of sky covered in a single exposure. 
2. Magnitude limit is the faintest star recorded at visible wavelengths. 
3. Speed is the rate at which observations can be carried out. One can see that of the 
operational facilities, LINEAR covers the most sky per hour (1200 degree/hour) but 

Table (1-2): Sky Survey Telescopes
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Notably the Keck ten meter telescope will utilize a main mirror composed of thirty six 
hexagonal segments. The computations can be carried out in rational (exact) arithmetic, 
and an appendix lists the polynomials and orthogonal expansions of monomials up to 
degree six [11].    
 In 1992, R. G. Lane et al. presented a simulation of a Kolmogorov phase screen. 
Two new methods for modeling Kolmogorov phase fluctuations over a finite aperture 
are described. The firs method relies on the incorporation of sub harmonics in order to 
model accurately the low frequencies of the Kolmogorov Spectrum. The second 
method provides a less accurate, but much faster method for simulating the 
Kolmogorov spectrum by using a midpoint displacement algorithm used in computer 
graphics [12]. 
 In 1994, W. Swantner and W. W. Chow presented a Gram-Schmidt 
orthonormalization of Zernike polynomials for general aperture shapes. They had 
shown that the Zernike functions for circular apertures can be generalized for any 
aperture shape. Completely general aperture shapes and user-selected basis sets may 
be treated with a digital Gram-Schmidt orthonormalization approach [13].  
 In 1994, V. N. Mahajan presented Zernike circle polynomials and optical 
aberrations of systems with circular pupils. Zernike circle polynomials, their 
numbering scheme, and relationship to balanced optical aberrations of systems with 
circular pupils were discussed [14]. 
 In 1994, G. Love and A. K. Saxena presented an active and adaptive optics for 
the new generation of large telescopes. Active and adaptive optics were techniques for 
improving the image quality of large astronomical telescopes. Active optics was 
concerned with correcting aberrations produced within the telescope and adaptive 
optics aims to correct distortions introduced by the Earth's atmosphere [15]. 
 In 1996, L. M. Mugnier et al. presented an aperture configuration optimality 
criterion for phased arrays of optical telescopes. Address the optimization of the 
relative arrangement (aperture configuration) of a phased array of optical telescopes, 
coherently combined to form images of extended objects in a common focal plane [16]. 
  In 1999, A. Glindemann et al. presented an adaptive optics on large 
telescopes. They discussed the physical background of imaging through turbulence, 
using Kolmogorov statistics, and different techniques to sense and to correct the 
wavefront aberrations with adaptive optics. [17]. 
 In 1999, O. L. de Weck and D. W. Miller presented an integrated modeling and 
dynamics simulation for the next generation space telescope. An integrated model 
comprising multiple disturbance sources, structures, optics and control systems was 
developed in order to predict the expected dynamic performance of the observatory in 
terms of wavefront error and line-of-sight jitter. [18]. 
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 In 2001, J. S. Gibson, C. C. Chang and Neil Chen presented an adaptive optics 
with a new modal decomposition of actuator and sensor spaces. They introduced a new 
modal decomposition of actuator and sensor spaces for adaptive optics. The 
decomposition

[19].  
 In 2003, G. Z. Angeli et al. presented an active optics and control architecture 
for a giant segmented mirror telescope. The next generation 30m class ground-based 
telescopes pose an unprecedented challenge for control systems envisioned to support 
diffraction limited imaging. The approach is a multi-tiered, decentralized control 
architecture utilizing two kinds of feedback: optical and mechanical [20].
 In 2003, R. Angel et al. presented a 20 and 30 m telescope designs with potential 
for subsequent incorporation into a track-mounted pair (20/20 or 30/30). Any future 
giant ground-based telescope must, at a minimum, provide foci for seeing-limited 
imaging over a wide field and for diffraction-limited imaging over ~1 arcminute fields 
corrected by adaptive optics (AO). Large round segments can also be individually 
apodized for high-contrast imaging of exoplanets [21]. 
 In 2004, C. Cox and P. Hodge presented a point spread function modeling for 
the James Webb Space Telescope. They described software which models the Point 
Spread Function of the James Webb Space Telescope. This software is designed to be 
expandable to incorporate optical and instrument data as they become available. An 
initial model of the detector used in the Near Infrared Camera has been used to generate 
realistic stellar images [22]. 
 In 2005, E. Sabatke et al. presented an analytic diffraction analysis of a 32-m 
telescope with hexagonal segments for high-contrast imaging. Large segmented 
telescopes cannot be modeled accurately with fast-Fourier-transform techniques since 
small features such as gaps between the segments will be inadequately sampled. 
Apodizing the edges of the individual segments reduced the useful regions in the image 
since the gaps appeared to be wider [23]. 

School of Astronomy and Astrophysics (RSAA) was loaned a Deformable Mirror 
(DM) by Gemini in return for its characterization. This DM was manufactured to test 
an actuator design to be incorporated into the Gemini Multi-Conjugate Adaptive Optics 
program. The experiments were undertaken between July 2006 and May 2007 [24].  
 In 2007, V. N. Mahajan, and G. m. Dai presented Orthonormal polynomials in 
wavefront analysis: analytical solution. Zernike circle polynomials are in widespread 
use for wavefront analysis because of their orthogonality over a circular pupil and their 
representation of balanced classical aberrations. Derived closed form polynomials that 
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are orthonormal over a hexagonal pupil, such as the hexagonal segments of a large 
mirror. [25]. 
 In 2007, A. Basden et al. presented a Durham extremely large telescope adaptive 
optics simulation platform. Simulation of adaptive optics systems on the largest 
proposed future extremely large telescopes, as well as, on the current systems. The 
simulation platform described can be highly parallelized using parallelization 
techniques suited for adaptive optics simulation. The results from the simulation of a 
ground layer adaptive optics system were provided as an example to demonstrate the 
flexibility of this simulation platform [26]. 
 In 2007, G. m. Dai presented a wavefront reconstruction from slope data within 
pupils of arbitrary shapes using iterative Fourier transform. This presents a new modal 
technique that reconstructs a wavefront using iterative Fourier transforms and converts 
the Fourier coefficients as needed to from the coefficients of the orthonormal basis set 
over pupils of arbitrary shapes. Elliptical, annular, hexagonal, and irregular pupils are 
considered as practical examples to illustrate the results [27]. 
 In 2007, L. Jolissaint et al. presented an analytical modeling of the optical 
transfer function of a segmented telescope with/without adaptive optics correction of 
the telescope's dynamical aberrations. They presented the mathematical development 
of the method, and give an example of application to a 73 segments 10-m telescope, 
without adaptive optics correction [28]. 
 In 2007, A. M. Hvisc and J. H. Burge presented a structure function analysis of 
mirror fabrication and support errors. Telescopes are ultimately limited by atmospheric 
turbulence, which is commonly characterized by a structure function. The fabrication 
and support errors are most naturally described by Zernike polynomials or by bending 
modes for the active mirrors [29].  
  In 2008, T. Gray and D. W. Miller presented a minimizing high spatial 
frequency residual in active space telescope mirrors. The trend in future space 
telescopes is towards large apertures and lightweight, rib-stiffened, and actively 
controlled deformable mirrors. This book details efforts to evaluate the mirror 
correction limit and the three predominant high spatial frequency mirror surface 
residual components: actuation-induced dimpling, manufacturing-induced print-
through, and disturbance-induced uncorrectable error. [30].  
 In 2008, E. Sidick et al. presented an improved wavefront control algorithm for 
large space telescopes. Wavefront sensing and control is required throughout the 
mission lifecycle of large space telescopes such as James webb space telescope 
(JWST). They propose a simple approach for preventing a sensitivity-matrix from 

