The main objective of this book is designing Next Generation Optical
Telescope (NGOT) to gather information from a far region of space and
illustrates with simulation the Adaptive Optics system. The Quality of
images and spectra taken at ground-based astronomical observations is
degraded by distortions in the Earth's atmosphere. Compensation of the
atmospheric seeing can be achieved using the technology of Adaptive
Optics, a technique which is being pursued by every major ground-based
observatory. The techniques of adaptive Optics are those by which
telescope optics is adjusted on a rapid time scale to compensate for
distortions in the wave front entering a telescope.
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Abstract

The main objective of designing a Next Generation Optical Telescope (NGOT)
is to gather information from the far regions of space. The information will be used for
understanding the: Universe structure, birth and evolution of stars, origins and
evolution of planetary systems and galaxies. The key element to achieve these goals is
to build a space and/or ground based telescopes with a large reflector mirror. Many
difficulties are associated with the size of such reflectors; to overcome these problems
is to build a ground or space optical telescope with a number of small mirrors. These
mirrors can be deployed inside the space launch vehicle for space telescope and then
adjusted together in the orbit to form a desired shape of a single larger reflector;
however, on earth the ground-based optical telescope is easily manufactured with less
cost.

Simulation results showed that the hexagonal apodized aperture with
subsegments hexagon 6-6 configuration, which has 72 subsegments was the
recommended design for designing the next generation optical telescope.

Beside the new configuration for the future telescope other approach force itself
to improve the performance to achieve the diffraction limit like Deformable Mirror
(DM) and Adaptive Optics (AO). Preliminary test of the wavefront and Point Spread
Function (PSF) reconstruction using theories of numerical modeling for a single DM
AO system has been performed and the preliminary results are presented.

To construct the DM surface for compensation the perturbed incident wavefront four
methods are adopted; Zernike polynomials, modified Zernike polynomials, poke
matrix and trigonometric function (the suggested) methods. The simulation results
showed that the suggested method is more accurate and less consuming calculation

time.



Abbreviation and Acronyms

AITC Advanced Instrumentation and Technology
Centre
AO Adaptive Optics
AT Auxiliary Telescopes
DM Deformable Mirror
EE Encircled Energy
FFT Fast Fourier Transform
FWHM Full Width at Half Maximum
GMOS Gemini Multi-Object Spectrographs
GTC Gran Telescope Canaries
HST Hubble Space Telescope
HET Hobby-Eberly Telescope
IF Influence Functions
IFU Integral Field Unit
JWST James Webb Space Telescope
LBT Large Binocular Telescope
LGS Laser Guide Star
MEMS Micro-Electro-Mechanical Systems
MOAO Multi-Object Adaptive Optics
MTF Modulation Transfer Function
NGOT Next Generation Optical Telescope
NGST Next Generation Space/Segmented Telescope




OTF Optical Transfer Function
PSF Point Spread Function
PSNR Peak Signal to Noise Ratio
PSD Power Spectrum Density
P-v Peak-to-Valley
RMS Root Mean Square
RSAA Research School of Astronomy and Astrophysics
SAAO South African Astronomical Observatory
SALT Southern African Large Telescope
SH Shack-Hartmann
SH-WES Shack Hartmann Wavefront Sensor
SVD Singular-Value Decomposition
VLTI Very Large Telescope Interferometer
WF Wavefront
WES Wavefront Sensor
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Chapter
One



General Introduction

1.1 Introduction

Astronomers had studied celestial objects since ancient times like stars, comets
and planets. The fields of theoretical and observational astronomy are deeply linked to
other natural sciences, such as physics, chemistry and even biology. For example,
recent discoveries of planets orbiting other stars are giving the opportunity to think
about life beyond Earth, and to link astronomy and biology. With a scientific basis for
the first time in human history the old question "are we alone?" may be answered.

Observational astronomy is part of astronomy that deals with research on objects
in the sky through scientific observation. The telescope development, such as Galileo's
telescope, which was built 400 years ago, is a key tool for this purpose. This has
enabled steady growth in the volume and accuracy of observations of very faint objects,
allowing astronomers to make transcendental discoveries, such as the rapid expansion
of the universe or the existence of massive black hole at the center of our galaxy [1].

The astronomical optical telescope has evolved from a small, manually pointed
device for visual observations to a large and sophisticated computer-controlled
instrument with full digital output. All know that astronomers use telescopes to study
the far reaches of space. But an astronomer's telescope would be useless without the
instruments that measure and analyze the light that telescopes gather. Often,
astronomers create their own instruments depending on what they are studying.

Throughout this development, two parameters have been particularly important:
the light-collecting power or diameter of the telescope (allowing the detection of fainter
and more distant objects) and the angular resolution (or image sharpness). For a perfect
telescope used in vacuum, resolution is directly proportional to the inverse of the
telescope diameter. A plane wavefront from distant star (effectively at infinity) would
be converted by the telescope into a perfectly spherical wavefront, forming the image,
with an angular resolution only limited by light diffraction - aptly called the diffraction
limit [2].

New discoveries and exciting as these are the ones that are waiting for the next
generation of optical telescopes, which will be built in selected locations on Earth,
where the thin air above the telescope allows observations of an unprecedented quality.
The next generation of telescopes conveniently named "Extremely Large Telescopes”
or ELTs, are to signify a leap forward for their predecessors. [3].

Ambitions are to use a mirror diameter of more than 100m for the next
generation. In order to build these giant machines the need to develop a new
technologies, as well as, overcoming the obstacles, monetary and politics. The work
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reported in this book is part of the development of new technologies for the next
generation of the optical telescopes.

Ground-based telescopes suffer from the negative effects of the atmosphere,
even in the best astronomical sites on Earth.

Adaptive optics is a technique that deals with the effect of atmospheric
turbulence on the performance of the telescope, in order to compensate for turbulence
in real time while collecting the light from the sky for astronomical observation. The
system of adaptive optics in the telescope increases the spatial resolution of obtained
images. The spatial resolution in a telescope image improves as the diameter of the
telescope gets larger. This allows the resolution of the individual point sources (stars
for example) that are close to each other in the sky to be resolved. High spatial
resolution allows observing the components of the distant galaxy, enabling the study
of its internal structure [4] [5].

This science is not possible if the resolution were limited such that observing the
galaxy as a diffuse nebula. The spatial resolution is function of wavelength and size of
the optical element, and preferably larger telescopes not only because of their region's
large collection, but also because of the spatial resolution that can be achieved [6].

1.2 Current Segmented- Mirror Telescopes

According to Wikipedia, the free encyclopedia, the Gran Telescope Canaries
(GTC) is the largest optical telescopes on Earth; with a 10.4m segmented primary
mirror have 36 hexagonal segments. It is located in one of the top astronomical sites in
the northern hemisphere- Canary Islands. The “First Light” event took place on July
13,2007.

The next largest is the two 10m Keck I and Keck II telescopes located on the
summit of Hawaii’s dormant Mauna Kea volcano as shown in figure (1.1). Each stands
eight stores tall and weighs 300 tons, yet operates with nanometer precision. At the
heart of each Keck Telescope is a revolutionary primary mirror. Ten meters in
diameter, the mirror is composed of 36 hexagonal segments that work in concert as a
single piece of reflective glass.
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Figure (1.1): Two 10m Keck Telescope [8].

Then the 10m Southern African Large Telescope (SALT) was introduced. The South
African Astronomical Observatory (SAAQ) is the national centre for optical and
infrared astronomy in South Africa. The SALT is the largest single optical telescope in
the southermn hemisphere, with a hexagonal mirror array 9.2m across. Although very
similar to the Hobby-Eberly Telescope (HET) in Texas, SALT has a redesigned optical
system using more mirror array. With this telescope it is able to record distant stars,
galaxies and quasars a billion times too faint to be seen with the unaided eye as faint
as a candle flame at the distance of the moon.

The 9.2m Hobby-Eberly telescope in mount Fowlkes, Texas is the objective: to
gather a very large amount of light, specifically for spectroscopy, at extremely low
cost. A fixed elevation-axis design, based on the radio telescope at Arecibo, and an
innovative system for tracking stars, contributed to an 80% reduction in initial costs
compared to optical telescopes of similar size. The HETs 9.2m effective aperture have
91 hexagonal segments makes it currently the world’s fourth largest optical telescope.
The HET entered its commissioning phase in 1997, and began science operations in
October of 1999.

The Large Binocular Telescope (LBT) is located in mounts Graham, Arizona as
shown in figure (1.2). These twins are 8.4m each. The Large Binocular Telescope uses
an elevation over an azinuth mounting. The elevation optical support structure moves
on two large C-shaped rings and the compact azimuth platform transmits the loads
directly down to the pier. The two 8.4m diameter primary mirrors are mounted with a
14.4m center-center separation. The light-gathering power of the two primary mirrors
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combined is equivalent to an 11.8m telescope and the angular resolution of a 22.8m
telescope when the LBT is used as an interferometer. The short focal length of the
primary mirrors (f/ no = 1.142) permits a compact and therefore quite stiff telescope
structure.

Figure (1.2): Large Binocular Telescope Observatory [8].

The Suburu telescope is an optical-infrared telescope at the Mauna Kea on the island
of Hawaii. The telescope represents a new generation in telescope design not only
because of the size of its primary mirror with an effective aperture of 8.2m, but also
because of the various revolutionary technologies used to achieve outstanding
performance. An active support system that maintains an unprecedentedly high mirror
surface accuracy is the new enclosure design to suppress local atmospheric turbulence,
with extremely accurate tracking mechanism using magnetic driving systems. Seven
observational instruments installed at the four foci, and auto-exchanger systems to use
the observational instruments are effectively just some of the unique features
associated with this telescope.

There are four 8.2m diameter telescopes located in Cerro Paranal, Chile. The
Very Large Telescope Interferometer (VLTI) with its own suite of instruments,
ultimately providing imagery at the milli-arcsecond level as well as astrometry at 10
micro-arcsecond precision. In addition to the 8.2m telescopes the VLTI will soon be
complemented with four Auxiliary Telescopes (AT) of 1.8m diameter to improve its
imaging capabilities and enable full nighttime use on a year-round basis.

The 8.1m diameter Gemini telescope is in Mauna Kea, Hawaii (North) and the
other is in Cerro Pachon, Chile as shown in figure (1.3). The two Gemini Multi-Object
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Spectrographs (GMOS), one on each telescope, provide multi-slit spectroscopy and
imaging over a 5.5 arcmin field of view. Each GMOS is also equipped with an Integral
Field Unit (IFU) making it possible to obtain spectra of an area of about 35 square
arcsec with a sampling of 0.2 arcsec. The Nod-Shuffle mode enables superior sky
subtraction, available with both GMOSs in most spectroscopic modes.

Figure (1.3): Gemini Observatory [8].

Figures (1.4, 1.5) show the observatory layout, structure, segmented aperture, and the
main components of the optical telescope.

LGSF launch

Figure (1.4): Observatory Layout for Optical Telescope [7].
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Figure (1.5): Top View of Segmented Aperture [7]

Table (1-1) contains telescopes with aperture greater than 5m with some details.

@

Table (1-1): Largest Ground-Optical Telescopes

Aperture Circular Telescope location Date of Primary | Mirror type | Airror | Mounting
(m) aperture equiv, name operation fino aspect type
(m) ratio
2x84 11.8 Large Mt Graham, 2006 114 Honeveomb 94 Alt-Az
Bmocular Anzona
Telescope
(LBT)
104 104 Gran LaPalma, 2009 163 Segmented 125 Al-Az
telescope Canary
Canarias Islands,
(©10) Spain
10 10 KeckI | MaunaKea, 1993 L75 segmented 133 Alt-Az
Hawaii
10 10 Keckl | MaunaKea, 1996 L75 segmentad 133 Al-Az
Hawaii
92 92 Hobby- Mt. 1997 14 segmented 200 Azmuth
Ehatlex Eawdkers, only
Telescope Texas
HET)
92 92 Southem | Sutherland 2003 14 segmented 200 Aznmuth
African | South Africa only
Larze
Telescope
(SALT)
82 82 Subwm | Mauna Kea, 1959 18 Memscus 41 Azmuth
Hawaii only
82 82 Very Large Cemo 1998 L75 Meniscus 46 Alt-Az
Telescope |  Paraval,
VLT Chile
T
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82 82 Very Large Cerro Paranal, 1999 175 Meniscus 46 Al-Az 7
Telescope VLT Chile
UTy)
82 82 Very Large Cerro Patanal, 2000 1.75 Meniscus 46 Alt-Az 7
Telescope VLT Chile
(UT3)
82 82 Very Large Cerro Paranal, 2000 175 Meniscus 46 Alt-Az 7
Telescope VLT Chile
UT4)
80 80 Gemini North Mauna Kea, 1999 18 Meniscus 40 Alt-Az 8
Hawaii
8.0 80 Gemini North Mauna Kea, 2001 18 Meniscus 40 Alt-Az 8
Hawaii
635 65 MMT Arnizona 2000 125 Honeycomb 9 Alt-Az 9
Conversion
6.5 6.5 Magellan I Chile 2000 125 Honeycomb 9 Alt-Az 10
6.5 6.5 Magellan IT Chile 2002 125 Honeycomb 9 Alt-Az 10
6.0 60 Large Zenith Canada 2003 15 Liquid Hg Fixed 11
Telescape
(LZT)
6.0 6.0 BTA-6 Russia 1975 4 solid 6 Alt-Az 12
5.1 51 Hale Telescope California 1948 33 Honeycomb 8 Equatorial [ 13
References

(1) http:// Ibto.org/, (2) http:// http://www .keckobservatory.org//, (3)

http://www.gtc.iac.es/, (4) http://www.as.utexas.edu/mcdonald/het/het.html,
(5) http://www.salt.ac.za/, (6) http://www.naoj.org/, (7) http://www.eso.org/, (8)
http://www.gemini.edu/, (9) http://www.mmto.org/,

(10)http://www.ociw.edu/magellan/magellan.html, (11)

http://www.astro.ubc.ca/LMT/, (12) http://www.sao.ru/, (13)
http://astro.caltech.edu/observatories/palomar/
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Table (1-2): Sky Survey Telescopes

Survey Statns Aperture | ffno | Field of | Mapnitnde Speed Ref.
(m) View (degree?
{degree’) per hour)

CEE-Mt Lemamon | Operational 13 20 13 21 20 1

CBB-Catalina Operational 0.68 19 8 19.5 130 1

C8B-Biding Spring | Operational 03 35 432 195 75 1

Uppsala

LINEAR Operational 2x1.0 22 2.0 195 1200 2

LONEOS Operational 0.44 19 83 193 106 3

(Schmidt)

LONEOS (USNQO) | In 13 24 13 214 13 3
development

NEAT (Palomar) | Operational 12 13 935 225 85 4

NEAT (MSS5) Operational 12 3.0 23 197 40.5 4

NEAT (Schmidt) |In 12 25 94 200 50 4
development

Spacewatch Operational 0.93 30 29 215 160 5

(Mosaic)

Spacewatch (1 8m) | Operational 1.82 2.0 032 225 50 5

Pan-STARRS In 4x1.8 4 30 240 700 6

(Hawaii) development

Discovery Channel | In 40 22 31 218 110 7

Telescope: development

(Lowell}

Large Synoptic proposed 69 123 T 24 2300 8

Survey Telescope

References

(1) Catalina Sky Survey, http://www.Ipl.arizona.edu/css/, (2) Lincoln Near Earth
Asteroid Research, http://www.1l.mit.edu/LINEAR/, (3) Lowell Observatory
Near-Earth-Object Search,
http://asteroid.lowell.edu/asteroid/loneos/loneos1.html, (4) Near-Earth
Asteroid Tracking, http://neat.jpl.nasa.gov/, (5)
http://spacewatch.Ipl.arizona.edu/, (6) Panoramic Survey Telescope & Rapid
Response System, http://pan- starrs.ifa.hawaii.edu/public/, (7)
http://www.lowell.edu/, (8) http://www.Isst.org/

For table (1-2) that contains the summary of the sky survey telescopes:

1. Field-of-view is the area of sky covered in a single exposure.

2. Magnitude limit is the faintest star recorded at visible wavelengths.

3. Speed is the rate at which observations can be carried out. One can see that of the
operational facilities, LINEAR covers the most sky per hour (1200 degree/hour) but
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the faintest stars it can observe at this speed 19.4 mag. The Spacewatch 1.8m telescope
can observe stars that are 3 magnitudes fainter but at a speed of only 8.9 degree/hour.

1.3 Reflecting Telescopes

Reflecting telescopes and their associated instrumentation are the principal tools
of the observational astronomer. In this section the characteristics of the reflecting
telescope is considered. Although refracting telescopes are still in use, they are
relatively few in number and do not compete in light gathering power with the large
reflectors.
Figure (1.6) is the schematic of different telescope mounts: (a) equatorial, (b) alt-az,
(c) azimuth only, (d) fixed. The Hale 5.1m telescope is the last large telescope to be
built with an equatorial mount. The equatorial mount has one axis aligned to the
rotation axis of the earth. All fully steerable large telescopes utilize the alt-az mount,

such as the Keck, Gemini, VLT, and Subaru telescopes (see Table (1.1)) [8].

Telescope
a

Declination axis

Figure (1.6): Schematic of different telescope mounts: (a)
equatorial, {b) alt-az, {(c) azimuth only, (d) fixed.

1.4 The next Generation Optical Telescope

The Next Generation Space Telescope (NGST) or complex next generation
segmented telescope (NGST) system represents a challenging problem from the point
of view of maintaining a milli-arcsecond level pointing accuracy and diffraction
limited wavefront performance in the presence of dynamic onboard disturbances
during science observations. This is due to the fact that NGST will make extensive use
of deployable, inflatable and lightweight components, which leads to high modal
density and light damping of the structural plant. An integrated model comprising
multiple disturbance sources, structures, optics and control systems was developed in
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order to predict the expected dynamic performance of the observatory in term of
wavefront error. Figure (1.7) shows the scientific window for NGST observation [16]

[9].

12 Billion

Time in Years 1 Billior
100 Millios

NGST will probe
ML) “tnis era, when
Present

. Day

e stars and
Big 4 ¢ galaxies started

Bang

Ground-Based
Observatories

Figure (1.7): The Scientific Window for NGST Observation

Next generation optical telescope must be able to see object 400 times fainter than
those currently studied with large ground-based infrared IR telescopes, such as Keck
observatory or current generation of space-based Infrared telescopes (e.g. space IR
telescope facility (SIRTE)).

Figure (1.8) illustrates one of the NGST designs being considered [10].

Figure (1.8): The James Webb Space Telescope [NASA image]

1.5 Literature Keview

Thorough reviews of next generation optical telescope and related issues can be
found in the key sources.

In 1987, C. F. Dunkl presented orthogonal polynomials on the hexagon. Least-
square approximation by polynomials, with respect to area measure on the regular
hexagon, is useful in the construction and analysis of hexagonal optical elements.
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Notably the Keck ten meter telescope will utilize a main mirror composed of thirty six
hexagonal segments. The computations can be carried out in rational (exact) arithmetic,
and an appendix lists the polynomials and orthogonal expansions of monomials up to
degree six [11].

In 1992, R. G. Lane et al. presented a simulation of a Kolmogorov phase screen.
Two new methods for modeling Kolmogorov phase fluctuations over a finite aperture
are described. The firs method relies on the incorporation of sub harmonics in order to
model accurately the low frequencies of the Kolmogorov Spectrum. The second
method provides a less accurate, but much faster method for simulating the
Kolmogorov spectrum by using a midpoint displacement algorithm used in computer
graphics [12].

In 1994, W. Swantner and W. W. Chow presented a Gram-Schmidt
orthonormalization of Zernike polynomials for general aperture shapes. They had
shown that the Zernike functions for circular apertures can be generalized for any
aperture shape. Completely general aperture shapes and user-selected basis sets may
be treated with a digital Gram-Schmidt orthonormalization approach [13].

In 1994, V. N. Mahajan presented Zernike circle polynomials and optical
aberrations of systems with circular pupils. Zernike circle polynomials, their
numbering scheme, and relationship to balanced optical aberrations of systems with
circular pupils were discussed [14].

In 1994, G. Love and A. K. Saxena presented an active and adaptive optics for
the new generation of large telescopes. Active and adaptive optics were techniques for
improving the image quality of large astronomical telescopes. Active optics was
concerned with correcting aberrations produced within the telescope and adaptive
optics aims to correct distortions introduced by the Earth's atmosphere [15].

In 1996, L. M. Mugnier et al. presented an aperture configuration optimality
criterion for phased arrays of optical telescopes. Address the optimization of the
relative arrangement (aperture configuration) of a phased array of optical telescopes,
coherently combined to form images of extended objects in a common focal plane [16].

In 1999, A. Glindemann et al. presented an adaptive optics on large
telescopes. They discussed the physical background of imaging through turbulence,
using Kolmogorov statistics, and different techniques to sense and to correct the
wavefront aberrations with adaptive optics. [17].

In 1999, O. L. de Weck and D. W. Miller presented an integrated modeling and
dynamics simulation for the next generation space telescope. An integrated model
comprising multiple disturbance sources, structures, optics and control systems was
developed in order to predict the expected dynamic performance of the observatory in
terms of wavefront error and line-of-sight jitter. [18].
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In 2001, J. S. Gibson, C. C. Chang and Neil Chen presented an adaptive optics
with a new modal decomposition of actuator and sensor spaces. They introduced a new
modal decomposition of actuator and sensor spaces for adaptive optics. The
decomposition, which was based on the singular value decomposition of the “poke
matrix,” provides orthonormal bases, or modes, for both actuator and sensor spaces
[19].

In 2003, G. Z. Angeli et al. presented an active optics and control architecture
for a giant segmented mirror telescope. The next generation 30m class ground-based
telescopes pose an unprecedented challenge for control systems envisioned to support
diffraction limited imaging. The approach is a multi-tiered, decentralized control
architecture utilizing two kinds of feedback: optical and mechanical [20].

In 2003, R. Angel et al. presented a 20 and 30 m telescope designs with potential
for subsequent incorporation into a track-mounted pair (20/20 or 30/30). Any future
giant ground-based telescope must, at a minimum, provide foci for seeing-limited
imaging over a wide field and for diffraction-limited imaging over ~1 arcminute fields
corrected by adaptive optics (AO). Large round segments can also be individually
apodized for high-contrast imaging of exoplanets [21].

In 2004, C. Cox and P. Hodge presented a point spread function modeling for
the James Webb Space Telescope. They described software which models the Point
Spread Function of the James Webb Space Telescope. This software is designed to be
expandable to incorporate optical and instrument data as they become available. An
initial model of the detector used in the Near Infrared Camera has been used to generate
realistic stellar images [22].

In 2005, E. Sabatke et al. presented an analytic diffraction analysis of a 32-m
telescope with hexagonal segments for high-contrast imaging. Large segmented
telescopes cannot be modeled accurately with fast-Fourier-transform techniques since
small features such as gaps between the segments will be inadequately sampled.
Apodizing the edges of the individual segments reduced the useful regions in the image
since the gaps appeared to be wider [23].

In 2007, A. Beasley presented a Xin(tics Deformable Mirror. The Research
School of Astronomy and Astrophysics (RSAA) was loaned a Deformable Mirror
(DM) by Gemini in return for its characterization. This DM was manufactured to test
an actuator design to be incorporated into the Gemini Multi-Conjugate Adaptive Optics
program. The experiments were undertaken between July 2006 and May 2007 [24].

In 2007, V. N. Mahajan, and G. m. Dai presented Orthonormal polynomials in
wavefront analysis: analytical solution. Zernike circle polynomials are in widespread
use for wavefront analysis because of their orthogonality over a circular pupil and their
representation of balanced classical aberrations. Derived closed form polynomials that
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are orthonormal over a hexagonal pupil, such as the hexagonal segments of a large
mirror. [25].

In 2007, A. Basden et al. presented a Durham extremely large telescope adaptive
optics simulation platform. Simulation of adaptive optics systems on the largest
proposed future extremely large telescopes, as well as, on the current systems. The
simulation platform described can be highly parallelized using parallelization
techniques suited for adaptive optics simulation. The results from the simulation of a
ground layer adaptive optics system were provided as an example to demonstrate the
flexibility of this simulation platform [26].

In 2007, G. m. Dai presented a wavefront reconstruction from slope data within
pupils of arbitrary shapes using iterative Fourier transform. This presents a new modal
technique that reconstructs a wavefront using iterative Fourier transforms and converts
the Fourier coefficients as needed to from the coefficients of the orthonormal basis set
over pupils of arbitrary shapes. Elliptical, annular, hexagonal, and irregular pupils are
considered as practical examples to illustrate the results [27].

In 2007, L. Jolissaint et al. presented an analytical modeling of the optical
transfer function of a segmented telescope with/without adaptive optics correction of
the telescope's dynamical aberrations. They presented the mathematical development
of the method, and give an example of application to a 73 segments 10-m telescope,
without adaptive optics correction [28].

In 2007, A. M. Hvisc and J. H. Burge presented a structure function analysis of
mirror fabrication and support errors. Telescopes are ultimately limited by atmospheric
turbulence, which is commonly characterized by a structure function. The fabrication
and support errors are most naturally described by Zernike polynomials or by bending
modes for the active mirrors [29].

In 2008, T. Gray and D. W. Miller presented a minimizing high spatial
frequency residual in active space telescope mirrors. The trend in future space
telescopes is towards large apertures and lightweight, rib-stiffened, and actively
controlled deformable mirrors. This book details efforts to evaluate the mirror
correction limit and the three predominant high spatial frequency mirror surface
residual components: actuation-induced dimpling, manufacturing-induced print-
through, and disturbance-induced uncorrectable error. [30].

In 2008, E. Sidick et al. presented an improved wavefront control algorithm for
large space telescopes. Wavefront sensing and control is required throughout the
mission lifecycle of large space telescopes such as James webb space telescope
(JWST). They propose a simple approach for preventing a sensitivity-matrix from
singularity. Also introduce a new “minimum-wavefront and optimal control
compensator” [31].
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In 2008, G. m. Dai, and V. N. Mahajan presented Orthonormal polynomials in
wavefront analysis: error analysis. They illustrated that the wavefront fitting with a set
of orthonormal polynomials was identical to the fitting with a corresponding set of
Zernike polynomials. Also they analyzed the error that arises if Zernike polynomials
are used for noncircular pupils by treating them as circular pupils and illustrate it with
numerical examples [32].

In 2009, A. Beghi et al. presented algorithms for turbulence compensation in
large adaptive optics systems. In this paper, they considered some efficient algorithms
for the adaptive optics system of large telescopes. Then, using it in a Kalman-based
approach, it provides good performances for the closed-loop system. The proposed
Kalman-based model ensures a good tradeoff between complexity and performances
[33].

In 2010, J. H. Allen presented an orthogonality and convergence of discrete
Zernike polynomials. The Zernike polynomials are an infinite set of orthogonal
polynomials over the unit disk, which are rotationally invariant. The analysis concludes
with design criteria for computing an accurate analysis with the discrete Zernike
polynomials [34].

1.6 Aim of Book

The aim of work is searching for the optimal shape of the optical telescope’s
aperture, utilizing mirror segmentation techniques. Also, describing the incident and
the reflected perturbed wavefront from the aperture of the telescope to the focal plane.
Then, using an adaptive optics technique to compensate the perturbed wavefront to be
corrected and flattened by modifying the deformable mirror surface.

1.7 Book Layout

The remainder of book will be structured as follows:

1- Chapter one present a general introduction that includes the problem of interest, and
the literature survey that tackles the problem.

2- Theoretical background, Diffraction Theory and Aberration Theory, Two-Mirror
Telescope, Resolution of Telescope, Telescope Limiting Magnitude, Imaging through
Atmospheric Turbulence, Zernike Polynomials and Their Uses in Describing the
Wavefront Aberrations, Orthonormal Polynomial for Hexagonal Apertures and Strehl
Ratio are presented in chapter two.

3- Chapter three contains adaptive optics and their applications.

4- Chapter four, this chapter is dedicated to the simulation of telescope’s aperture
configurations and analysis the problem, many involved parameters were studied.
Also, adaptive optics framework of the developed model was illustrated.

5- Chapter five contains the main derived conclusions and some stimulated
suggestions future works.
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Chapter
Two



Theoretical Background

2.1 Introduction

In this chapter, some of the related theoretical topics are presented. When a
telescope focuses an image from the sky, it deals with the ray and the wave nature of
light. A correct optical figure in the telescope optics produces an image free of
aberrations. However, the wave nature causes diffraction of light in the telescope,
which leads to limit the resolution that can be achieved (diffraction limit) [6].

When the telescope focuses a point source, the image at the focal plane is the
Point Spread Function (PSF), which, due to diffraction is not dimensionless of a point
anymore, but a complex irradiance pattern that depends on the size and shape of the
telescope aperture. Given that the point source accounts for all possible spatial
frequencies, so a point source in the spatial domain can be decomposed into
components with individual spatial frequencies. This is equivalent to the Fourier
transform of a Dirac delta, which has components at all frequencies and with the same
magnitude. This is why the PSF represents the response of the system; since it shows
how an optical system responds to all possible frequencies [35].

In practice, however, both atmospheric and telescope errors distort the spherical
wavefront, creating phase errors in the image-forming ray paths. Even at the best sites,
ground-based telescopes observing at visible wavelengths cannot achieve an angular
resolution better than telescopes of (10-20) cm diameter, because of atmospheric
turbulence alone. For a 4m telescope, atmospheric distortion degrades the spatial
resolution by more than one order of magnitude compared with the diffraction limit,
and the intensity at the center of the star image is lowered by a factor of 100 or more.
The cause is random spatial and temporal wavefront perturbations induced by
turbulence in various layers of the atmosphere; one of the principal reasons for flying
the Hubble Space Telescope was to avoid this image smearing. In addition, image
quality is affected by permanent manufacturing errors and by long time scale-
wavefront aberrations introduced by mechanical, thermal, and optical effects in the
telescope, such as defocusing, decentering, or mirror deformations generated by their
supporting devices [36].