-wavefront and optimal control 



24 

 In 2008, G. m. Dai, and V. N. Mahajan presented Orthonormal polynomials in 
wavefront analysis: error analysis. They illustrated that the wavefront fitting with a set 
of orthonormal polynomials was identical to the fitting with a corresponding set of 
Zernike polynomials. Also they analyzed the error that arises if Zernike polynomials 
are used for noncircular pupils by treating them as circular pupils and illustrate it with 
numerical examples [32]. 
 In 2009, A. Beghi et al. presented algorithms for turbulence compensation in 
large adaptive optics systems. In this paper, they considered some efficient algorithms 
for the adaptive optics system of large telescopes. Then, using it in a Kalman-based 
approach, it provides good performances for the closed-loop system. The proposed 
Kalman-based model ensures a good tradeoff between complexity and performances 
[33].  
 In 2010, J. H. Allen presented an orthogonality and convergence of discrete 
Zernike polynomials. The Zernike polynomials are an infinite set of orthogonal 
polynomials over the unit disk, which are rotationally invariant. The analysis concludes 
with design criteria for computing an accurate analysis with the discrete Zernike 
polynomials [34]. 
1.6 Aim of Book  

aperture, utilizing mirror segmentation techniques. Also, describing the incident and 
the reflected perturbed wavefront from the aperture of the telescope to the focal plane. 
Then, using an adaptive optics technique to compensate the perturbed wavefront to be 
corrected and flattened by modifying the deformable mirror surface. 
1.7 Book Layout 

The remainder of book will be structured as follows:  
1- Chapter one present a general introduction that includes the problem of interest, and 
the literature survey that tackles the problem.  
2- Theoretical background, Diffraction Theory and Aberration Theory, Two-Mirror 
Telescope, Resolution of Telescope, Telescope Limiting Magnitude, Imaging through 
Atmospheric Turbulence, Zernike Polynomials and Their Uses in Describing the 
Wavefront Aberrations, Orthonormal Polynomial for Hexagonal Apertures and Strehl 
Ratio are presented in chapter two.  
3- Chapter three contains adaptive optics and their applications. 
4- Chapter four, this chapter is dedicated to the simulation 
configurations and analysis the problem, many involved parameters were studied. 
Also, adaptive optics framework of the developed model was illustrated. 
 5- Chapter five contains the main derived conclusions and some stimulated 
suggestions future works. 
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Chapter 
 Two
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Theoretical Background 

2.1 Introduction 
In this chapter, some of the related theoretical topics are presented. When a 

telescope focuses an image from the sky, it deals with the ray and the wave nature of 
light. A correct optical figure in the telescope optics produces an image free of 
aberrations. However, the wave nature causes diffraction of light in the telescope, 
which leads to limit the resolution that can be achieved (diffraction limit) [6].

When the telescope focuses a point source, the image at the focal plane is the 
Point Spread Function (PSF), which, due to diffraction is not dimensionless of a point 
anymore, but a complex irradiance pattern that depends on the size and shape of the 
telescope aperture. Given that the point source accounts for all possible spatial 
frequencies, so a point source in the spatial domain can be decomposed into 
components with individual spatial frequencies. This is equivalent to the Fourier 
transform of a Dirac delta, which has components at all frequencies and with the same 
magnitude. This is why the PSF represents the response of the system; since it shows 
how an optical system responds to all possible frequencies [35].  
 In practice, however, both atmospheric and telescope errors distort the spherical 
wavefront, creating phase errors in the image-forming ray paths. Even at the best sites, 
ground-based telescopes observing at visible wavelengths cannot achieve an angular 
resolution better than telescopes of (10-20) cm diameter, because of atmospheric 
turbulence alone. For a 4m telescope, atmospheric distortion degrades the spatial 
resolution by more than one order of magnitude compared with the diffraction limit, 
and the intensity at the center of the star image is lowered by a factor of 100 or more. 
The cause is random spatial and temporal wavefront perturbations induced by 
turbulence in various layers of the atmosphere; one of the principal reasons for flying 
the Hubble Space Telescope was to avoid this image smearing. In addition, image 
quality is affected by permanent manufacturing errors and by long time scale-
wavefront aberrations introduced by mechanical, thermal, and optical effects in the 
telescope, such as defocusing, decentering, or mirror deformations generated by their 
supporting devices [36]. 

2.2 Diffraction Theory and Aberration
The telescopes and their aberrations can be discussed entirely from the point of 

view of geometrical optics. Geometrical optics (ray optics) is concerned with the light 
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ray, an entity that does not exist which carries energy. It is customary, therefore, to 
begin discussions of ray optics with a theoretical justification for the use of the ray [6]. 
 Rays propagate in straight lines in homogeneous media and have curved paths 
in heterogeneous media. Rays is used to predict positions, and directions of light. Ray 
paths are reversible. The paths of rays through an optical system are governed by 
Fermat's principle. Aberrations occur when rays do not pass through the paraxial image 
point. An aberration-free image in the ray optics limit is, according to Fermat's 
principle, a true point image. That the wave nature of light sets the image size for an 
otherwise perfect or diffraction-limited optical system, with the analysis there intended 
only to give an estimate of the size of the diffraction image [17]. 
 In this work the emphasis is on the character of the perfect image from the point 
of view of diffraction theory. Because no optical system is strictly perfect, the effect of 
aberrations of a nearly perfect optical system on the diffraction image is also 
considered. This analysis proceeds along two lines. The starting point is Huygens' 
Principle and the superposition of waves from points on a wavefront. The second 
analysis is in terms of transfer functions.  
 As part of the discussion of the nearly-perfect image, the representation of its 
characteristics in terms of transverse aberrations is generalized by introducing 
orthogonal aberrations in terms of Zernike polynomials. With this representation an 
image quality in terms of Root Mean Square (RMS) wavefront error is especially 
informative.  
Before discussing the nature of a perfect image as formed by a telescope with a circular 
or any shape aperture, Huygens' Principle will be discussed and its extension by 
Fresnel. This principle is the basis for diffraction theory. 