2.2 Diffraction Theory and Aberration
The telescopes and their aberrations can be discussed entirely from the point of
view of geometrical optics. Geometrical optics (ray optics) is concerned with the light
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ray, an entity that does not exist which carries energy. It is customary, therefore, to
begin discussions of ray optics with a theoretical justification for the use of the ray [6].

Rays propagate in straight lines in homogeneous media and have curved paths
in heterogeneous media. Rays is used to predict positions, and directions of light. Ray
paths are reversible. The paths of rays through an optical system are governed by
Fermat's principle. Aberrations occur when rays do not pass through the paraxial image
point. An aberration-free image in the ray optics limit is, according to Fermat's
principle, a true point image. That the wave nature of light sets the image size for an
otherwise perfect or diffraction-limited optical system, with the analysis there intended
only to give an estimate of the size of the diffraction image [17].

In this work the emphasis is on the character of the perfect image from the point
of view of diffraction theory. Because no optical system is strictly perfect, the effect of
aberrations of a nearly perfect optical system on the diffraction image is also
considered. This analysis proceeds along two lines. The starting point is Huygens'
Principle and the superposition of waves from points on a wavefront. The second
analysis is in terms of transfer functions.

As part of the discussion of the nearly-perfect image, the representation of its
characteristics in terms of transverse aberrations is generalized by introducing
orthogonal aberrations in terms of Zernike polynomials. With this representation an
image quality in terms of Root Mean Square (RMS) wavefront error is especially
informative.

Before discussing the nature of a perfect image as formed by a telescope with a circular
or any shape aperture, Huygens' Principle will be discussed and its extension by
Fresnel. This principle is the basis for diffraction theory.

2.3 Huygens- Fresnel Principle

The initial statement of Huygens' Principle was made in an attempt to understand
the laws of reflection, refraction, and the propagation of light. It started with the
assumption that light was a wave and could be described in terms of wavefronts. From
the point of view of Fermat's principle, a wavefront is the locus of all points having the
same optical path from a point source of light. Viewed as a wave, a wavefront is the
locus of all points having the same phase [37]. Huygens postulated that each point on
a primary wavefront acts as a secondary source for producing spherical wavelets, and
that the envelope of these wavelets at a slightly later time is the new wavefront. He
further stated that the new wavefront propagates with a speed and frequency equal to
that of the primary wave as shown in figure (2.1). [6]
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Figure (2.1): Huygens-Fresnel diffraction [6].

This statement suffices to account for the laws of reflection and refraction, and the
approximately straight line propagation of light through large apertures, but it fails to
account for diffraction, the deviations from exact straightline propagation of light.
Fresnel extended Huygens' Principle by assuming that the secondary wavelets interfere
with one another according to the principle of superposition. His statement postulated
that each unobstructed point on a wavefront is a source of spherical wavelets, and that
the amplitude of the wave at any point ahead of the wavefront is the superposition of
all of these wavelets. In adding these wavelets it is necessary to include the amplitude
and phase of each wavelet. The Huygens-Fresnel principle was put on a firm theoretical
basis by Kirchhoff and expressed as an integral called Fresnel-Kirchhoff diffraction
integral derived from the wave equation, in this research only the special case of
Fraunhofer diffraction is used, in which the source of light and the field are effectively
at infinity relative to the aperture. Thus the image of a star formed by a telescope or,
equivalently, the converging spherical wave diffracted by the exit pupil of the
telescope, is a Fraunhofer diffraction pattern [5].

2.4 Two-Mirror Telescope

In astronomy, most telescopes are two-mirror telescopes such as Newtonian,
Cassegrain, or Gregorian design. All three types have a concave primary. The
Newtonian has a flat secondary, the Cassegrain a convex secondary, and the Gregorian

23



a concave secondary as shown in figure (2.2). The Cassegrain is the most common for
research astronomy; it is more compact than a Gregorian and allows for magnification
by the secondary.
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Figure (2.2): Schematic Diagrams of Two-mirror Reflecting Telescopes: (a)
Cassegrain; (b) Gregorian [1].

From figure (2.2) the normalized parameters for iwo-mirror telescope can be writlen
as basic definitions [6]:
k =y»/y; = ratio of ray heights al mirror margins
p = R¥/R; = ratio of mirror radii of curvature
m = - §'%/§: = transverse magnification of secondary
fiff = Dy = back focal distance, or distance from vertex of primary mirror to final focal point
£ and #, back focal distance in units of f; and D, respectively.
F=lfilfD) = primary mirror focal ratio
W= (1- k) f; = distance from secondary to primary mirror
= location of telescope entrance pupil relative to the secondary when the primary mirror is the
aperture stop.
I =\WD = system focal ratio, where fis the telescope focal length

Basic parameters are outlined here. Each of these telescope types defines a family of
telescopes with different first-order performances. From the usage/instrumentation
point of view, the important quantities are [6][63]:

« the diameter of the primary, which defines the light collecting power

« the scale of the telescope, which is related to the focal length of the primary (f7)
and the magnification of the secondary[63]:
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fer=fim ...... (2.1

« the back focal distance, which is the distance of the focal plane behind the
telescope

From the design point of view, the following parameters are needed to be specified:

« the radii of curvature of the mirrors
« the separation between the mirrors

Using some geometry, some basic relations between these quantities cab be derived,
in particular [6]:

_ mk
(-1

P ....(2.2)

and
A+ B =km+1).....(2.3)

Usually, f; is limited by technology. m is chosen to match desired scale. & is related to
separation of mirrors, and it is a compromise between making telescope shorter and
blocking out more light vs. longer and blocking less light; in either case, focal plane
has to be kept behind primary. One final thing to note is how to focus a Cassegrain
telescope. Most instruments are placed at a fixed location behind the primary. Ideally,
this will be at the back focal distance, and everything should be set as designed.
However, sometimes the instrument may not be exactly at the correct back focal
distance, or it might move slightly because of thermal expansion/contraction. In this
case, focusing is usually then done by moving the secondary mirror. The amount of
image motion for a given secondary motion is given by [6]:

ap _d _
= kD=1 n(24)
Working through the relations above, this gives:
%:W f1....(2.5)
So the amount of focal plane motion (fidB) for a given amount of secondary motion
(fidk) depends on the magnification of the system. If the secondary is moved then £ is

changed. Since p is fixed by the mirror shapes, it's also clear that the magnification is
changed as the secondary is moved; this is expected since the system focal length, /=
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mfi is changed. So it's possible that a given instrument could have a slightly varying
scale if its position is not perfectly fixed relative to the primary.

2.5 Definitions for Multi-Surface System: Stops and Pupils
The following parameters can be defined from figure (2.3) as follows:
e Aperture stop: determines the amount of light reaching an image (usually the
primary mirror).
» Field stop: determines the angular size of the field. This is usually the detector,
but for a large enough detector, it could be the secondary.
o Pupil: location where rays from all field angles fill the same aperture.

+ Entrance pupil: image of aperture stop as seen from object source (usually

the primary).
o Exit pupil: image of aperture stop formed by all subsequent optical elements
[38].
exit aperiure
pupil stop

Figure (2.3): Location of Exit Pupil for Cassegrain Telescope. The Exit Pupil is
closer to the Secondary than is the Primary Focal Point [6].

In a two-nmurror telescope, the location of the exit pupil 1s where the image of the
primary is formed by the secondary. This can be calculated using S(the object distance)
= d (the separation of the mirrors), then with the reflection equation, the location of the
exit pupil relative to the secondary mirror ' can be found. If one defines the quantity d
. such that f1 8 is the distance between the exit pupil and the focal plane, then [6]:
_m :frt351+,BJ - (2.6)

m+k—1 m o+

The exit pupil is an important concept, when discussing aberrations; it is the total

wavefront error at the exit pupil which gives the system aberration.
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2.6 Telescope Resolution

Fraunhofer modeled the irradiance distribution (E) of light caused by diffraction
for a circular aperture, which is true in the case of telescopes. E can be described as
a pattern of irradiance in the focal plane by a Bessel function of the first orderJ; [5][41].
The mathematical expression, also called the Airy pattern, is [39]:

2J(WDJ
AT
E(r):EA(/IfJ o (2.7)

A
Where: E(r): is the irradiance intensity at a distance » from the optical axis
E4: is the irradiance at the aperture
A: is the wavelength of light under study
D: diameter of the telescope
A: area of the aperture
f: focal length

An irradiance pattern for the case of an 8-m telescope (This is an example of a single
mirror telescope working at f/no = 15 and without secondary mirror is presented in
figure (2.4) the first ring occurs at [5]:

1'22%, thisis» = £9.15 pm

r=

The ability of an optical system to image two separate point sources at its focal plane
is function to its diameter. Lord Rayleigh defined a criterion for the resolution limit of
the telescope, which is related to the first ring of the PSF. The expression for the
angular resolution is then [41]:

AQ = 1.2;/1 (rad) = 2515422

(arcsec)......(2.8)

Two PSFs having the distance separation of Eq. (2.8) are presented in figures (2.4, 4.5)
this is an upper limit in terms of the resolving power of the telescope that can be
achieved. In the next section, atmospheric turbulence limitation to the resolution of any
ground-based optical telescope will be shown to be equal to a few tens of centimeters
at best.

Figure (2.6) shows the Improvement in angular resolution at optical wavelengths. The
development of adaptive optics has permitted diffraction-limited observations from
ground-based observatories since 1990, largely eliminating the effects of the
atmosphere. The dashed line shows the theoretical diffraction-limited resolution for the
telescope. The solid line shows the seeing limit imposed by the atmosphere.
Improvements were obtained by going to very good seeing sites [3].
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Figure (2.4): Diffraction-Limited Irradiance Pattern produced by an 8-m telescope at its
Nasmyth focus (with F-ratio = 15), for wavelength = 500 nm. Left panel: Airy disk with linear
color scale. Central panel: scale adjusted to see the rings. Right panel: slice of the Airy disk
through the origin.
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Figure (2.5): Rayleigh Resolution Criterion, illustrated for two point sources on an 8m
telescope working at F-ratio = 15 and 500 nm wavelength.
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Figure (2.6): Historical improvement in angular resolution at optical wavelengths [3].
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2.7 Telescope Limiting Magnitude

The apparent magnitude is the degree of brightness of a celestial body designated
on a numerical scale, on which the brightest star has magnitude -1.4 and the faintest
visible star has magnitude 6, with scale rule such that a decrease of one unit represents
an increase in apparent brightness by a factor of 2.512 as shown in figure (2.7).

Any star that is 2.512 times brighter than a 6th magnitude star is said to have a
5th magnitude. Notice that a magnitude with a large number is dimmer than another
with a small number. The number 2.512 is not any number taking at random.

2.512 happen to be a number whose logarithm is 0.4. The reason for using logarithms
is fundamental. Our eyes and all our senses respond logarithmically. Mathematically
the apparent magnitude can be represented as [40]:

m=-2.5log,,(I)+c......... (2.9

Where:
(I) represents the observed intensity and (c) is a constant.

brightest faintest
Sun Moon Venus Vega quasar object

J L l l J L lJ J l 1 J L l L i_'
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naked eye
star

Figure (2.7): Apparent Brightness of Some Objects in the Magnitude System [40].
zss) of the
faintest star that can be seen with a telescope. An approximate formula for determining
the visual limiting magnitude of a telescope 1s [41]:
LM =7.5+35log, (D)....... (2.1
Where D is diameter of the aperture of the telescope in cm.

Keeping in mind that this formula does not take into account light loss within
the telescope, seeing conditions, the observer’s age (visual performance decreases as
the observer got older), the telescope’s age (the reflectivity of telescope’s mirrors
decreases as they got older), ete... The limiting magnitudes specified by manufacturers
for their telescopes assume very dark skies, trained observers, and excellent
atmospheric transparency and are therefore, rarely obtainable under average observing
conditions.



2.8 Imaging through Atmospheric Turbulence
In the following, the relevant theoretical framework for understanding imaging
through atmospheric turbulence will be discussed.

Preliminaries

The wave propagation through the atmosphere and the telescope into the focal
plane is conveniently described by diffraction theory. Incorporating optical elements
like lenses or mirrors in a spherical approximation leads to the well-known Fourier
relationship between the amplitude of the electromagnetic wave in the pupil of the
telescope and the amplitude in its focal plane. Using the notation (%) for the complex
amplitude in the telescope pupil and A(ir) for the complex amplitude in the focal planc.
The two quantities are connected through a Fourier transform where the integration is
performed over the telescope pupil. The phase (%) of w(¥) incorporates the turbulent
atmosphere as well as the telescope aberrations. In the telescope focus, the intensity

distribution 7@i) = \A(ﬁ)F is usually used and can be written as [17]:

Hit) = [fyr(F )y =(3)exp (27 (35" )i )i di™

1(i7) = [(Jy (3 )y * (33 )dxJexp 2ai%id )dx — ............. (2.11)
Where [w(¥') w"(¥—X)dX' is the autocorrelation of the amplitude in the telescope
pupil that is called the optical transfer function (OTT) as shown in figure (2.8). If a
plane wave from a point source at infinity enters a perfect, i.e. aberration free telescope
the OTF is a purely real function — approximately shaped like a triangle — and its
Fourier transform is the diffraction limited point spread function, the Airy disk. In the
case of statistical fluctuations of the electromagnetic wave, due to an incoherent source
or due to atmospheric turbulence, the autocorrelation can be expressed as an ensemble
average over all possible realizations, called the coherence function [17]:

I E B (7 6 1V iy S (2.12)

It is one of the main tasks of turbulence theory to connect the atmospheric properties
to the coherence function in the telescope pupil and, thus, to its Fourier transform, the
PSF in the telescope focal plane. If atmospheric turbulence rather than the telescope
diameter limits the size of the PSF it is called the seeing disk and its full width at half
maximum (FWHM) is called the seeing condition [6].
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Figure (2.8): Aberration vs. Image Quality

2.9 Atmospheric Turbulence

In this section a short overview of the theoretical background for the generation
of turbulence in the atmosphere, and the wavefront deformation is given. To assess the
turbulent behavior, one first needs to characterize the medium under investigation,
based on the theory of fluid flows, using the Reynolds number (Rn) defined as [42]:

Where V is the velocity, L is a characteristic scale length and v the kinematic viscosity.