2.3 Huygens- Fresnel Principle 

The initial statement of Huygens' Principle was made in an attempt to understand 
the laws of reflection, refraction, and the propagation of light. It started with the 
assumption that light was a wave and could be described in terms of wavefronts. From 
the point of view of Fermat's principle, a wavefront is the locus of all points having the 
same optical path from a point source of light. Viewed as a wave, a wavefront is the 
locus of all points having the same phase [37]. Huygens postulated that each point on 
a primary wavefront acts as a secondary source for producing spherical wavelets, and 
that the envelope of these wavelets at a slightly later time is the new wavefront. He 
further stated that the new wavefront propagates with a speed and frequency equal to 
that of the primary wave as shown in figure (2.1). [6] 
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feff = f1m

the back focal distance, which is the distance of the focal plane behind the 
telescope  

From the design point of view, the following parameters are needed to be specified:  

the radii of curvature of the mirrors  
the separation between the mirrors  

Using some geometry, some basic relations between these quantities cab be derived, 
in particular [6]:  

)1(m

mk

and  

)1()1( mk .3) 

Usually, f1 is limited by technology. m is chosen to match desired scale. k is related to 
separation of mirrors, and it is a compromise between making telescope shorter and 
blocking out more light vs. longer and blocking less light; in either case, focal plane 
has to be kept behind primary. One final thing to note is how to focus a Cassegrain 
telescope. Most instruments are placed at a fixed location behind the primary. Ideally, 
this will be at the back focal distance, and everything should be set as designed. 
However, sometimes the instrument may not be exactly at the correct back focal 
distance, or it might move slightly because of thermal expansion/contraction. In this 
case, focusing is usually then done by moving the secondary mirror. The amount of 
image motion for a given secondary motion is given by [6]:  

1)1(mk
dk

d

dk

d

Working through the relations above, this gives: 

12m
dk

d

So the amount of focal plane motion (f1d ) for a given amount of secondary motion 
(f1dk) depends on the magnification of the system. If the secondary is moved then k is 
changed. Since  is fixed by the mirror shapes, it's also clear that the magnification is 
changed as the secondary is moved; this is expected since the system focal length, f = 
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2.6 Telescope Resolution
Fraunhofer modeled the irradiance distribution (E) of light caused by diffraction 

for a circular aperture, which is true in the case of telescopes.     E can be described as 
a pattern of irradiance in the focal plane by a Bessel function of the first order J1 [5][41]. 
The mathematical expression, also called the Airy pattern, is [39]:

)7.2(..........

2

)(
12

f

rD
f

rD
J

f

A
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 Where:  E(r): is the irradiance intensity at a distance r from the optical axis 
EA: is the irradiance at the aperture 

 is the wavelength of light under study 
D: diameter of the telescope 
A: area of the aperture  
f: focal length 

An irradiance pattern for the case of an 8-m telescope (This is an example of a single 
mirror telescope working at f/no = 15 and without secondary mirror is presented in 
figure (2.4) the first ring occurs at [5]:   

D
f

r
22.1 , this is r = ± 9.15 µm 

The ability of an optical system to image two separate point sources at its focal plane 
is function to its diameter. Lord Rayleigh defined a criterion for the resolution limit of 
the telescope, which is related to the first ring of the PSF. The expression for the 
angular resolution is then [41]: 
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Two PSFs having the distance separation of Eq. (2.8) are presented in figures (2.4, 4.5) 
this is an upper limit in terms of the resolving power of the telescope that can be 
achieved. In the next section, atmospheric turbulence limitation to the resolution of any 
ground-based optical telescope will be shown to be equal to a few tens of centimeters 
at best. 
Figure (2.6) shows the Improvement in angular resolution at optical wavelengths. The 
development of adaptive optics has permitted diffraction-limited observations from 
ground-based observatories since 1990, largely eliminating the effects of the 
atmosphere. The dashed line shows the theoretical diffraction-limited resolution for the 
telescope. The solid line shows the seeing limit imposed by the atmosphere. 
Improvements were obtained by going to very good seeing sites [3]. 
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Figure (2.8): Aberration vs. Image Quality

2.9 Atmospheric Turbulence 
In this section a short overview of the theoretical background for the generation 

of turbulence in the atmosphere, and the wavefront deformation is given. To assess the 
turbulent behavior, one first needs to characterize the medium under investigation, 
based on the theory of fluid flows, using the Reynolds number (Rn) defined as [42]: 

)13.2.........(
v

VL
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Where V is the velocity, L is a characteristic scale length and v the kinematic viscosity. 
The Reynolds number is a measure of the ratio between the inertial forces and 

the viscous forces of the fluid. If the Reynolds number is high, the motion on the scale 
L is undampened, as viscosity plays no dominant role. When the Reynolds number 
becomes of the order of 1, the influence of viscosity becomes high enough that energy 
can be dissipated. L is set by the outer geometry of the flow, and the Reynolds number 
can be interpreted as the ratio between this length and the structure size at which the 
energy is dissipated. For atmospheric flows, Rn

6 . They can be always considered 
turbulence. The transfer of energy between the large scale and the dissipative scale can 
be explained as follows: 
 The turbulence in the atmosphere is introduced by large eddies of a scale L0. 
These eddies cannot dissipate, as indicated by the Reynolds number, but break up in a 
hierarchical cascade to smaller and smaller eddies, until they reach inner scale l0, and 
the turbulent energy is dissipated. The range between l0 and L0 is called the inertial 
range; L0 is called the outer scale of the turbulence. 
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retraced. A good way to describe the turbulence as a function of position is a structure 
function.

2.11 Kolmogorov Model 

L0 l0. The former corresponds to the scale where energy is 
added to the medium (usually tens of meters), while the latter occurs when the energy 
is finally dissipated as heat by viscous friction (within millimeters). 
Atmospheric turbulence is a random process. It can be modeled with the structure 
function )( xDn , defined as the average difference between two values of a random 

variable for a large number of points, with the random variable being the index of 
refraction n(x), i.e. [35]: 

)15.2.........()'()()( 2xnxnxDn

The structure function for the refractive index variation of turbulent air in the 
Kolmogorov model is [45]: 

3
22 )( xhCxD nn )16.2........(00 Lxl

)(2 hCn is the vertical refractive index structure parameter, which is function of the 

altitude h. 
The vertical refractive index structure parameter )(2 hCn  is a measure of the strength of 

the fluctuations in the refractive index. The values of 2
nC  is typically in the range from 

10-17m-2/3 -13 m-2/3 or more when 

Developed from this model, the Fried parameter r0 allows one to characterize the 
strength of the whole atmosphere (Fried 1965). The mathematical expression for r0 is 
[46]: 
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Where  
 is the zenith angle of observation. 

           is the observational wavelength. 
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The effect of turbulence on a telescope of diameter D is seen on the variance of the 
wavefront 2   which can be computed as:  

)18.2.........(0299.1
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Alternatively, one can use the resolution  of the telescope in the presence of 
turbulence. 
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The main interpretation of Eq. 2.19 and its similarity with Eq. 2.8 is straight forward: 
in the presence of turbulence, the resolution is set by the parameter r0, which represents 
the diameter of a telescope that produces the same resolution. Typical values for the 
Fried parameter are 5cm < r0 < 20cm.  
For example the diffraction limit of resolution for 4m telescope at 500 nm is given by 
equation [43]: 

radX
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The angular resolution due to atmospheric turbulence is: 
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r
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So turbulence in this case degrades the resolution by a factor of 100. 

 When a telescope of such a diameter is used, only the first order of the 

achieving the diffraction limit. An alternative physical interpretation for the Fried
parameter is that r0 is the aperture size that produces a mean square wavefront error of 
around 1 rad2. To quantify the relationship between the phase aberrations and the 
image quality the Strehl ratio is used. 

2.12 Power Spectrum Models  
For optical wave propagation, refractive index fluctuations are caused almost by 

small fluctuations in temperature. One well-known power spectrum model is 
Kolmogorov spectrum [45]: 

)20.2........(/1/1033.0 00
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K is the transverse wave number, l0 and L0 are the inner and outer scales of the 
turbulence, respectively.  
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 There are also other models of spectrum for refractive index fluctuations, such 
as Von Kármán spectrum [46]: 
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This spectrum regards both inner scale and outer scale parameters inside the spectrum 
which is more appropriate for calculation of beam through atmosphere with turbulence 
presence.  

2.13 Zernike Polynomials and their use in Describing the Wavefront 
Aberrations 

The objectives of this section include an explanation of why Zernike 
polynomials are preferred over other functions, a mathematical definition of Zernike 
polynomials, and their use in describing the wave aberration function. Simulation 
shows the effects of the low and high order aberrations on image quality; and an 
illustration of how Zernike polynomials are used to estimate the wave aberration 
function from measurement data. 

2.14 Why Using Zernike Polynomials? 

Optical system aberrations have historically been described, characterized, and 
catalogued by power series expansions, where the wave aberration is expressed as a 
weighted sum of power series terms that are functions of the pupil coordinates.  Each 
term is associated with a particular aberration or mode.  For example, spherical 
aberration, coma, astigmatism, field curvature, distortion, and other higher order modes 
[56]. 

Many optical systems have circular pupils.  So many analyses and calculations 
(e.g. diffraction) will involve the integration of the pupil function and wave aberration 
function over a circular pupil.  Experimental measurements will also be performed over 
a circular pupil and will commonly require some form of data fitting.  It is, therefore, 
convenient to expand the wave aberration in terms of a complete set of basis functions 
that are orthogonal over the interior of a circle.  Experimental data can be fitted to a 
weighted sum of these orthogonal basis functions [71]. 

Zernike polynomials form a complete set of functions or modes that are 
orthogonal over a circle of unit radius and are convenient for serving as a set of basis 
functions.  This makes them suitable for accurately describing wave aberrations as well 
as for data fitting.  They are usually expressed in polar coordinates, and are readily 
convertible to Cartesian coordinates.  These polynomials are mutually orthogonal, and 
are therefore mathematically independent, making the variance of the sum of modes 
equal to the sum of the variances of each individual mode.  They can be scaled so that
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) 

) 

) 

Each polynomial has three components:  the normalization factor, a radially dependent 
polynomial, and an azimuthally dependent sinusoid.  A double indexing scheme is used 
where: (n) is the highest power or order of the radial polynomial and (m) is the 
azimuthal or angular frequency of the sinusoidal component.  An accompanying single 
indexing scheme is also employed where the index (j) is used to indicate mode number.  
Table (2-1) contains a list of Zernike polynomials up to order seven and their meanings 
relative to the traditional Seidel or Primary aberrations [51][54]. 
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There are occasions when expressing the Zernike polynomials in rectangular form. For 
example, data from the Shack-Hartmann Wavefront Sensor represent the partial
derivatives of the wave aberration as a function of x and y.  The formulas for conversion 
to rectangular coordinates and the various indices are provided as follows [55]:

...(2.25
) 

2.16 Describing Wave Aberration Function Using Zernike Polynomials 
The wave aberration function is expressed as a weighted sum of Zernike 
polynomials [57][58]: (2.26) 
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2.17 General Optical System Description 

Figures (2.16, 2.17) represent the general form of the optical system. 

Note that the light forming the image completely fills the exit pupil.  Also, since 
the exit pupil is the aperture as seen from the image space of the optical system, all of 
the effects of aberrations in the system are fully contained in the light distribution at 
the exit pupil.  The exit pupil therefore is good place to define and characterize the 
nature of the light in an image forming optical system.  Knowing the distribution of 
light (i.e., amplitude and phase) at the exit pupil, one can calculate the impulse response 
or PSF of the optical system using the diffraction integral and Fourier optics techniques 
[47][48][49]. This fully accounts for the effects of both aberrations and diffraction. 

2.18 Monochromatic Wavefront Aberrations 

use of the sine function, which is non-linear. 
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In paraxial systems, angles are small, sin , then first-order theory is applied, no 

aberrations and spherical wavefronts.  In non-paraxial systems, higher order terms in 
the power series expansion of the sine function can be significant, and aberrations are 
no longer negligible. The non-zero aberrations cause wavefronts to deviate from 
sphericity. Non-zero aberrations occur even when refracting surfaces of lenses are 

Optical 
System

Optical 
Axis

y

z

x
y

x

Object 
Plane

Image 
Plane

y

x

Object 
Height

h

Image 
Height

Optical 
System

Optical 
Axis

y

z

x
y

x

Object 
Plane

Image 
Plane

y

x

Object 
Height

h

Image 
Height

Aperture

Entrance
Pupil

Exit
Pupil

Aperture

Entrance
Pupil

Exit
Pupil

Aperture

Entrance
Pupil

Exit
Pupil

Figure (2.16): Coordinate System [47] Figure (2.17): Optical System Components 
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2.20 Orthonormal Polynomial for Hexagonal Apertures 

 It is quite common in optical design and testing using Zernike circle polynomials 
to describe the aberration of a system. These polynomials have the advantage that they 
represent balanced aberrations. Because of their orthogonality across a circular 
aperture, the Zernike expansion coefficients are independent of each other, each 
coefficient represents the standard deviation of the corresponding Zernike term (with 
exception of the piston term), and the variance of the aberration is equal to the sum of 
the coefficients. However, in the case of a large segmented mirror, the segments are 
typically hexagonal in the shape, as in the Keck telescope. The advantage of the 
orthogonality of the polynomial can be lost because Zernike polynomials are not 
orthogonal over hexagonal region. Here, orthonormal polynomial for hexagonal 
apertures can be determined by the Gram-Schmidt orthogonalization of Zernike circle 
polynomial. The polynomial thus obtained is depending on the sequence of the Zernike 
polynomials used in the orthogonalization process [59]. 
Figure (2.21) show a unit hexagon inscribed inside a unit circle. Each side of the 
hexagon has a length of unity. The area of the hexagon is A=3 3/2. In Cartesian 
coordinates (x,y), the aberration function for a hexagonal pupil or aperture can be
expanded in terms of polynomials Hj (x,y) that are orthonormal over the aperture [60]: 

)35.2........().........,(),( yxHayxW j
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Where aj is an expansion or the aberration coefficient of the polynomial Hj(x,y). The 
orthonormality of the polynomial is represented by: 
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Where jj stands for the Kronecker symbol, which equal to 1 if and only if j=j

The hexagonal region of integration consists of five parts: rectangle ACDF, triangles 
AGB, GCB, DHE, and HFE with limits of integration ( 3/2, 3/2), (1/2,1; 

3( x),0 ), (1/2,1; 3( x),0), ( 1, 1/2; 0, 3(1+x)), and ( 1, 1/2 ; 0, 3(1+x))  , 
respectively. 
The area of the unit hexagon is approximately 17.3% smaller than the area of the unit 
circle. 
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Thus, the H-polynomial are obtained recursively starting with H1 =1. each H-
polynomial is a linear combination of Zernike polynomials. The orthonormal H-
polynomials represent the unit vectors of the space that spans the aberration function.  
Substituting for the Zernike polynomial and noting that of an odd function over the 
hexagon is zero owing to its symmetry, it is possible to obtain: 
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The other polynomial terms can be obtained in similar manner as shown as in table (2-
2) [24]. 
Table (2-2): Orthonormal Hexagonal Polynomials in Polar Coordinates 
H1 = 1 
H2 = 2 (6/5)   sin
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Chapter 
Three 