The Reynolds number is a measure of the ratio between the inertial forces and
the viscous forces of the fluid. If the Reynolds number is high, the motion on the scale
L is undampened, as viscosity plays no dominant role. When the Reynolds number
becomes of the order of 1, the influence of viscosity becomes high enough that energy
can be dissipated. L is set by the outer geometry of the flow, and the Reynolds number
can be interpreted as the ratio between this length and the structure size at which the
energy is dissipated. For atmospheric flows, R, > 10°. They can be always considered
turbulence. The transfer of energy between the large scale and the dissipative scale can
be explained as follows:

The turbulence in the atmosphere is introduced by large eddies of a scale Lo.
These eddies cannot dissipate, as indicated by the Reynolds number, but break up in a
hierarchical cascade to smaller and smaller eddies, until they reach inner scale /, and
the turbulent energy is dissipated. The range between /y and L, is called the inertial
range; Lo is called the outer scale of the turbulence.
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Also, the turbulence in the atmosphere is the result of mixing of air at different
temperatures, which occurs through the solar heating during the day. Having a mix of
air molecules at different temperatures, the air density is constantly changing in a
random fashion, which in turn produces a change in the index of refraction of the air.
Light coming from stars is slightly refracted by the atmosphere, producing degradation
in the resolution of the image. Atmospheric turbulence at observatories had been
extensively studied in the last decade, indicating that the turbulence is mostly limited
to thin layers within the first 15 km of atmosphere above the observatory [2].

Figure (2.9) shows this effect at Cerro Paranal in Chile, where the VLT is
located. The figure is a kinetic energy plot with respect to altitude above the telescope.
The two distinctive peaks are from the two strong turbulent layers, one directly above
the telescope (the ground layer) and the second about 8 km from altitude. Turbulent
layers represent about two-thirds of the total turbulence, but there is one-third that is
distributed along the whole column of turbulence.

Cerro Faranag il |

urbulent energy fraction

) 5 10 1S 20
Altitude, km

Figure (2.9): Turbulence Profile at Cerro Paranal in Northern Chile. The
solid line represents the turbulence energy (in normalized units) and the
segmented line is the accumulated energy. Plot courtesy A. Tokovinin
(CTIO).

The most notable effect of a turbulent atmosphere is a blurred image in the focal
plane of a telescope. For a large telescope the image size, often called the seeing disk,
is usually larger than the diffraction disk. The angular radius of the Airy disk and the
limit of resolution A#, from Eq. (2.8), can be written as [6]:

0.25A( gam)

AB(arcsec) =
D(my

—ry
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If the radius (a) of the seeing disk is 0.5 arcsec and A = 0.5 pm, then a = A8 for a 25
cm telescope. Thus for the visible wavelengths and 1m or larger telescopes, the image

size is determined by atmospheric effects. Because Af < f), the seeing disk may be

comparable to the diffraction disk at infrared wavelengths for large telescopes.
Especially, at the longest wavelengths that reach the ground.

2.10 Seeing and Scintillation

The effect of atmospheric turbulence on stellar images is usually separated into
two distinct phenomena; Seeing is the term used to describe random changes in the
direction of light entering a telescope, while Scintillation refers to random fluctuations
in the intensity [6]. Both of these effects arise from variations in the index of refraction
and give rise to a distorted wavefront. A cross section of such a wavefront reaching the
ground at a given instant of time is shown schematically in the figure (2.10). The
corruption effect of seeing and scintillation on a stellar image as observed with the eye
will be described first. Scintillation is most evident to the unaided eye as the
phenomenon called "twinkling".
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Figure (2.10): Perfect Image versus Distorted Image Due to
Atmospheric Turbulence [17].
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In a telescope the twinkling couldn’t usually be seen, and a photometer is needed to
record the fluctuations in intensity. In general, the larger aperture is the smaller
fractional changes in the intensity.

The effect of seeing is function to the telescope aperture. In good seeing, with a 10 cm
aperture or less, the Airy disk of a star moves randomly about its mean position in the
focal plane with excursions of 1 or 2 arcsec. In a large telescope, 1 m or larger, a blurred
image is scen with little or no motion of the image as a whole. If the eye could follow
the rapid changes within the image, it would see a changing pattern of speckles, each
speckle having a size comparable to an Airy disk. A given speckle pattern is stationary
over time of an order of 10-50 millisec, with two patterns similar only for point sources
within about 10 arcsec of one another.

From these observations it can be deduced that the curvature of the wavefront is
negligible over distances of the order of 10 e¢m, with instantancous slopes of | or 2
arcsec from an undistorted wavefront. The image seen in a large telescope is thus the
average over many sections of the wavefront, each with a different instantaneous slope.
For short exposures these fluctuating aberrations will cause the light to scatter and form
a speckle pattern in the image plane as seen in Figures (2.11, 2.12, 2.13), where the
individual speckles are diffraction-limited [44].

Figure (2.11): Diffraction-limited Figure (2.12): Speckle pattern of an 8 Figure (2.13): Sceing disk of an 8
PSF of an 8 m telescope at a m telescope at a wavelength of 1000 m telescope at a wavelength of
wavelength of 1000 nm with 0.65" nm with 0.65" sceing. 1000 nm with 0.65" seeing.
seeing.

The most commonly used model for atmospheric turbulence was proposed by
Kolmogorov (1941) and developed by Tatarski (1961). This model is general for
turbulence in a fluid medium, in which the turbulence is a consequence of adding
energy to the medium in large spatial scales: solar heating in the case of atmospheric
turbulence.

Kolmogorov developed a theory that allows us to assess the turbulent behavior on
different scales over the inertial range, that is, to calculate the power spectrum. His
result shows that the spectrum has a universal form, and the calculations can be easily
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retraced. A good way to describe the turbulence as a function of position is a structure
function.

2.11 Kolmogorov Model

The Kolmogorov model describes the turbulent behavior between the “outer
scale” Ly and the “inner scale” /y. The former corresponds to the scale where energy is
added to the medium (usually tens of meters), while the latter occurs when the energy
is finally dissipated as heat by viscous friction (within millimeters).
Atmospheric turbulence is a random process. It can be modeled with the structure
function D, (Ax), defined as the average difference between two values of a random
variable for a large number of points, with the random variable being the index of
refraction n(x), i.e. [35]:

D, (Ax)= <[n(x) - n(x')]2> ......... (2.15)

The structure function for the refractive index variation of turbulent air in the
Kolmogorov model is [45]:

D,(A)=C2(WAY 1 (A Lo (2.16)

C2(h) 1is the vertical refractive index structure parameter, which is function of the
altitude A.

The vertical refractive index structure parameter C>(#) is a measure of the strength of
the fluctuations in the refractive index. The values of C? is typically in the range from

10"""m 23 or less for conditions of “weak turbulence” and up to 10-'* m” or more when
the turbulence is “strong”.

Developed from this model, the Fried parameter ry allows one to characterize the
strength of the whole atmosphere (Fried 1965). The mathematical expression for 7 is
[46]

Where
¢ 1is the zenith angle of observation.

4 is the observational wavelength.
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The effect of turbulence on a telescope of diameter D is seen on the variance of the
wavefront o; which can be computed as:

D %

2

o, =1.0299 [j ......... (2.18)
i

Alternatively, one can use the resolution A@ of the telescope in the presence of

turbulence.

The main interpretation of Eq. 2.19 and its similarity with Eq. 2.8 is straight forward:
in the presence of turbulence, the resolution is set by the parameter ry, which represents
the diameter of a telescope that produces the same resolution. Typical values for the
Fried parameter are Scm < ry < 20cm.
For example the diffraction limit of resolution for 4m telescope at 500 nm is given by
equation [43]:

AG = % =1.52X107 rad

The angular resolution due to atmospheric turbulence is:

A6 = 1224 0.6X107° rad

o

So turbulence in this case degrades the resolution by a factor of 100.

When a telescope of such a diameter is used, only the first order of the
turbulence, i.e. the wavefront gradient or “tip and tilt” needs to be compensated for
achieving the diffraction limit. An alternative physical interpretation for the Fried
parameter is that 7, is the aperture size that produces a mean square wavefront error of
around 1 rad’. To quantify the relationship between the phase aberrations and the
image quality the Strehl ratio is used.

2.12 Power Spectrum Models

For optical wave propagation, refractive index fluctuations are caused almost by
small fluctuations in temperature. One well-known power spectrum model is
Kolmogorov spectrum [45]:

#,(K)=0.033C2 x K3 ULy (K{ 1/ly..(220)
K is the transverse wave number, /y and Ly are the inner and outer scales of the
turbulence, respectively.
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There are also other models of spectrum for refractive index fluctuations, such
as Von Karman spectrum [46]:

#,(K)=0.033C? xexp{— [K—Z‘Jj }[KZ +[2”J } .............. (2.21)
27 L,

This spectrum regards both inner scale and outer scale parameters inside the spectrum
which is more appropriate for calculation of beam through atmosphere with turbulence
presence.

2.13 Zernike Polynomials and their use in Describing the Wavefront
Aberrations

The objectives of this section include an explanation of why Zernike
polynomials are preferred over other functions, a mathematical definition of Zernike
polynomials, and their use in describing the wave aberration function. Simulation
shows the effects of the low and high order aberrations on image quality; and an
illustration of how Zernike polynomials are used to estimate the wave aberration
function from measurement data.

2.14 Why Using Zernike Polynomials?

Optical system aberrations have historically been described, characterized, and
catalogued by power series expansions, where the wave aberration is expressed as a
weighted sum of power series terms that are functions of the pupil coordinates. Each
term is associated with a particular aberration or mode. For example, spherical
aberration, coma, astigmatism, field curvature, distortion, and other higher order modes
[56].

Many optical systems have circular pupils. So many analyses and calculations
(e.g. diffraction) will involve the integration of the pupil function and wave aberration
function over a circular pupil. Experimental measurements will also be performed over
a circular pupil and will commonly require some form of data fitting. It is, therefore,
convenient to expand the wave aberration in terms of a complete set of basis functions
that are orthogonal over the interior of a circle. Experimental data can be fitted to a
weighted sum of these orthogonal basis functions [71].

Zernike polynomials form a complete set of functions or modes that are
orthogonal over a circle of unit radius and are convenient for serving as a set of basis
functions. This makes them suitable for accurately describing wave aberrations as well
as for data fitting. They are usually expressed in polar coordinates, and are readily
convertible to Cartesian coordinates. These polynomials are mutually orthogonal, and
are therefore mathematically independent, making the variance of the sum of modes
equal to the sum of the variances of each individual mode. They can be scaled so that
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non-zero order modes have zero mean and unit variance. This puts all modes in a
common reference frame that enables meaningful relative comparison between them.

Different Zernike polynomial definitions are currently in use. The convention
adopted has x “horizontal”, y “vertical”, and @ is measured counter-clockwise from x-
axis (i.e. right-handed coordinate system). More traditional notation measures &
clockwise from y-axis.

There is the orthogonal type where the polynomials are normalized to have unit
magnitude at edge pupil. There is also the Orthonormal type where the terms are
normalized so that the coefficient of a particular term or mode is the RMS contribution
of that term.

2.15 Standard Set of Zernike Polynomials

Zernike polynomials are normally expressed in polar coordinates (p,0 ) where 0
2pgl 5 0g 0x2x,
The wave aberration polynomial is typically expressed in terms of the normalized pupil

radius [71]:

p= L where a is the exit pupil radius.
a

Figure (2-14) shows the coordinate system of the unit circle over which they are
defined. Conversion to rectangular coordinates may be desirable for some applications.

Pupil Coordinate System Normalized Pupil Coordinate Systen

x=1coxf) x=p cos(8)
y=1 sn(f) y=p sin(6)

8= tan*(¥/x) 8 =tan(/x)

= (xy2)2 p=r/a= (xi+yp2

Figure (2.14): Pupil Coordinate Systems

The Zernike polynomials are defined as [52] [53]:



Z"(p,0)=N"R" (p)cos(m@) form=0,0<p<l, 0SO<2r  woereen. (2.22)
=—N"R"(p)sin(m@) form<0, 0<p<1, 0<O<2x

foragivenn: m canonly takeon valuesof —n,—n+2,—n+4,...,n

N isthe normalization factor (2.23)
N = ?(”; D 8,0 =1form=0, &,=0 form=0
+ m0
........ (2.24)

RL'" I(p) is the radial polynomial
(n-Jaf2 .
=D (n—s)! ne2s
; s! [O.S(n + ‘m‘) - s]! [O.S(n - ‘m‘) - s]! L

R"(p)=

Each polynomial has three components: the normalization factor, a radially dependent
polynomial, and an azimuthally dependent sinusoid. A double indexing scheme is used
where: (n) is the highest power or order of the radial polynomial and (m) is the
azimuthal or angular frequency of the sinusoidal component. An accompanying single
indexing scheme is also employed where the index (j) is used to indicate mode number.
Table (2-1) contains a list of Zernike polynomials up to order seven and their meanings
relative to the traditional Seidel or Primary aberrations [51][54].
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Table (2-1): Algebraic expansion of the Zernike polynomial sequence up to 7 order [56]
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There are occasions when expressing the Zernike polynomials in rectangular form. For
example, data from the Shack-Hartmann Wavefront Sensor represent the partial
derivatives of the wave aberration as a function of x and y. The formulas for conversion
to rectangular coordinates and the various indices are provided as follows [55]:

Zernike Polynomials can be convertedto rectangular form:
Z)(p,0)=Z,(x,y)
by using the following coordinate transformations and trigonometric identities :
x = pcos(d)
y = psin(0)
..(2.25
P = x?+ y2 )
cos(mb) =2 cos[(m - 1)6’]005(9) - cos[(m - 2)9]
sin (m@) = 2sin[(m —1)0]cos(8) - sin[(m — 2)6 ]

Zernike Polynomials can also be specified by the single indexing scheme:
Z,(p.0)=2] (p.0)
where

-3+,9+8;

2

. n(n+2)+m

2 } m=2j—n(n+2)

n= roundupl:

2.16 Describing Wave Aberration Function Using Zernike Polynomials
The wave aberration function is expressed as a weighted sum of Zernike

polynomials [57][58]: (2.26)
W(p,0)=Y in’ZS’(pﬁ)

n m=-n

= ﬁ{ i W (~NZRI (p)sin(md)) + 3 W (NI R (p)cos(m 9))}

n Um=-n m=0

k is the polynomial order of the expansion
W is the coefficient of the Z," mode in the expansion

W is equal to the rms wavefront error for that mode

For computational purposes it may be more convenient to express the wave (2.27)
aberration in rectangular coordinates and use the single indexing scheme :

Jj max + 2 +
W(x,y)= ZW].Z/(x,y) where W, =W, and Zj(x,y)z Z" (x,y) = w

Jj=0

jmax refers to the highest mode number included in the expansion
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2.17 General Optical System Description

Figures (2.16, 2.17) represent the general form of the optical system.

Object

Plane
. Exit
Optical . Entrance
Object System Pupil )
Height " Pupil
x Aperture
,Image
Height |
Figure (2.16): Coordinate System [47] Figure (2.17): Optical System Components
[49]

Note that the light forming the image completely fills the exit pupil. Also, since
the exit pupil is the aperture as seen from the image space of the optical system, all of
the effects of aberrations in the system are fully contained in the light distribution at
the exit pupil. The exit pupil therefore is good place to define and characterize the
nature of the light in an image forming optical system. Knowing the distribution of
light (i.e., amplitude and phase) at the exit pupil, one can calculate the impulse response
or PSF of the optical system using the diffraction integral and Fourier optics techniques
[471[48][49]. This fully accounts for the effects of both aberrations and diffraction.