56 

An Adaptive Optics 

3.1 Introduction 
Adaptive Optics (AO) was proposed as early as the 1950s, by Horace Babcock, 

an astronomer at Mt. Wilson and Palomar Observatories. This technology became 
powerful enough for a first attempt to realize such a system in the late 60s. The early 
systems were developed for military and aerospace applications, and progress was 
driven by these communities, who had considerable resources available to them. Early 
milestones in the advancement of AO systems were the development of the first 
functioning Deformable Mirrors (DMs), and subsequent experiments with natural 
guide stars, by John Hardy and co-workers at ITEK company in 1972, and the 
atmospheric compensation achieved with the Compensated Imaging System (CIS) on 
Mt. Maleakala, Hawaii, using stars and satellites as guide stars during the years 1982-
85 [46][42]. 
 The quality of images and spectra taken at ground-based astronomical 

achieving diffraction limited resolution, large ground-based telescopes at the best sites 
seldom achieve image quality better than the diffraction-limit of a 20cm diameter 
telescope (0.63 arcsec in the visible, 500 nm wavelength). This blurring, which is due 
to temperature inhomogeneities in the atmosphere, is called atmospheric seeing. If the 
seeing could be eliminated, an 8m telescope would be able to achieve 0.015 arcsec 
resolution in the visible and 0.069 arcsec resolution in the K-band of the infrared (2200 
nm) [45]. Compensation of the atmospheric seeing can be achieved using the 
technology of AO, a technique which is being pursued by every major ground-based 
observatory. 
 Satellite observatories are very costly to operate, however, and exceedingly hard 
to maintain. Ground-based telescopes of the 10m class equipped with AO are now able 
to deliver sharper images than HST, at least in the near infrared. Naturally, ground-
based observatories are much more versatile and accessible for keeping instruments up 
to date. While satellite observations remain important for some scientific cases, many 
programs can be conducted more efficiently from the ground [44]. 
 The techniques of AO are those by which telescope optics is adjusted on a rapid 
time scale to compensate for distortions in the wavefront entering a telescope. These 
adjustments are generally applied to a relatively small optical element in an optical 
train following the Cassegrain or Nasmyth focus and continuously readjusted on a time 
scale measured in milliseconds. Also a larger isoplanatic angle at infrared wavelength, 
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25 arcsec at 2500 nm compared to 5 arcsec for visible wavelength, makes AO 
correction easier than at visible wavelength [42].
 Techniques of AO are to be distinguished from those of active optics for which 
adjustments are relatively much slower, often on a time scale of hours. Adjustments of 
this latter type are usually made to the primary mirror by actuators that adjust the shape 
of the mirror. The goal of active optics corrections is usually to reduce the aberrations 
of a telescope [44] [64] [66]. 
 In this chapter the basic principles of AO will be discussed. Techniques by which 
a distorted wavefront is corrected before detection are considered. It is also possible to 
apply postdetection corrections to images and achieve high angular resolution on bright 
sources with ground-based telescopes. The effects of turbulence from the point of view 
of the time-averaged Modulation Transfer Function (MTF) of the atmosphere are 
considered. 

3.2 Preliminaries  

 To appreciate the daunting task faced by designers of AO systems, one should 
understand that an initially plane wavefront traveling 20km through the turbulent 
atmosphere accumulates, across the diameter of a large telescope, phase errors of a few 
micrometers. These have to be sensed with a minimum number of photons and 
corrected to about 1/50 of a micrometer every millisecond or so. Another complication 
is that, for short integration times, the field of view over which the atmospheric 
wavefront distortions and hence the images are correlated, the isoplanatic angle, is very 
small (only a few arc second for visible wavelengths) [46]. 
 Because of the high bandwidth and the small field to which correction can 
generally be applied, AO uses a small deformable mirror (DM) with a diameter of (8 
to 20) cm located behind the focus of the telescope at or near an image of the pupil. In 
some current projects, the possibility of using a large deformable secondary mirror is 
being developed. The choice of the number of actuators (usually piezoelectric) is a 
tradeoff between degree of correction, using a faint reference source, and available 
budget. For instance, a near-perfect correction for an observation done in visible light 
with an 8m telescope would require ~ 6400 actuators, whereas a similar performance 
at 1.5m needs only ~ 225 actuators [46]. 
 A large number of actuators require a similarly large number of subapertures in 
the wavefront sensor, which means that for correction in the visible, the reference star 
should be ~ 25 times brighter than that corrected in the infrared. Most current 
astronomical systems are designed to provide diffraction-limited images in the near-
infrared (1000-2500) nm with the capability for partial correction in the visible. 
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However, some military systems for satellite observations in the USA do provide full 
correction in the visible on at least 1m class telescopes [44].  
 Two main methods are used to measure the degraded wavefront, the Shack-
Hartmann device, which measure the slope of the wavefront from the positions of the 
images of the reference star given by each subapertures, and Curvature Sensing device, 
where the intensities measured in strongly defocused images provided directly the local 
curvatures of the wavefront. Correction in the Shack-Hartmann device is made with 
individual piezoelectric actuators. Correction in a curvature sensing system is 
accomplished with a bimorph adaptive mirror, made of two bonded piezoelectric 
plates. With both methods, wavefront sensing is done on a reference star or even on 
the observed object itself if it is bright enough and has sufficiently sharp light gradients 
[42].  
 General scheme for an AO System is shown in figure (3.1). The control system 
is generally a specialized computer that calculates from the wavefront-sensor 
measurements the commands sent to the actuators of the DM. The calculation must be 
done fast (within 0.5 to 1 msec); otherwise the state of the atmosphere may have 
changed rendering the wavefront correction inaccurate. The required computing power 
needed can exceed several hundred million operations for each set of commands sent 
to a 225 actuator DM. As in active optics systems, zonal or modal control methods are 
used. In zonal control, each zone or segment of the mirror is controlled independently 
by wavefront signals that are measured for the subaperture corresponding to that zone. 
In modal control, the wavefront is expressed as the linear combination of modes that 
best fit the atmospheric perturbations. 
 The operation of AO is strongly affected by the size of the isoplanatic angle, 
usually ~ 25" at 2500nm (IR), but only ~ 5" at 500nm (visible). It is generally not 
possible to find a sufficiently bright reference star close enough to an arbitrary 
astronomical object. Conditions are much better in the infrared than in the visible since 
atmospheric turbulence has weaker effect on longer wavelengths for a given AO 
correction. The spatial and temporal sampling of the disturbed wavefront can therefore 
be reduced, which in turn permits the use of fainter reference stars. Coupled with the 
larger isoplanatic angle in the IR, this gives a much better outlook for AO correction 
than in the visible.  
 Nevertheless, even for observations at 2200 nm, the sky coverage achievable by 
this technique (equal to the probability of finding a suitable reference star in the 
isoplanatic patch around the chosen target) is only of the order of 0.5 to 1%. It is 
therefore quite normal that most scientific applications of AO so far have been on 
objects which naturally provide their reference object like solar system small bodies, 
stellar environments, stellar clusters and a few very bright Seyfert nuclei. 
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3.3 Parameters of Deformable Mirror  