2.18 Monochromatic Wavefront Aberrations
Snell’s law governs the refraction of light at optical surfaces. It involves the
use of the sine function, which is non-linear.

sin(¢)=¢—%¢3 +;¢5 —%qf e (2.28)

In paraxial systems, angles are small, sin(¢)= ¢, then first-order theory is applied, no
aberrations and spherical wavefronts. In non-paraxial systems, higher order terms in
the power series expansion of the sine function can be significant, and aberrations are
no longer negligible. The non-zero aberrations cause wavefronts to deviate from
sphericity. Non-zero aberrations occur even when refracting surfaces of lenses are
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perfectly spherical. Non-zero aberrations occur even for a perfect plane-parallel plate
in a converging or diverging beam of light because Snell’s law is non-linear.

Therefore expecting the wave aberration function is expressed as power series
expansions or polynomials. For example, a weighted sum of basis functions,
monomials, or modes, which are functions of the pupil coordinates [50].

The wave aberration function, W(x,y), is defined as the distance, in optical path
length (product of the refractive index and path length), from the reference sphere to
the wavefront in the exit pupil measured along the ray as a function of the transverse
coordinates (x,y) of the ray intersection with a reference sphere centered on the ideal
image point. It is not the wavefront itself but it is the departure of the wavefront from
the reference spherical wavefront as indicated in figure (2.18).

Exit
y Pupil
Wave Actual Ray
Aberration (normal to Aberrated Wavefront)
Z W(xy)

Aberrated — "\ Image
Wavefront Reference Plane
Spherical
Wavefront

Figure (2.18): Wave Aberration Function for a Distant Point Object [50]

2.19 Calculating the PSF and MTF
The image of a point object formed by the optical system is the point spread
function or impulse response. It is defined as [43][47]:

2

27,
PSF(x,y) = ———|FT{ px e+
T XdA, ’ 5
fr=— o fy==
Ad Ad
Where:
FT is the Fourier Transform Operator.
d is the distance from the exit pupil to the image.

Ay is the area of the exit pupil.
P(x,y) define shape, size, and transmission of exit pupil.
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.‘Efwu.y)

e accounts for the phase deviations of the wavefront from a reference sphere.

W(x,y) is the wave aberration function at the exit pupil.
2

i )
P(x,y)=p(x,y)e * " is the generalized exit pupil function.

The Modulation Transfer Function (MTF) is modulus of the Optical Transfer
Function (OTF). The OTF and MTF are given by [48]:

—rziw(x,y)
FT FT{p(x,,v)‘ﬂ # }

OTF(s,.5,) = FTIPSF}  _ - ) (2.30)

FT{PSF}| —

( r"—”wu.y:”
FT{|FT{ p(x,y)-e * ;

(2.30)
MTF(s,.s,) = |0TF(.§X,.T),)‘

The OTF can also be caleulated as the auto-correlation of the generalized pupil
function, but because the Fourier transform will be used for computational efficiency,
the OTF will be calculated using the FT of the PSF.

For visual applications it is often more convenient to express the PSF and MTF
in terms of visual angle. These expressions are given by [51]:

2

Jor small angles.....(2.32)

2 || SN
j; _ﬁ'[‘{p(x’y)e AW(/”)}

4

x v, —iZwld !
FT{p(. 2 2"
A A

PSF(sin(8,),sin(8,)) =

2

A
PSF(6,.6,) =~

P

Where:
x y) o . -
P| —.~= | defines shape, size (in unit of wave lengths), and transmission of exit pupil
A A

—£ is the arca of the exit pupil in unit of (wavelength)?

’:{2
FTPSF(4,.,0,)}
OTF(s,, s, )= F L (2 33)
EVESE0. O ey 0020202 SRR :
MIF(s,,s,)=|0TF(s,,s,)  ceeeeeeess (2.34)

s, is in units of cycles per radian

i . . or is unit in eycle per degree
s, is in units of cycles per radian } Yele per degr
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The calculations and computational domains are illustrated in Figures (2.19, 2.20).

7
.y iz FFT 4 1P
p(l.ﬁ]-c AN ey e— PSF(8,,0,)
Exit Pupil Image
Plane Plane
x/A a,
_"‘ }"_ 1 pixel = 1/M wavelength — = pixel = 1/N radian
\
N wavelengths M radians

Figure (2.19): PSF Calculation and Computational Domains

[| | Normalize FFT
MTF(s,,s,) <mmmm <fmmmm <gmmm PSF(0,6,)

l 1

Frequency Image
Plane Plane
Sy
SJ.
» [+ 1 pixel = 1/M cycle/radian * [+ 1 pixel = I/N radian
N cycles/radian M radians

Figure (2.20): MTF Calculation and Computational Domains

Aberrations negatively impact image quality. They change the size and shape of
impulse response or PSF, which blurs the image. In terms of frequency analysis, the
frequency response of the optical system is reduced by phase distortion within the pass
band.
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2.20 Orthonormal Polynomial for Hexagonal Apertures

It is quite common in optical design and testing using Zernike circle polynomials
to describe the aberration of a system. These polynomials have the advantage that they
represent balanced aberrations. Because of their orthogonality across a circular
aperture, the Zernike expansion coefficients are independent of each other, each
coefficient represents the standard deviation of the corresponding Zernike term (with
exception of the piston term), and the variance of the aberration is equal to the sum of
the coefficients. However, in the case of a large segmented mirror, the segments are
typically hexagonal in the shape, as in the Keck telescope. The advantage of the
orthogonality of the polynomial can be lost because Zernike polynomials are not
orthogonal over hexagonal region. Here, orthonormal polynomial for hexagonal
apertures can be determined by the Gram-Schmidt orthogonalization of Zernike circle
polynomial. The polynomial thus obtained is depending on the sequence of the Zernike
polynomials used in the orthogonalization process [59].

Figure (2.21) show a unit hexagon inscribed inside a unit circle. Each side of the

hexagon has a length of unity. The area of the hexagon is 4=3V3/2. In Cartesian

coordinates (x,y), the aberration function for a hexagonal pupil or aperture can be

expanded in terms of polynomials H; (x,y) that are orthonormal over the aperture [60]:
W(x,y)= ;ajHj (E1757) FUR (2.35)

Where a;is an expansion or the aberration coefficient of the polynomial H;(x,y). The
orthonormality of the polynomial is represented by:

% [H H dxdy =5 ... (236)

Where §, stands for the Kronecker symbol, which equal to 1 if and only if j=;".

The hexagonal region of integration consists of five parts: rectangle ACDF, triangles
AGB, GCB, DHE, and HFE with limits of integration (—1/2,1/2; *\/3/2,\/3/2), (1/2,1,
V3(1-x),0 ), (1/2,1; —V3(1-x),0), (—1,-1/2; 0,¥3(1+x)), and (—-1,-1/2 ; 0,¥3(1+x)) ,
respectively.

The area of the unit hexagon is approximately 17.3% smaller than the area of the unit
circle.
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Figure (2.21): Unit hexagon Inscribed Inside a Unit Circle Showing the Coordinates of

its Corners. Each side of the Hexagon has a length of Unity. The x axis passes through

the corners B and E of the Hexagon, and the yaxis bisects its parallel sides AC and FD.
The relative value of the coefficients of the circle polynomials whose linear
combination yields an orthonormal hexagonal polynomial ff; and the variance are
given by [60]:
a, =-——= [W(x,))H dxdy........I(237)

33 nevagon

gt=5a* FE L. (2.38)

Respectively, the mean value of each polynomial, except for j=1, is zero. The number
of polynomial, i.e, the maximum value of j is increased until the variance is equal to
the actual variance within a prechosen tolerance.

The orthonormal polynomials /4, (x,y) can be obtained from the Zernike polynomials
Z;(x,y) by Gram-Schmidt orthogonalization process [61]. Using abbreviated notation,
where the argument (X,y) of the polynomial is omitted,

G =7 =1
j
R (2.39)
H G G (2.40)
j._l = . = |_‘ ................... o
HGJﬂ l J_Gz dxdy A
Z kgmgnnjH
Where:
2
Cy=——+ |Z., H, dxdy



Thus, the H-polynomial are obtained recursively starting with H; =1. each H-
polynomial is a linear combination of Zernike polynomials. The orthonormal H-
polynomials represent the unit vectors of the space that spans the aberration function.
Substituting for the Zernike polynomial and noting that of an odd function over the
hexagon is zero owing to its symmetry, it is possible to obtain:

G,=c,H,+Z,=c, 2\ +Z,=2,=2x

H, = 2—x12 =6/5(2x) =1.09545Z, = 2~/6/5 psin6

1
{A J4x2dxdy}

hexagon
Where:
A=-2/33
Similarly

H, =~6/52y)=1.09545Z,=2/6/5 pcos®

C41=1/\/§ ,  Cp=0=c,;

G, =(1/\3)2,+ 2, =\3(2p* -5/6)

B@2p?-5/6) _3(2p*-5/6)
L [3¢2p* ~5/6) dxay]"? V43/60
hexagon
=+/5/43Z, +2415/43Z, = 0.34100Z, +1.18125Z, = 2/15/7 p*sin26
The other polynomial terms can be obtained in similar manner as shown as in table (2-
2) [24].
Table (2-2): Orthonormal Hexagonal Polynomials in Polar Coordinates
Hi=1
H2 =2 (6/5) p sind
H3 =2(6/5) p cosd
H4 =2 (15/7) p? sin20
H5 =(5/43) (-5 + 12 p?)
H6 =2 \(15/7) p* cos26
H7 = (4N(10)/3) p sin30
H8 =4 \(42/3685) (-14 p+25 p?) sind
H9 = 4 \(42/3685) (-14 p+25 p) cosd
H10 = 4 \(70/103) p* cos30
H11 = (10/3) \(7/99258181) (-10 (297 - 598 p?) p? sin20 + 5413 p*sin40
HI12 = (30 / \(492583)) (-249 p>+ 392 p*) sin20
H13 = (3 /V(1072205)) (737 - 5140 p*+ 6020 p*)
H14 = (30 / V(492583)) (-249 p*+392 p*) cos20
H15 = (10/3) \(7/99258181) (10 (297 - 598 p?) p? c0s20 + 5413 p* cos4d
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H16 = (2.17600248 p - 13.23551876 p*+ 16.15533716 p°) sinf + 5.95928883 p’ sin50
H17 =4 N(5/97)(-22 p*+ 35 p°) sin36

H18 =2 \(6/1089382547) (70369 p- 322280 p* +309540 p°) sinf

H19 =2 V(6/1089382547) (70369 p- 322280 p* +309540 p°) cosb

H20 = 4 V(385/295894589) (-3322 p*+4635 p) cos 30

H21 = (-2.17600248 p +13.23551876 p*-16.15533716 p°) cos 0 + 5.95928883 p°
c0s50

2.21 Strehl Ratio

To quantify the performance of an AQ system, the Strehl ratio of the PSF is used.
The PSF s(x) is interpreted as the image plane intensity distribution that results from
imaging a point source. The point spread function is a very useful performance measure
since the resolution of an adaptive optics system is determined directly from the width
of the PSF. The Strehl ratio is defined as the ratio of the central intensities of the
aberrated PSF and the diffraction-limited PSF of the instrument [44].

(% = O e (2.41)
S(:Y. = O)d

iffraciion limitted

SR =

Where s(¥) is the intensity point spread function.
% defines a point in the image plane.

Strehl ratios can be measured instantancously or, averaged over time, which is
called the integrated Strehl. The instantaneous Strehl is the Strehl ratio of a short
exposure PSF (such as the speckle pattern seen in figure (2.12)), while the integrated
Strehl is the Strehl ratio of a long exposure PSF (such as in figure (2.13)). Usually long
exposures are used to see fainter objects. Comparing the instantaneous and integrated
Strehl will however prove to reveal some interesting information about the
performance of the AQ system. Figure (2.22) shows a few examples of computer
generated integrated PSFs with different Strehl ratios for an 8 m class telescope. A
system is said to be well corrected when the Strehl is greater than 80%. This is also
called the Marechal limit [62].

Figure (2.22): (a) Integrated uncorrected PSF with a Strehl ratio of 8%, (b) integrated
corrected PSF with a Strehl ratio of 49%, (c) and diffraction-limited PSF [44].
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Chapter
Three



An Adaptive Optics

3.1 Introduction

Adaptive Optics (AO) was proposed as early as the 1950s, by Horace Babcock,
an astronomer at Mt. Wilson and Palomar Observatories. This technology became
powerful enough for a first attempt to realize such a system in the late 60s. The early
systems were developed for military and aerospace applications, and progress was
driven by these communities, who had considerable resources available to them. Early
milestones in the advancement of AO systems were the development of the first
functioning Deformable Mirrors (DMs), and subsequent experiments with natural
guide stars, by John Hardy and co-workers at ITEK company in 1972, and the
atmospheric compensation achieved with the Compensated Imaging System (CIS) on
Mt. Maleakala, Hawaii, using stars and satellites as guide stars during the years 1982-
85 [46][42].

The quality of images and spectra taken at ground-based astronomical
observatories is degraded by distortions in the Earth’s atmosphere. Rather than
achieving diffraction limited resolution, large ground-based telescopes at the best sites
seldom achieve image quality better than the diffraction-limit of a 20cm diameter
telescope (0.63 arcsec in the visible, 500 nm wavelength). This blurring, which is due
to temperature inhomogeneities in the atmosphere, is called atmospheric seeing. If the
seeing could be eliminated, an 8m telescope would be able to achieve 0.015 arcsec
resolution in the visible and 0.069 arcsec resolution in the K-band of the infrared (2200
nm) [45]. Compensation of the atmospheric seeing can be achieved using the
technology of AO, a technique which is being pursued by every major ground-based
observatory.

Satellite observatories are very costly to operate, however, and exceedingly hard
to maintain. Ground-based telescopes of the 10m class equipped with AO are now able
to deliver sharper images than HST, at least in the near infrared. Naturally, ground-
based observatories are much more versatile and accessible for keeping instruments up
to date. While satellite observations remain important for some scientific cases, many
programs can be conducted more efficiently from the ground [44].

The techniques of AO are those by which telescope optics is adjusted on a rapid
time scale to compensate for distortions in the wavefront entering a telescope. These
adjustments are generally applied to a relatively small optical element in an optical
train following the Cassegrain or Nasmyth focus and continuously readjusted on a time
scale measured in milliseconds. Also a larger isoplanatic angle at infrared wavelength,
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25 arcsec at 2500 nm compared to 5 arcsec for visible wavelength, makes AO
correction easier than at visible wavelength [42].

Techniques of AO are to be distinguished from those of active optics for which
adjustments are relatively much slower, often on a time scale of hours. Adjustments of
this latter type are usually made to the primary mirror by actuators that adjust the shape
of the mirror. The goal of active optics corrections is usually to reduce the aberrations
of a telescope [44] [64] [66].

In this chapter the basic principles of AO will be discussed. Techniques by which
a distorted wavefront is corrected before detection are considered. It is also possible to
apply postdetection corrections to images and achieve high angular resolution on bright
sources with ground-based telescopes. The effects of turbulence from the point of view
of the time-averaged Modulation Transfer Function (MTF) of the atmosphere are
considered.