Deformable Mirrors (DMs) are mirrors whose surface can be deformed, in order to 
achieve wavefront control and correction of optical aberrations. Figure (3.4) shows the 
operation of a DM Model with AO System. The DM has several parameters can be 
categorized into:  
1) Number of actuators: determines the number of degrees of freedom (wavefront 
inflections) the mirror can correct. It is very common to compare an arbitrary DM to 
an ideal device that can perfectly reproduce wavefront modes in the form of Zernike 
polynomials. For predefined statistics of aberrations a DM with M actuators can be 
equivalent to an ideal Zernike corrector with N (usually N < M) degrees of freedom. 
For correction of the atmospheric turbulence, elimination of low-order Zernike terms 
usually results in significant improvement of the image quality, while further correction 
of higher-order terms introduces less significant improvements. For strong and rapid 
wavefront error fluctuations such as shocks and wake turbulence typically encountered 
in high-speed aerodynamic flow fields, the number of actuators, actuator pitch and 
stroke determine the maximum wavefront gradients that can be compensated [77]. 
2) Actuator pitch: is the distance between actuator centers. DMs with large actuator 
pitch and large number of actuators are bulky and expensive. 
3) Actuator stroke: is the maximum possible actuator displacement, typically in 
positive or negative excursions from some central null position. Stroke typically ranges 
from ±1 to ±10 micrometers. Free actuator stroke limits the maximum amplitude of the 
corrected wavefront, while the inter-actuator stroke limits the maximum amplitude and 
gradients of correctable higher-order aberrations [77]. 
4) Influence function: is the characteristic shape corresponding to the mirror response
to the action of a single actuator. Different types of DMs have different influence 
functions; moreover the influence functions can be different for different actuators of 
the same mirror. Influence function that covers the whole mirror surface is called a 
"modal" function, while localized response is called "zonal". 
5) Actuator coupling: shows how much the movement of one actuator will displace 
its neighbors. All "modal" mirrors have large cross-coupling, which in fact is good as 
it secures the high quality of correction of smooth low-order optical aberrations that 
usually have the highest statistical weight. 
6) Response time: shows how quickly the mirror will react to the control signal. 
Response time can vary from microseconds (Micro-Electro-Mechanical Systems 
(MEMS) mirrors) to tens of seconds for thermally controlled DMs [78]. 
7) Hysteresis and creep: are nonlinear actuation effects that decrease the precision of 
the response of the DM. For different concepts, the hysteresis can vary from practically 
zero (membrane mirrors) to tens of percent for mirrors with piezoelectric actuators. 
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4) Membrane concept: mirrors are formed by a thin conductive and reflective 
membrane stretched over a solid flat frame. The membrane can be deformed 
electrostatically by applying control voltages to electrostatic electrode actuators that 
can be positioned under the membrane; a bias voltage is applied to all electrodes, to 
make the membrane initially spherical. The membrane can move back and forth with 
respect to the reference sphere [68]. 
5) Bimorph concept: mirrors are formed by two or more layers of different materials. 
One or more of (active) layers are fabricated from a piezoelectric or electrostrictive 
material. Electrode structure is patterned on the active layer to facilitate local response. 
The mirror is deformed when a voltage is applied to one or more of its electrodes, 
causing them to extend laterally, which results in local mirror curvature. Bimorph 
mirrors are rarely made with more than 100 electrodes [69]. 
6) Ferrofluid concept: mirrors are liquid DMs made with a suspension of small (about 
10 nm in diameter) ferromagnetic nanoparticles dispersed in a liquid carrier. In the 
presence of an external magnetic field, the ferromagnetic particles align with the field, 
the liquid becomes magnetized and its surface acquires a shape governed by the 
equilibrium between the magnetic, gravitational and surface tension forces. Using 
proper magnetic field geometries, any desired shape can be produced at the surface of 
the ferrofluid. This new concept offers a potential alternative for low-cost, high stroke 
and large number of actuators DMs [70]. 

3.5 The Main Types of Actuators 

The main types are listed here [45] [66]: 
1) Piezo stack: this is a DM made of discrete actuators, composed of piezo-electric 
ceramics, which is composed of an electrostrictive material.  
2) Electrostatic: MEMS type of devices, made on a single piece of silicon, on which 
electrostatic actuators are built. 
3) Magnetic: these are integrated devices using voice-coil actuators, composed of a 
magnet and a solenoid. 

3.6 The Main Types of Wavefront Sensors (WFS) 
The main types of wavefront sensors are briefly described here, with 

representative diagrams [44][72][73]: 
1) Curvature: This technique was introduced by Roddier (1988). The 

wavefront aberration is measured at two planes around the focal plane, 
where the aberration causes excess illumination (at I1) and lack of 
illumination (at I2). 
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This matrix describes the relationship between commands to the DM and response of 
the wavefront sensor. Mathematically, this matrix can be written as [87]: 

)1.3........(.cP

Where  is the vector of wavefront slopes, P is the Poke matrix, and c is the vector 

of DM commands. The best Poke matrix contains only the effect of the actuator motion. 
The low gain mode can be removed from the control matrix using the singular-value 
decomposition (SVD) techniques that will be described later. 
5) Making a Control Matrix from a Poke Matrix 

Once a good Poke matrix has been established, this Poke matrix needs to be 
inverted to create a control matrix that relates the measured wavefront slopes to DM 
commands mathematically it can be represented as [84]: 

)2.3..(...........

.)(Prsepseudoinvec

Where  represent the control matrix. Since the Poke matrix is not square (it is 2 times 
the number of sub-apertures by the number of actuators), it cannot be inverted 
classically, but instead it requires a different mathematical technique.  
SVD can be used to calculate a pseudo-inverse of a matrix. In SVD, the Poke matrix is 
decomposed into the product of three matrices U, S, and V.

U is a set of orthonormal output basis vectors that are found by finding the eigenvectors 
of P.P* where (*) operator is the transpose.  
V is a set of orthonormal input basis vectors that are found by finding the eigenvectors 
of P*.P. 
S is a diagonal matrix of singular values that are found as the square root of the 
eigenvalues of the eigenvectors in U and V.  
The SVD decomposition can be used to calculate a pseudo-inverse of the Poke matrix, 
P, as [85]: 

)3.3(............ USVP

Where the (+) operator is the pseudo-inverse. The pseudo-inverse of S is found by 
taking the reciprocal of each diagonal element of the S matrix.  

The condition number of a matrix is the ratio of the highest gain to the lowest 
gain. If a matrix is formed of orthogonal vectors, then the condition number will be 1. 
Since in most deformable mirrors the influence functions are not orthogonal, it is 
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expected that the condition number will not be unity, but lower values are generally 
better.  

6) Using a Control Matrix in Integrator Control 
 After establishing a control matrix, the commands for the DM are calculated in 
each step of the AO loop by taking the commands from the last loop and adding the 
measured slopes times the control matrix times the system gain, or [86]; 

)4.3(...........)1()( gaintctc
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Chapter 
 Four 
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Simulation and Problem Analysis 

4.1 Introduction 
Very large ground-based telescope with primary mirror more than 100m

diameter has been considered. Such a diameter may allow planet imaging from the 
ground if images of high contrast can be achieved over regions large enough for planet 
detection. Most of the proposed primary configurations use segmented mirrors. For a 
proposed primary configuration consisting of segments with gaps between them, 
diffractive modeling is needed to reveal the image and how that image is affected by 
this pupil configuration; gap width, apodization, miss-positioning, and tilt errors of the 
individual segments.  
 Current plans for future very large telescopes envisage apertures of more than 
100m diameter, their gain over the present generation of (10m) telescopes will not be 
simply a proportion to their increased light gathering power only, correction to 
diffraction limit with AO is needed to increase image sharpness. 
 In order to test the performance of different designs, several programs have been 
developed to model the resulting diffraction patterns or PSFs for different apertures. In 
its simplest form, the models determine the Fraunhofer diffraction of light through an 
aperture. The diffraction is calculated by performing a Fourier Transform (FT) on an 
incoming wavefront that represented by a complex 2D array. Taking the real part of 
the resultant amplitude image and squaring it gives the intensity. 
 Several ideas explore the use of alternative 
contrast imaging in the optical or near-infrared [79][80]. 