3.2 Preliminaries

To appreciate the daunting task faced by designers of AO systems, one should
understand that an initially plane wavefront traveling 20km through the turbulent
atmosphere accumulates, across the diameter of a large telescope, phase errors of a few
micrometers. These have to be sensed with a minimum number of photons and
corrected to about 1/50 of a micrometer every millisecond or so. Another complication
is that, for short integration times, the field of view over which the atmospheric
wavefront distortions and hence the images are correlated, the isoplanatic angle, is very
small (only a few arc second for visible wavelengths) [46].

Because of the high bandwidth and the small field to which correction can
generally be applied, AO uses a small deformable mirror (DM) with a diameter of (8
to 20) cm located behind the focus of the telescope at or near an image of the pupil. In
some current projects, the possibility of using a large deformable secondary mirror is
being developed. The choice of the number of actuators (usually piezoelectric) is a
tradeoff between degree of correction, using a faint reference source, and available
budget. For instance, a near-perfect correction for an observation done in visible light
with an 8m telescope would require ~ 6400 actuators, whereas a similar performance
at 1.5m needs only ~ 225 actuators [46].

A large number of actuators require a similarly large number of subapertures in
the wavefront sensor, which means that for correction in the visible, the reference star
should be ~ 25 times brighter than that corrected in the infrared. Most current
astronomical systems are designed to provide diffraction-limited images in the near-
infrared (1000-2500) nm with the capability for partial correction in the visible.
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However, some military systems for satellite observations in the USA do provide full
correction in the visible on at least 1m class telescopes [44].

Two main methods are used to measure the degraded wavefront, the Shack-
Hartmann device, which measure the slope of the wavefront from the positions of the
images of the reference star given by each subapertures, and Curvature Sensing device,
where the intensities measured in strongly defocused images provided directly the local
curvatures of the wavefront. Correction in the Shack-Hartmann device is made with
individual piezoelectric actuators. Correction in a curvature sensing system is
accomplished with a bimorph adaptive mirror, made of two bonded piezoelectric
plates. With both methods, wavefront sensing is done on a reference star or even on
the observed object itself if it is bright enough and has sufficiently sharp light gradients
[42].

General scheme for an AO System is shown in figure (3.1). The control system
is generally a specialized computer that calculates from the wavefront-sensor
measurements the commands sent to the actuators of the DM. The calculation must be
done fast (within 0.5 to 1 msec); otherwise the state of the atmosphere may have
changed rendering the wavefront correction inaccurate. The required computing power
needed can exceed several hundred million operations for each set of commands sent
to a 225 actuator DM. As in active optics systems, zonal or modal control methods are
used. In zonal control, each zone or segment of the mirror is controlled independently
by wavefront signals that are measured for the subaperture corresponding to that zone.
In modal control, the wavefront is expressed as the linear combination of modes that
best fit the atmospheric perturbations.

The operation of AO is strongly affected by the size of the isoplanatic angle,
usually ~ 25" at 2500nm (IR), but only ~ 5" at 500nm (visible). It is generally not
possible to find a sufficiently bright reference star close enough to an arbitrary
astronomical object. Conditions are much better in the infrared than in the visible since
atmospheric turbulence has weaker effect on longer wavelengths for a given AO
correction. The spatial and temporal sampling of the disturbed wavefront can therefore
be reduced, which in turn permits the use of fainter reference stars. Coupled with the
larger isoplanatic angle in the IR, this gives a much better outlook for AO correction
than in the visible.

Nevertheless, even for observations at 2200 nm, the sky coverage achievable by
this technique (equal to the probability of finding a suitable reference star in the
isoplanatic patch around the chosen target) is only of the order of 0.5 to 1%. It is
therefore quite normal that most scientific applications of AO so far have been on
objects which naturally provide their reference object like solar system small bodies,
stellar environments, stellar clusters and a few very bright Seyfert nuclei.
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Figure (3.1): General Scheme for an AQ System [65].

Figures (3.2-3) show the effect and the enhancement of the Spiral Galaxy image
obtained without/with turbulence correction using the AO process.

Figure (3.2): Spiral Galaxy M100 Image without AQ Correction

Figure (3.3): Spiral Galaxy Image with AO Correction
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3.3 Parameters of Deformable Mirror

Deformable Mirrors (DMs) are mirrors whose surface can be deformed, in order to
achieve wavefront control and correction of optical aberrations. Figure (3.4) shows the
operation of a DM Model with AO System. The DM has several parameters can be
categorized into:
1) Number of actuators: determines the number of degrees of freedom (wavefront
inflections) the mirror can correct. It is very common to compare an arbitrary DM to
an ideal device that can perfectly reproduce wavefront modes in the form of Zernike
polynomials. For predefined statistics of aberrations a DM with M actuators can be
equivalent to an ideal Zernike corrector with N (usually N < M) degrees of freedom.
For correction of the atmospheric turbulence, elimination of low-order Zernike terms
usually results in significant improvement of the image quality, while further correction
of higher-order terms introduces less significant improvements. For strong and rapid
wavefront error fluctuations such as shocks and wake turbulence typically encountered
in high-speed aerodynamic flow fields, the number of actuators, actuator pitch and
stroke determine the maximum wavefront gradients that can be compensated [77].
2) Actuator pitch: is the distance between actuator centers. DMs with large actuator
pitch and large number of actuators are bulky and expensive.
3) Actuator stroke: is the maximum possible actuator displacement, typically in
positive or negative excursions from some central null position. Stroke typically ranges
from £1 to £10 micrometers. Free actuator stroke limits the maximum amplitude of the
corrected wavefront, while the inter-actuator stroke limits the maximum amplitude and
gradients of correctable higher-order aberrations [77].
4) Influence function: is the characteristic shape corresponding to the mirror response
to the action of a single actuator. Different types of DMs have different influence
functions; moreover the influence functions can be different for different actuators of
the same mirror. Influence function that covers the whole mirror surface is called a
"modal" function, while localized response is called "zonal".
5) Actuator coupling: shows how much the movement of one actuator will displace
its neighbors. All "modal" mirrors have large cross-coupling, which in fact is good as
it secures the high quality of correction of smooth low-order optical aberrations that
usually have the highest statistical weight.
6) Response time: shows how quickly the mirror will react to the control signal.
Response time can vary from microseconds (Micro-Electro-Mechanical Systems
(MEMS) mirrors) to tens of seconds for thermally controlled DMs [78].
7) Hysteresis and creep: are nonlinear actuation effects that decrease the precision of
the response of the DM. For different concepts, the hysteresis can vary from practically
zero (membrane mirrors) to tens of percent for mirrors with piezoelectric actuators.
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Hysteresis is a residual positional error from previous actuator position commands. It
limits the mirror ability to work in a feedforward mode, outside of a feedback loop
[45].
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Figure (3.4): Operation of a DM Model with AO System [45].

3.4 Concepts of Deformable Mirror

Main types of DMs are shown in figures (3.5-6) and a number of DM concepts are
presented [40][67][68][69][70]:
1) Segmented concept: mirrors are formed by independent flat mirror segments. Each
segment can move a small distance back and forth to approximate the average value of
the wavefront over the patch area. Normally these mirrors have little or zero cross-talk
between actuators. Considerable improvement of the performance of the segmented
mirror can be achieved by introducing three degrees of freedom per segment: piston,
tip and tilt. These mirrors require three times more actuators than piston segmented
mirrors and they suffer from diffraction on the segment edges. This concept was used
for fabrication of large segmented primary mirrors for the Keck telescopes [40].
2) Continuous faceplate concept: mirrors with discrete actuators are formed by the
front surface of a thin deformable membrane. The shape of the plate is controlled by a
number of discrete actuators that are fixed to its back side. The shape of the mirror
depends on the combination of forces applied to the faceplate, boundary conditions
(the way the plate is fixed to the mirror), the geometry and the material of the plate.
These mirrors are considered to be the best, as they allow smooth wavefront control
with very large (up to several thousands) degrees of freedom.
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3) Micro-Electro-Mechanical Systems (MEMS) concept: mirrors are fabricated
using bulk and surface micromachining technologies. MEMS mirrors have a great
potential to be cheap. They can break the high price threshold of conventional AO [67].

Piezo stack mirrors Bimorph mirrors
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Figure (3.5b): Three Classes of DM. (a) A Segmented Mirror with tip-tilt/piston Actuators
behind each Segment, (b) Continuous Facesheet Mirrors with individual Piston Actuation and an
Example of a Bimorph Mirror (c).[17]

Figure (3.6): The DM from Hokupa'a-85 (with 85 Actuators)
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4) Membrane concept: mirrors are formed by a thin conductive and reflective
membrane stretched over a solid flat frame. The membrane can be deformed
electrostatically by applying control voltages to electrostatic electrode actuators that
can be positioned under the membrane; a bias voltage is applied to all electrodes, to
make the membrane initially spherical. The membrane can move back and forth with
respect to the reference sphere [68].

5) Bimorph concept: mirrors are formed by two or more layers of different materials.
One or more of (active) layers are fabricated from a piezoelectric or electrostrictive
material. Electrode structure is patterned on the active layer to facilitate local response.
The mirror is deformed when a voltage is applied to one or more of its electrodes,
causing them to extend laterally, which results in local mirror curvature. Bimorph
mirrors are rarely made with more than 100 electrodes [69].

6) Ferrofluid concept: mirrors are liquid DMs made with a suspension of small (about
10 nm in diameter) ferromagnetic nanoparticles dispersed in a liquid carrier. In the
presence of an external magnetic field, the ferromagnetic particles align with the field,
the liquid becomes magnetized and its surface acquires a shape governed by the
equilibrium between the magnetic, gravitational and surface tension forces. Using
proper magnetic field geometries, any desired shape can be produced at the surface of
the ferrofluid. This new concept offers a potential alternative for low-cost, high stroke
and large number of actuators DMs [70].

3.5 The Main Types of Actuators

The main types are listed here [45] [66]:

1) Piezo stack: this is a DM made of discrete actuators, composed of piezo-electric
ceramics, which is composed of an electrostrictive material.

2) Electrostatic: MEMS type of devices, made on a single piece of silicon, on which
electrostatic actuators are built.

3) Magnetic: these are integrated devices using voice-coil actuators, composed of a
magnet and a solenoid.

3.6 The Main Types of Wavefront Sensors (WFS)
The main types of wavefront sensors are briefly described here, with
representative diagrams [44][72][73]:

1) Curvature: This technique was introduced by Roddier (1988). The
wavefront aberration is measured at two planes around the focal plane,
where the aberration causes excess illumination (at /;) and lack of
illumination (at ).

63



Figure (3.7): Schematic of Curvature Wavefront Sensor

2) Shack-Hartmann (SH): The pupil is divided into “subapertures” by a lenslet array.
The aberrations produce displacements of the spots produced by each subaperture. The
position of the spot is proportional to the gradient of the wavefront at each subaperture.
‘Centroiding’ is the process of finding the position of each spot, computing the centre
of gravity of the subaperture in pixel units [17] [74].

Figure (3.8): Measurement of Principle of a Figure (3.9): Shack-Hartmann WFS
Shack-Hartmann WEFS [17] From ThorLah

3) Lateral Shearing Interferometer: An interferogram can be formed by making the
wavefront interfere with its shifted version. The aberrations can be measured by
analyzing the fringe shapes.



P

Figure (3.10): Schematic of Lateral Shearing
Interferometer WFS

4) Pyramid: A glass pyramid is placed at the focus of a lens, dissecting the beam into

4 apertures. It is possible to measure the wavefront aberrations by comparing the
intensity on equivalent positions on each subaperture [75].

relay lens

il tpes g
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Figure (3.11): Schematic of Pyramid WFS [75]

3.7 Functional Description

A general scheme for an AQ system is presented in figure (3.12). The telescope
is pointed to a guide star, which is used for measuring the atmospheric turbulence. The
light beam from the telescope is received by the DM or wavefront corrector, which
corrects the aberrations caused by the turbulence, shaping its surface with a figure that
nulls the shape of the wavefront passed through the atmosphere.
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Figure (3.12): Diagram of a Typical AO System with Natural Guide Star
Placed after a Telescope. The AO System is composed of a DM and a Phase or
WF Sensor [45]

the DM, an AO system includes a phase or WF Sensor to measure the residual
aberrations after the wavefront has been corrected by the DM. The Shack Hartmann
WES (SH-WFS) is the most commonly used in AQ systems for astronomy. The WES
uses optical wavelengths (which are commonly referred to those between 350 and 1000
nm) for measuring the wavefront. This is usually implemented by diverting the light
with a dichroic, letting the infrared light pass to a science instrument. The AQ system
works in closed-loop by trying to keep a flat (or null) residual wavefront at the science
image. This is orchestrated by a powerful computer, capable of processing the large
amount of information coming from the WES and calculating the commands to the
DM. A “real-time” computer is used, meaning one which is capable of doing these
computations in real-time, at rates of potentially thousands of updates per second. The
current personal computers have become so powerful that they are starting to be used
as AO computers.

Different types of DMs have been developed over the last 30 years. They are
usually classified depending on the technology used in the actuators. Most DMs have
actuators in an equally spaced rectangular grid, where their acting direction is parallel
amongst them and perpendicular to the mirror membrane. By varying their length a
few microns, the membrane becomes locally deformed at the actuator position. The
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local deformation of the membrane is usually called the “influence function™ produced
by the actuator. A typical influence function on the membrane spans neighbouring
actuators, having a 10% to 20% effect on the immediately adjacent actuators. Figure
(3.13) presents a typical influence function [45].

The control of the DM is generally based on knowledge of the actuator influence
functions. Actuator influence functions are used to define the relationship between the
actuator commands and the deformations of the mirror surface. Usually, a least squares
method is used to determine the set of actuator commands which will minimize the
error in the mirror surface. Mirror deformations due to each actuator command
multiplied by the influence of that actuator are added to the initial distorted mirror
surface, which results in the corrected mirror shape [17].
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Figure (3.13): Gaussian Influence Functions

Figure (3.14) shows this process of correcting a deformed mirror surface based on the
actuator influence functions. It can be seen from the figure that the corrected mirror
shape has smaller deformations (two orders of magnitude smaller) which is of higher
spatial frequency than the initial mirror surface.
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Influence functions can be generated experimentally; one specifies the

Figure (3.14): Correction of Distorted Mirror by adding Actuator Influence Functions
Scaled by Input Values

Shape and extent of the single-actuator influence function, one has the choice of five
shapes: Green's Function, Gaussian, Piston, Linear, and Cubic. Each shape is prompted
for two parameters Ax, Ay that define the effective width of the influence function.

3.8 Implication of Open and Close-Loop Operation

The classical AO systems are a closed-loop based systems, a WES measures the
action of the DM, because it is placed “downstream” with respect to the DM in the
optical path. So it measures the residual error and feeds it back to the system. See the
top part of figure (3.15) for a comparison diagram.