passing through the aperture of a telescope with a secondary mirror (obscuration) and 
support structure (spiders). An input wavefront array with the shape of the pupil 
undergoes FT to give a PSF and MTF of the telescope. A single wavelength PSF is 
generated (750 nm), after calculating the PSF of the aperture, an ideal test image can 
be convolved with the PSF. 
 A crucial issue for any design is its ability to not only achieve a high contrast, 
but do so in a way that does not seriously degrade the intrinsic resolution of the 
companion PSF. The smaller aperture size essentially spreads out the light of any faint 
companion and drastically increases the integration time, making it harder to detect 
[81]. 
 Next the array undergoes an inverse FFT which results in the intensity pattern at 
the pupil plane to create the image on the detector. The simulation was performed with 
1500 × 1500 and 1024 × 1024 element arrays; also the array is taken in terms of the 
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wavelength in order to keep the theoretical diffraction limit of the telescope of interest 
to be truncated at zero value inside this array.  

4.2 
Several configurations for the primary mirror of the telescope can be analyzed 

such as circles, or any shape derived from them by cutting along chords. The analytical 
study for next generation optical telescope; utilizing mirror segmentation techniques, 
including the following steps: 

Studying the primary mirror of the telescope, which is composed of a number of 
individual mirror subsegments. These subsegments act as a single mirror 
envisage apertures of more than 100m diameter.  
Comprising the efficiency of different configurations with adjacent hexagonal 
subsegments and close-packed circular subsegments and other shapes.
The apodization shapes effect on the contrast diffraction limit (high contrast 
imaging of exoplanets) can be studied.   
Studying the effect of subsegments gap, the secondary obscuration, subsegments 
size and the spiders. 

In figures (4.1, 4.2, 4.3) several designs has been created to test the simulations in order 
to gauge the degradation in contrast from the ideal case and to determine the best 
configuration. In the absence of atmospheric turbulence, the phase function W(x,y) in 
Eq. (2.29) becomes zero then:   
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Figure (4.1):  with 500 Pixels Diameter and their 
Corresponding PSFs.
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Figure (4.1  configurations for telescope with 500 pixels diameter, the  
corresponding point spread functions are shown. The PSF is computed at its coherent, 
combined focus.  
 The PSF at different telescope apertures are shown in Figures (4.2, 4.3), built up 
from 25 pixels subsegments diameter for the 500 pixels diameter without/with 
obscuration and spiders with their corresponding PSF are shown. 

The MTF at different telescope apertures are shown in Figure (4.4) where each aperture 
considered as a one segment (i.e. trapezium (4), pentagon (5), hexagon (6), heptagon 
(7), octagon (8) and circular (cir)). 

Figure (4.2): Aperture Configurations for Telescopes Built up from 25 Pixels Subsegments Diameter with 
Corresponding Point Spread Functions without Obscuration and Spiders.
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PSF and Encircled Energy (EE).  Some metrics are both geometric and diffraction 
based such as MTF and EE, these metrics can be especially useful for setting the image 
quality criteria of certain imaging applications. 

4.6 The objective fidelity criteria 
In order to provide unbiased results, evaluation with subjective measures 

requires careful selection of the test subjects and carefully designed evaluation 
experiments.  

The objective criteria, although widely used are not necessarily correlated with 
human perception of image quality. However, they are useful as a relative measure in 
comparing different versions of the same image.  
Commonly used objective measures (geometric image quality metrics) are the MSE, 
PSNR [82][83], CORR is the correlation between object before and after convolution 
with the optical system and FWHM of the PSF. 
Table (4-1, 4-2) contains some fidelity criteria for comparison between three different 
apertures before/after apodized aperture clipping.  

Aperture Type Area MSE CORR FWHM 
Cir-6 151373 6.4071e-05 0.9975 0.0015 
6-6 157364 6.3313e-05 0.9985 0.0015 
4-6 159005 6.3078e-05 0.9988 0.0015 

Aperture Type Area MSE CORR FWHM 
6-6 135175   1.0916e-05     0.9984 0.0017 

Cir-6 143111   1.1475e-05     0.9977 0.0016 
4-6  152280   1.0634e-05     0.9987 0.0016 

 Until now the simulation result shows that the apodized aperture of 4-6 
configurations has the best alignment, highest MTF, largest cutoff frequency and the 
largest collecting area.  
 The effect of subsegment radius on optical system PSNR can be shown in figure 
(4.21). It can be seen that the highest PSNR is for apodized aperture 4-6 with 
subsegment radius 25 pixels and decreased with increased subsegment radius, while 
other aperture type (6-6 and cir-6) have smooth variation with radius increased. For 

Table (4-1): A Comparison the Geometric Image Quality Metrics before Removing
 the Remaining Parts of the Mirror

Table (4-2): A Comparison Geometric Image Quality Metrics after Removing 
the Remaining Parts of the Mirror
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Figure (4.66): Phase Retrieval Using Poke Matrix Method.

Figure (4.67): Phase Retrieval Using the Suggested Method.
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4.13 Strehl Ratio Calculations 
 Tables (4-4, 4-5 and 4-6) illustrate the reconstruction process of the wavefront, 
where the RMS wavefront error calculated in meter and in radiance to determine 
uncompensated/compensated Strehl ratio for the used methods. 
 Table (4-4) shows the result of using Zernike/modified Zernike polynomials 
method for reconstruction the DM surface to compensation the dynamic aberration 
type (Kolmogorov Model).  

Zernike Method  Modified Zernike Method  

RMS_WFE 
Uncomp. (m) 

2.4576e-7 RMS_WFE 
Uncomp. (m) 

2.4576e-7 

RMS_WFE 
Uncomp. (rads) 

2.4394 RMS_WFE 
Uncomp. (rads) 

2.4394 

RMS_WFE 
 (m) 

2.8870e-8 RMS_WFE (m) 1.4932e-8 

RMS_WFE 
 (rads) 

0.2866 RMS_WFE 
(rads) 

0.1482 

SR_uncomp. 0.0026 SR_uncomp. 0.0026 

SR 0.9212 SR 0.9783 

When the perturbation is represented by static (Zernike/modified Zernike) and dynamic 
aberrations, tables (4-5, 4-6) show the result of using Poke matrix method and new 
suggested method to reconstruct the DM surface, respectively. 

Phase Screen (Kolmogorov) 
Turbulence 

Zernike Modes ( Z) Turbulence Modified Zernike Modes (H) 
Turbulence 

RMS_WFE 
Uncomp. (m) 

2.4576e-7 RMS_WFE 
Uncomp. (m) 

4.2044e-7 RMS_WFE 
Uncomp. (m) 

4.0139e-7 

RMS_WFE 
Uncomp. (rads) 

2.4394 RMS_WFE 
Uncomp. (rads) 

4.1733 RMS_WFE 
Uncomp. (rads) 

3.9842 

RMS_WFE 
 (m) 

1.0462e-7 RMS_WFE 
 (m) 

1.1123e-7 RMS_WFE 
(m) 

9.9504e-8 

RMS_WFE 
(rads) 

1.0384 RMS_WFE  
(rads) 

1.1041 RMS_WFE 
 (rads) 

0.9877 

SR_uncomp. 0.0026 SR_uncomp. 2.7301e-8 SR_uncomp. 1.2765e-7 
SR 0.3402 SR 0.2955 SR 0.3770 

Table (4-5): Strehl Ratio Calculations for Poke Matrix Method to Correct Kolmogorov 

Turbulence, Zernike Turbulence and Modified Zernike Turbulence  

Table (4-4): Strehl Ratio Calculations for Zernike/modified Zernike polynomials 

Methods to correct Kolmogorov turbulence 
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Phase screen (Kolmogorov) 
Turbulence 

Zernike modes ( Z) Turbulence Modified Zernike modes (H) 
Turbulence 

RMS_WFE 
Uncomp. (m) 

2.4576e-7 RMS_WFE 
Uncomp. (m) 

4.2044e-7 RMS_WFE 
Uncomp. (m) 

4.0139e-7 

RMS_WFE 
Uncomp. (rads) 

2.4394 RMS_WFE 
Uncomp. (rads) 

4.1733 RMS_WFE 
Uncomp. (rads) 

3.9842 

RMS_WFE 
 (m) 

1.8928e-20 RMS_WFE 
 (m) 

5.6231e-20 RMS_WFE (m) 2.672e-20 

RMS_WFE  
(rads) 

1.8788e-13 RMS_WFE 
 (rads) 

5.5815e-13 RMS_WFE 
(rads) 

2.652e-13 

SR_uncomp. 0.0026 SR_uncomp. 2.7301e-8 SR_uncomp. 1.2765e-7

SR 0.9999 SR 0.9999 SR 0.9990 

  
 The results from tables (4-5, 4-6) are very clear; the improvement of the AO 
process using new suggested method instead of Poke matrix method increases the 
correction for Kolmogorov turbulent by 65.88%, 70.35% for Zernike turbulent and for 
modified Zernike turbulent by 62.2%. While compared with Zernike/modified Zernike 
polynomials methods (tables (4-4 & 4-6) improved the correction by 2.16% using 
modified Zernike polynomials and by 7.87% when using Zernike polynomials for 
Kolmogorov turbulent.

Table (4-6): Strehl Ratio Calculations for the Suggested Method to Correct Kolmogorov 

Turbulence, Zernike Turbulence and Modified Zernike Turbulence  
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Chapter 
Five 
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Conclusions and Suggestions for Future Works 

5.1 Conclusions 
 According to the investigation laid out in the book, different geometrical shapes 
were tested to build the proposal primary mirror for next generation optical telescope; 

 The simulation results showed that for non-segmented aperture the circular 
shape has the best PSF, highest MTF and largest cutoff frequency. Because of the 
technical constraints, mirrors with diameter more than 8m till now can not be built; the 
segmented apodized aperture suggested overcoming this constraint.  
 The apodized aperture with 250 pixels radius has the highest contrast (MTF) was 
for the hexagonal aperture with subsegments trapezium, hexagon and circular with 
almost the same, which means that the hexagonal apodized aperture is the optimal 
shape (figures (4.7, 4. 11, 4.15)). 
  For orthogonality reason related to Zernike polynomials, the uncompleted outer 
segments have to be removed (figure (4.20)). After clipping, the apodized apertures 
were tested again according to the size of subsegments, obscuration, spiders, and gaps 
between subsegments. The simulation result showed that the 4-6 apodized aperture has 
the best alignment, highest MTF, largest cutoff frequency, highest PSNR, and the 
largest collecting area, but under critical condition (deformation the gaps between the 
subsegments) this configuration produces an artificial diffraction pattern that destroyed 
the PSF of the optical system. The 6-6 apodized aperture configuration that has 72 
subsegments with 25 pixels radius was more resist to this defects. Therefore, this 
configuration is the recommended design. 

Modified Zernike polynomials were used to estimate the initial state of the 
Adaptive optics process. 
 The results of the suggested method showed the correction improvement of the 
AO process as shown in tables (4-4, 4-5, 4-6).  
The suggested method increases the correction over the Poke matrix method for:  

Kolmogorov turbulent by 65.88% . 
Zernike turbulent by 70.35% .  
Modified Zernike turbulent by 62.2% .  

The suggested method improves the correction for Kolmogorov turbulent in 
comparison with: 

Zernike polynomials method by 2.16% . 
Modified Zernike polynomials method by 7.87% . 
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5.2 Suggestions for Future Works 
One may suggest the following ideas to the framework of the present 

investigation: 
1. Using larger deformable secondary mirror instead of small DM to increase the 
field of view correction.  

2. Increasing corrected field of view which is related to integration time and small 
-

(tomography), through a number of DMs conjugated at different altitude in order 
to compensate the turbulence by layers and thus extended the field of view. 

3.

reference star is limited sky-
stars called laser guide star (LGS) may be proposed.

4. Coronographic instruments can be included into telescope design to get more 
reliable results.  
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Appendix A 
Zernike polynomials 

 In Table A.1 the Zernike polynomials computed from equations 2.29-2.31 are 
listed in polar coordinates as well as Cartesian coordinates. The conversion between 

sin

cos

y

x

Table (A.1): Zernike Polynomials in polar and Cartesian Coordinates
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Appendix B 

Appendix B 
Matrix algebra 
B) Linear least squares 
 We want to solve the equation 

B.1) 
where A is of size n × m, b is of size n × 1 and x is of size m × 1, and n > m. Since the 
system is over determined (i.e. n > m) there is no solution that solves the problem. 
Instead we want to find the vector b that minimizes the sum of the squared errors, i.e. 
minimizing the squared Euclidean norm: 

2

2
r  = rT

where r is the error or the residual vector: 
r = b Ax       

To minimize 
2

2
r  = rT r = (b Ax)T (b Ax) = bT b 2xTATb + xTATAx     

we take the derivate with respect to x and set it to zero: 
2ATAx 2AT

which reduces to an n × n square linear system 
ATAx = AT
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If A has full rank, the matrix ATA is non-singular and the least squares solution is 
given by: 

x = (ATA) 1AT

where A+ = (ATA) 1AT is the Moore-Penrose pseudoinverse [26]. 

Appendix C 
C) Singular value decomposition 

 The singular value decomposition, SVD, is an eigenvalue-like decomposition 
for rectangular matrices. The SVD of the real n × m matrix A has the form: 

TVUA                        
where U is an n × n orthogonal matrix, V is an m×m n 
× m diagonal matrix with 

jifor

jifor

i
ij 0

0
   

i are the singular values of A. They are usually ordered 

i i+1 for i = 1 1. The columns ui of U and vi of V are the 
corresponding singular vectors.  
The singular values are the positive square roots of the eigenvalues of ATA, 
and the columns of U and V are orthonormal eigenvectors of AAT and ATA, 

UTU = I and VTV = I, where I is the 
identity matrix). 
The pseudoinverse of A (which also gives the least squares solution to the Problem in 
Appendix B.1) can now be computed by [26]:  

TUVA                                
 inverting  the 

diagonal entries (singular values). If a singular value is less than a predefined tolerance 

i
+ 

i  i  tol i
+ =0 for i

m). 
If A should happen to be square and nonsingular, the pseudoinverse is the same as the
usual matrix inverse, A 1  
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