In principle, this closed-loop system is fundamentally simple; it measures the
phase as a function of the position of the optical wavefront under consideration,
determines its aberration, computes a correction, teshapes the DM, observes the
consequence of that correction, and then repeats this process over and over again as
necessary if the phase aberration varies with time. Via this procedure, the AO system
is able to improve optical resolution of an image by removing aberrations from the
wavefront of the light being imaged [45].

Multi-Object Adaptive Optics (MOAO) requires operation in an optical open-
loop, i.e. the wavefront sensor does not measure residual turbulence but rather “raw”
incoming aberrations caused by the atmosphere. The DM in charge of applying the
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inverse of the turbulent phase must therefore work with no feedback, unlike classical
AOQO systems, where the wavefront sensor closes the optical loop for DM positioning
[76].

Figure (3.15): Comparison diagram for closed-loop and open-loop operation in AQ.
Top panel: closed-loop operation, showing how WES closes the loop with respect to
the DM. Bottom panel: open-loop operation, where the WSF paths are different and
unrelated with respect to the DM path.
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Figure (3.15): Comparison Diagram for Closed-loop and Open-loop
Operation in AO system [45]

3.9 Implementation of Close-Loop Operation using a Poke Matrix
Method in AO Process

In a typical AQ system which comprising a deformable mirror, a Shack
Hartmann wavefront sensor (SH-WFES) and an aberrated beam of light reflect from a
DM and illuminates the SH-WFS. The WES measures the average gradient (aka slope)
of the wavefront over each sub-aperture in an array of lenslet to produce a vector of
wavefront slope measurements.

To complete an adaptive optics system with this optical setup, converting the
wavefront slope measurements into commands to the deformable mirror is needed.
When the vector of measured slopes is multiplied by the control matrix it produces a
vector of commands that if it applied to the DM (in addition to any commands that
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currently exist on the DM) will produce the minimum RMS wavefront slopes [86] as
follows:
1) The Simulation Model and WFS Data

The surface of the deformable mirror is controlled by 32 actuators as an example
arranged on a 6 x 6 grid with no actuators on the comers. Shack- Hartmann wavefront
sensors are arranged on a 14 x 14 grid with the corners obscured, so that there are 196
wavefront slope measurements in two directions. Thus, the Poke matrix (P) is 196 x 32
elements. To find a linear P matrix between DM commands and the phase shifts
(gradients) on the sensor we have to do a least square identification between the values
of the command voltages (as the inputs to the system) and the output phase
measurements.
2) Setup the DM-Actuator Pattern

The used DM-actuator pattern arranged as two dimensional mesh grid of

32 actuators as shown in Figure (3.16).
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Figure (3.16): Layout and Actuator Numbering of the
32-Channel Square-Grid.

3) Create the Influence Functions

Influence functions (IF) can be generated experimentally, which can take the
shape of Green's Function, Gaussian, Piston, Linear, and Cubic. The senior parameters
that affect the final shape are Ax and Ay that define the effective width of the influence
function.

Simulation the influence functions are developed out using the Gaussian model.
Each actuator influence function is generated from the corresponding actuator of SH-
WES. The resulting surface shape of the DM is generated according to the vector
coefficients. This vector of coefficients then represented as a column vector in the
actuator influence matrix.
Figure (3.17) shows first scaled IF, which is scaled to 14 X 14 samples and fit to 80%
from aperture size. Therefore, 96 locations were taken to represent by 32 actuators
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instead of 196 samples. Euclidian distance was used to calculate and determine the
closer actuator (from 32 actuators) to the sample for doing the action.
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Figure (3.17): The First scaled DM Influence Function.

4) Making a Poke Matrix

The adaptive optics control matrix is generated by creating a pseudo-inverse of
a measured Poke matrix. The Poke matrix is a matrix that measures the response of
each actuator on the SH-WFS. The Poke matrix is generated by actuating each actuator
or group of actuators individually, measuring the wavefront slopes, and assembling the
vector of slope measurements into a matrix. Figure (3.18) shows the Poke matrix that
was measured for a 32 actuator, square grid membrane DM layout in array 96 x 32
elements [86].
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Figure (3.18): The Poke Matrix.
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This matrix describes the relationship between commands to the DM and response of
the wavefront sensor. Mathematically, this matrix can be written as [87]:

Vé=Pc .. 3.1)

Where V¢ is the vector of wavefront slopes, P is the Poke matrix, and c is the vector
of DM commands. The best Poke matrix contains only the effect of the actuator motion.
The low gain mode can be removed from the control matrix using the singular-value
decomposition (SVD) techniques that will be described later.
5) Making a Control Matrix from a Poke Matrix

Once a good Poke matrix has been established, this Poke matrix needs to be
inverted to create a control matrix that relates the measured wavefront slopes to DM
commands mathematically it can be represented as [84]:

¢ = pseudoinverse(P).V ¢
='vVg (3.2)

Where T represent the control matrix. Since the Poke matrix is not square (it is 2 times
the number of sub-apertures by the number of actuators), it cannot be inverted
classically, but instead it requires a different mathematical technique.

SVD can be used to calculate a pseudo-inverse of a matrix. In SVD, the Poke matrix is
decomposed into the product of three matrices U, S, and V.

U is a set of orthonormal output basis vectors that are found by finding the eigenvectors
of P.P* where (*) operator is the transpose.

V is a set of orthonormal input basis vectors that are found by finding the eigenvectors
of P*.P.

S is a diagonal matrix of singular values that are found as the square root of the
eigenvalues of the eigenvectors in U and V.

The SVD decomposition can be used to calculate a pseudo-inverse of the Poke matrix,
P, as [85]:

F=P =V.S"U" .. (3.3)

Where the (+) operator is the pseudo-inverse. The pseudo-inverse of S is found by
taking the reciprocal of each diagonal element of the S matrix.

The condition number of a matrix is the ratio of the highest gain to the lowest
gain. If a matrix is formed of orthogonal vectors, then the condition number will be 1.
Since in most deformable mirrors the influence functions are not orthogonal, it is
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expected that the condition number will not be unity, but lower values are generally
better.

6) Using a Control Matrix in Integrator Control

After establishing a control matrix, the commands for the DM are calculated in
each step of the AO loop by taking the commands from the last loop and adding the
measured slopes times the control matrix times the system gain, or [86];

c(t)=c(t-1)+gain . T Vg ... 3.4
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Chapter
Four



Simulation and Problem Analysis

4.1 Introduction

Very large ground-based telescope with primary mirror more than 100m
diameter has been considered. Such a diameter may allow planet imaging from the
ground if images of high contrast can be achieved over regions large enough for planet
detection. Most of the proposed primary configurations use segmented mirrors. For a
proposed primary configuration consisting of segments with gaps between them,
diffractive modeling is needed to reveal the image and how that image is affected by
this pupil configuration; gap width, apodization, miss-positioning, and tilt errors of the
individual segments.

Current plans for future very large telescopes envisage apertures of more than
100m diameter, their gain over the present generation of (10m) telescopes will not be
simply a proportion to their increased light gathering power only, correction to
diffraction limit with AO is needed to increase image sharpness.

In order to test the performance of different designs, several programs have been
developed to model the resulting diffraction patterns or PSFs for different apertures. In
its simplest form, the models determine the Fraunhofer diffraction of light through an
aperture. The diffraction is calculated by performing a Fourier Transform (FT) on an
incoming wavefront that represented by a complex 2D array. Taking the real part of
the resultant amplitude image and squaring it gives the intensity.

Several ideas explore the use of alternative “apodized” apertures for high
contrast imaging in the optical or near-infrared [79][80].

The complete model calculates the diffraction of a light wave’s amplitude
passing through the aperture of a telescope with a secondary mirror (obscuration) and
support structure (spiders). An input wavefront array with the shape of the pupil
undergoes FT to give a PSF and MTF of the telescope. A single wavelength PSF is
generated (750 nm), after calculating the PSF of the aperture, an ideal test image can
be convolved with the PSF.

A crucial issue for any design is its ability to not only achieve a high contrast,
but do so in a way that does not seriously degrade the intrinsic resolution of the
companion PSF. The smaller aperture size essentially spreads out the light of any faint
companion and drastically increases the integration time, making it harder to detect
[81].

Next the array undergoes an inverse FFT which results in the intensity pattern at
the pupil plane to create the image on the detector. The simulation was performed with
1500 x 1500 and 1024 x 1024 element arrays; also the array is taken in terms of the
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wavelength in order to keep the theoretical diffraction limit of the telescope of interest
to be truncated at zero value inside this array.

4.2 Simulation of Telescope’s Aperture Configurations
Several configurations for the primary mirror of the telescope can be analyzed
such as circles, or any shape derived from them by cutting along chords. The analytical
study for next generation optical telescope; utilizing mirror segmentation techniques,
including the following steps:
¢ Studying the primary mirror of the telescope, which is composed of a number of
individual mirror subsegments. These subsegments act as a single mirror
envisage apertures of more than 100m diameter.
e Comprising the efficiency of different configurations with adjacent hexagonal
subsegments and close-packed circular subsegments and other shapes.
e The apodization shapes effect on the contrast diffraction limit (high—contrast
imaging of exoplanets) can be studied.
o Studying the effect of subsegments gap, the secondary obscuration, subsegments
size and the spiders.
In figures (4.1, 4.2, 4.3) several designs has been created to test the simulations in order
to gauge the degradation in contrast from the ideal case and to determine the best
configuration. In the absence of atmospheric turbulence, the phase function W(x,y) in
Eq. (2.29) becomes zero then:

1
e =T,
14

FTip(x»)), -

Figure (4.1): One Subsegment Pupil’s Configurations for Telescope with 500 Pixels Diameter and their
Corresponding PSFs.
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Figure (4.1) shows pupil’s configurations for telescope with 500 pixels diameter, the
corresponding point spread functions are shown. The PSF is computed at its coherent,
combined focus.

The PSF at different telescope apertures are shown in Figures (4.2, 4.3), built up
from 25 pixels subsegments diameter for the 500 pixels diameter without/with
obscuration and spiders with their corresponding PSF are shown.

Figure (4.2): Aperture Configurations for Telescopes Built up from 25 Pixels Subsegments Diameter with
Corresponding Point Spread Functions without Obscuration and Spiders.

The MTF at different telescope apertures are shown in Figure (4.4) where each aperture
considered as a one segment (i.e. trapezium (4), pentagon (5), hexagon (6), heptagon
(7), octagon (8) and circular (cir)).
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Figure (4.3): Aperture Configurations for Telescopes Built up from 25 Pixels
Subsegments Diameter with Corresponding Point Spread Functions with

MTF of Zero Aberration System
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Figure (4.4): Contrast vs. Spatial Frequencies (s,) in Cycle per Degree.

Figure (4.4) Normalized MTF is plotted as modulation (contrast) versus spatial
frequency (in cycle per degree). Demonstrates very clearly that the non-segmented
circular aperture is the highest cutoff frequency, which means that one segment circular
aperture is the best for high contrast imaging and faint object detection.
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The previous behavior (non-segmented circular aperture is the best MTF) will
not stand when multiple segments is used to build primary mirror of a telescope. The
corresponding results of the figures (4.1, 4.2, 4.3) can be summarized in figure (4.5),
where the normalized MTF or the contrast drawn as a function for the spatial frequency.
Note that in figures (4.5-a, b, c) the MTF for sub-segmented apertures (4-4 for
trapezium subsegment in trapezium apodized aperture, 4-5 for that trapezium
subsegment in pentagon apodized aperture and so on...). The highest cutoff frequency
was found for hexagonal apodized aperture with different subsegment.
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Figure (4.5): Contrast vs. Spatial Frequencies (Sx).

Figure (4.5d) shows that the highest contrast (MTF) was for hexagonal apodized
aperture with trapezium subsegments (4-6), hexagonal apodized aperture with hexagon
subsegments (6-6) and hexagonal apodized aperture with circular subsegments (cir-6)
which are almost the same, means that the hexagonal apodized aperture is the optimal
shape.
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4.3 Simulation of Imaging through the Atmospheric Turbulence
A phase screen based on Kolmogorov turbulence theory was generated. The
screen was generated based on a PSD function that was mentioned in chapter (2), Eq.
(2.20). The aperture diameter and the ry is specified:
#,(K)=0.033C> x K" Wi & 1
Where: ¢? represent the strength of the turbulence and is equal to Fried coherent
length ((ro)™").
The phase screen using Kolmogorov model will be structured as follows:
* Generating two dimensional array of integers (1024X1024).
o The square root of the generating array is taken to be represented the element K.
e Taking c? to be equal ((ro)™?), where ro= 10 cm.
* Using Eq. (2.20) to Calculate the PSD.
¢ Generating the initial phase screen for Kolmogorov by taking the real part of FT
of the square root for the PSD multiply by Gaussian white noise.

E
-
o

Figure (4.6): Simulated Initial Phase Screen for Kolmogorov.

In the next section the atmospheric turbulence (Kelmogorov spectrum) effect on
hexagonal aperture and the response of the PSF and MTF will be considered.

4.4 Calculating the Affected MTF

The Kolmogorov turbulence (dynamic aberration) and its effects on the optical
system performance will be included. Then the optimal three shapes of the apodized
apertures mentioned in section 4.2 (i.e. hexagonal apodized aperture with subsegments
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hexagon (6-6), hexagonal apodized aperture with subsegments circular (cir-6) and
hexagonal apodized aperture with subsegments trapezium (4-6)) were tested, to
determine the lower effected aperture by the turbulent to be adopted for the next
generation optical telescope. At first the behavior of 6-6 apodized aperture system will
be considered. Figure (4.7) shows the complex wavefront at affected 6-6 apodized
aperture.

Aperture of Aberrated System

Figure (4.7): Aberrated 6-6 Apodized Aperture System.
The effect of the turbulent on the optical system 1s shown 1n figures (4.8-a, b), where
the discrete line represents the diffraction limit (MTF of zero aberration system), while
the continuous line represents the aberrated system.

1

0.9
0.8 3
0.7|
0.8

% 100 150 200 250 b 50 100 150 200 250
3, (cycl/deg) 5, (cyclaideg)
Figure (4.8a): MTF for 6-6 Aperture of Figure (4.8b): MTF for 6-6 Aperture of
Aberrated System in x Direction. Aberrated System in y Direction.
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Figure (4.9a): MTF Contour of Zero Aberration Figure (4.9b): MTF Contour of Aberrated System.
System.

Figure (4.10a): MTF Surface of Zero Aberration Figure (4.10b): MTF Surface of Aberrated
System. System.

Figures (4.9, 4.10) show how the seeing condition ry was severely affects MTF for
Large radius aperture and this will be reduced as radius decreases. In the same way the
affected cir-6 apodized aperture is illustrated in figures (4.11, 4.12,4.13 and 4.14).

400 500

Figure (4.11): Aberrated cir-6 Apodized Aperture System.
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Figure (4.12a): MTF for cir-6 Aperture of Figure (4.12b): MTF for cir-6 Aperture of
Aberrated System in x Direction. Aberrated System in y Direction.
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Figure (4.13a): MTF Contour of Zero Figure (4.13b): MTF Contour of
Aberration System. Aberrated System.
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Figure (4.14a): MTT Surface of Zero Figure (4.14b): MTF Surface of
Aberration System. Aberrated System.

Also the affected 4-6 apodized aperture is shown in figures (4.15, 4.16, 4.17 and 4.18).



Figure (4.15): Aberrated 4-6 Apodized Aperture System.

o =0 100 150 200
3, (cycle/deg)

Figure (4.16a): MTF for 4-6 Aperture of
Aberrated System in x direction,
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Figure (4.17a): MTF Contour of Zero
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Figure (4.16b): MTF for 4-6 Aperture of
Aberrated System in y direction.
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Figure (4.17b): MTF Contour of Aberrated
System.



MTF of Zero Aberration System MTF of Aberrated System

Figure (4.18a): MTF Surface of Zero Figure (4.18b): MTF Surface of
Aberration System. Aberrated System.

Now the ettect ot the remamning parts of the mirrors at edges ot the hexagonal apodized
aperture will be studied, in order to determine there effect on the optimal shape of the
next generation field aperture. Clipped design and the corresponding PSF are shown in
figure (4.19).

Figure (4.19): Clipped Apertures and the Corresponding PSFs.
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The MTF with/without aberration for each design are shown in figure (4.20).
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Figure (4.20): the MTF for each Clipped Aperture of Aberrated System in x and y Directions.

It can be concluded that the clipped 4-6 apodized aperture is the best configuration with
the largest cutoff frequency and MTF. The ripple in the previous figures is due to the
gaps between the subsegments. This ripple is minima for clipped 4-6 apodized aperture.

4.5 Image Quality Metrics

There are many kinds of image quality metrics. They can be categorized into
two distinct groups, geometric such as Full Width at Half Maximum (FWHM), Mean
Square Error (MSE), Peak Signal to Noise Ratio (PSNR) and diffraction such as MTF,
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PSF and Encircled Energy (EE). Some metrics are both geometric and diffraction
based such as MTF and EE, these metrics can be especially useful for setting the image
quality criteria of certain imaging applications.

4.6 The objective fidelity criteria

In order to provide unbiased results, evaluation with subjective measures
requires careful selection of the test subjects and carefully designed evaluation
experiments.

The objective criteria, although widely used are not necessarily correlated with
human perception of image quality. However, they are useful as a relative measure in
comparing different versions of the same image.

Commonly used objective measures (geometric image quality metrics) are the MSE,
PSNR [82][83], CORR is the correlation between object before and after convolution
with the optical system and FWHM of the PSF.

Table (4-1, 4-2) contains some fidelity criteria for comparison between three different
apertures before/after apodized aperture clipping.

Table (4-1): A Comparison the Geometric Image Quality Metrics before Removing
the Remaining Parts of the Mirror

Aperture Type Area MSE CORR FWHM
Cir-6 151373 6.4071e-05 0.9975 0.0015
6-6 157364 6.3313e-05 0.9985 0.0015
4-6 159005 6.3078e-05 0.9988 0.0015

Table (4-2): A Comparison Geometric Image Quality Metrics after Removing
the Remaining Parts of the Mirror

Aperture Type Area MSE CORR FWHM
6-6 135175 1.0916e-05 0.9984 0.0017

Cir-6 143111 1.1475e-05 0.9977 0.0016

4-6 152280 1.0634e-05 0.9987 0.0016

Until now the simulation result shows that the apodized aperture of 4-6
configurations has the best alignment, highest MTF, largest cutoff frequency and the
largest collecting area.

The effect of subsegment radius on optical system PSNR can be shown in figure
(4.21). It can be seen that the highest PSNR is for apodized aperture 4-6 with
subsegment radius 25 pixels and decreased with increased subsegment radius, while
other aperture type (6-6 and cir-6) have smooth variation with radius increased. For
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technical constraints the small subsegment is required. Therefore, 25 pixels is the
optimal radius for the proposal design.
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Figure (4.21): PSNR vs. Segment Radius.

The telescope PSNR as function of apodized aperture radius is shown in figure (4.22),
one can found that for large apodized aperture over 150 pixels radius that three
configurations are almost the same. This behavior coincides with MTF curves shown
in figure (4.20), where the cutoff frequency is nearly 150 cycle / deg. Therefore, the
MTF is a principle factor that determined the optimal dimension of the proposed
telescope design. Tradeoff between telescope diameter over the optimal value and
image quality is useless.

PSNR
N

36 . —a—cCir—-6

0 50 100 150 200 250 300

To investigate a relationship between subsegments gaps. PSNR, and MSE figures
(423’ 424, 425) I Figure (4.22): PSNR vs. Aperture Radius.

Figure (4.23) illustrates a fact that PSNR is inversely proportional to the gaps between
subsegments of the telescope aperture. This means that the narrower gap is the best for
designing the apodized aperture of telescope. From this curves one can found that 6-6
apodized aperture is the optimal shape.
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Figure (4.23): PSNR vs. Gaps.

When the gap is increased the MSE is increased in a nonlinear relationship as shown
as in figure (4.24).
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Figure (4.25): PSNR vs. Area.

While PSNR is directly proportional with collecting area of the telescope, as in Figure

(4.25).

To study the effect of subsegments location two different design were used and results

are as shown in figures (4.26, 4.27).

Table (4-3) contains geometric image quality metrics location’s dependent. For the

symmetrical and unsymmetrical design mentioned in figures (4.26, 4.27) it’s very
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clear; that rotating the symmetrical/ unsymmetrical apodized aperture by 90° decreases
the efficiency of the faint object detection process. Because the extension of the
dimension into x and y direction is not equal. Therefore, PSIF and MTT will be affected
as well as other dependent calculations.

Figure (4.26): Symmetrical 4-6 Apodized Figure (4.27):Unsymmetrical 4-6
Aperture. Apodized Aperture.

Table (4-3): A Comparison Geometric [mage Quality Metrics Location’s Dependent.

Aperture Type MSE PSNR CORR

Symmetrical 4-6 1.13e-05 49.4309 0.9977
Rotated by 90¢

Symmetrical 4-6 | 1.15¢-05 | 493799 | 09975
Rotated by 180"

Symmetrical 4-6 | 1.13e-05 | 494309 | 09977
Unsymmetrical 4-6 | 1.35e-05 | 486957 | 08955
Rotated by 90°
Unsymmetrical 46 | 1.36e-05 | 486562 | 0.9952
Rotated by 180°
Unsymmetrical 4-6 ‘ 1.35e-05 ‘ 48.6957 | 0.9955

The visual shape of the diffraction for different geometric forms of apertures (4-6, 6-
6, cir-6 apodized apertures) and how can be changed with gaps changing can be
illustrated in figures (4.28, 4.29, 4.30). It can be concluded that changes in gaps are so
vital that can be destroyed the optical system PSF and produced artificial diffraction
pattern. Nevertheless, 4-6 and cir-6 configurations have the highest fidelity criteria the
visual output (seen) was so noisy and much degraded. The cleanest image was captured
with 6-6 apodized apertures with less affected by gaps changes; therefore, this aperture
configuration is the recommended design for next generation optical telescope.
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Figure (4.28): Diffraction Pattern for 4-6 Apodized Aperture.
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Figure (4.29): Diffraction Pattern for cir-6 Apodized Aperture.

91




Object

200
400
600
800
1000

0. (mrad)

¥

200 400 600 8001000

Bx (mrad)

Figure (4.30): Diffraction Pattern for 6-6 Apodized Aperture.

4.7 Describing the Wave Aberration Function Using Modified

Zernike Polynomials (H)

In the following section modified Zernike polynomials will be adopted. For
hexagonal aperture, the aberration up to 5 order will be calculated which represent
traditional Seidel (primary) and second order aberrations as in figures (4.34, 4.35, 4.36
and 4.37).

4.8 Double-Index Modified Zernike Polynomials (H)

In a pyramid arrangement, according to table (2-2) in chapter two, figure (4.34)
illustrates modified Zernike polynomials for hexagonal aperture up to 5™ order to
represent different types of aberration modes.
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Figare (4.34): Modified Zernike polynomials up to 5% onder.

4.9 Double-Index Modified Zernike Polynomial (H) PSFs

The PSF images for each mode of modified Zernike polynomials for the
hexagonal aperture are illustrated in figure (4.35). For more explanation and
representation the cross-section of the PSF in terms of visual angle (0, in x direction
and 0, in y direction) measured in mrad are shown in figures (4.36, 4.37).
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Figure (4.36): PSF Cross-Sections in Terms of Visual Angle O (mrad).
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Figure (4.37): PSF Cross-Sections in Terms of Visual Angle Oy(mrad).
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A binary star simulation was carried out to visualize the earlier aberration up to 5%
order (figure (4.38)). It can be seen from the figure that the first order aberration (
H! H'.H} H;? HY H;? H;' H! H3)contains the major part of optical aberration.
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Figure (4.38): Polynomials Mode Aberration Images.
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The observed image of the binary star (case study) as a result of almost all types of
aberration is shown in figure (4.39). The plot in figure (4.40) illustrates the produced
shape in a deformable mirror in adaptive optics system to correct and reduce most
aberrations modes from the incident wavefront at hexagonal aperture of the telescope.
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Figure (4.39): The Result of the Accumulative A Modes (observed
image).

Figure (4.40): Plot Shows the Shape Produced in a Deformable
Mirror in Adaptive Optics System.
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The shape in figure (4.40) represents the initial state for adaptive optics correction that
will be described later in section 4.7.

Phase map or aberrated 72-segment mirror for 6-6 apodized aperture can be illustrated
in figure (4.41).
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Figure (4.41): Phase Map for Aberrated Aperture.

4.10 Implementation and Results of Computer Simulations for

AO Process

In AQO setup, the control software is the vital link between the wavefront sensor
and the deformable mirror. In essence, the control software for spot field deviations
can be used to reconstruct the phase of the incident beam and generate the conjugate
commands of the DM.

The surface of the deformable mirror is controlled by 32 actuators as an example
arranged on a 6 x 6 grid with no actuators on the comers. Shack- Hartmann wavefront
sensors are arranged on a 14 x 14 grid with the corners obscured, so that there are 196
wavefront slope measurements in two directions. Thus, the Poke matrix (P)is 196 x 32
elements. To accomplish an AO process for an optical system steps below explain the
process to fit an arbitrary surface using DM influence functions. Phase space will be
used instead of gradient or Laplacian (curvature) space because of the lake of sensors.
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1) Evaluating the Control Matrix with Poke-Control Product

After generating the control matrix as shown as in figure (4.42), one way of
evaluating the quality of the control matrix is to multiply it by the Poke matrix and
compare it with an identity matrix as shown in figure (4.43). A single number metric
is the RMS of the difference between the Poke-control product and the identity matrix,
which would ideally be zero. If it is significantly non-zero then the control matrix may
be poorly conditioned for adaptive optics.

5 10 15 20 25 30

Figure (4.43): Control-Poke Product.

2) SVD Mode and Control Matrix Analysis

The decomposition of actuator and sensor spaces can be introduced for adaptive
optics. The decomposition, which is based on the SVD of the “Poke matrix,” provides
orthonormal bases, or modes, for both actuator and sensor spaces. These modes are
useful for the design of the control loops, as well as for analysis of the wavefront error
and the performance of the control loops [88].
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Figure (4.44) shows the singular values (8) of the control matrix (T'). There are 32
positive singular values, corresponding to the 32 actuator degrees of freedom that
remain after the piston mode is removed.
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Figure (4.44): SVD Gains from Measured Poke Matrix.

It is a common to examine the magnitudes of the gains from the SVD calculation to
determine the quality of the Poke matrix and help to identify any problems.

The condition number was 49.8 indicating a fairly good Poke matrix, but
analysis of the SVD gains shown in Figure (4.44), showed an area of potential
improvement. The highest gain was significantly higher than the others gain, indicating
a problem with a background static aberration in the system.

3) The Measured Poke Matrix Analysis

The measured slopes in the Poke matrix together are averaged to show the background
pattern, and then this average Poke is subtracted from the Poke matrix to produce
cleaner Poke matrix, as in Figure (4.45). A comparison of the cleaner poke matrix with
the measured Poke matrix is shown in figure (3.18) is clear. The horizontal streaks that
were in the previous measured Poke matrix have been removed and the pattern is much
clearer.
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Figure (4.45): Poke Matrix with Average Slope Removed.

After removing the static aberration from the background, the amplitude of the
measured of the influence function (Poke) is examined by subtracting the maximum
slope from the minimum slope for each actuator to evaluate the efficacy of each
actuator. The peak-to-valley Poke amplitude for each influence function is given by
figure (4.46). This plot shows that some of the actuators do not have strong influence
on the wavefront sensor as others, although they are so small, but it is unsecured to
neglect from the matrix since they are all significantly above the wavefront sensor

noise floor.
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Figure (4.46): Peak to Valley Slopes for Each Influence
Function.



4) Creating the Phase Screen

The phase screen can be generated as mentioned in section 4.3 or from the
orthonormal Zernike/ modified Zernike polynomials modes mentioned in chapter 2, as
shown in figure (4.47).
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Figure (4.47): Zernike mode Z,%

5) Generating DM Commands

This next section of simulation takes the sampled shape from phase screen as a
vector and multiplies it by the control matrix generated earlier to create a vector of
actuator forces or commands. The commands are then displayed as a bar chart as shown
in figure (4.48). To simulate throw limitations of the DM, we assumed a 50% throw
bias is assumed to limit the DM force range to £50%. Figure (4.49) display the
requested forces, limited forces and the difference between them.

wascwezgzgon
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Figure (4.48): Actuator Commands.
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Figure (4.49): Actuator Requested, Limited, Difference Commands.

6) Constructing the DM Surface Using the Poke Matrix Method

The final stage of the simulation is constructing the DM surface by summing the
influence functions (Poke matrix) weighted by the commands. Figures (4.50, 4.51 and
4.52) display the results and analysis.
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Figure (4.50): The Wavefront Shape (Desired Shape).
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DM shape

Figure (4.51): The Deformable Mirror Shape.

Figure (4.52): Difference between Desired Shape and DM Shape
(Residual Error).

Applying AO process using the Poke matrix to correct the phase screen (Kolmogorov
spectrum) turbulent is given in figure (4.53). This figure contains the ideal PSF for the
optical system without turbulent, distorted PSF and corrected PSF, also contains
blurred image and corrected image.
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Figure (4.53): Point spread functions (top) and corrected images (down) with AQ system.

7) Reproduction of Zernike Modes using Poke Matrix Method
Zernike modes up to 5™ order can be generated to represent the turbulent as in figures
(4.54, 4.55 and 4.56) and then corrected using AQO process as in figure (4.57).
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Figure (4.54): Aberrated Wavefront Shape
order).

Figure (4.56): The Residual Error.
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Figure (4.57): Point spread functions {top) and corrected image (down) with AO system.
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8) Reproduction Modified Zernike Modes Using Poke Matrix Method

The plots in figures (4.58, 4.59, 4.60, 4.61 and 4.62) illustrated the results of
using Poke matrix method for correction the aberration of the modified Zernike
polynomials up to 5™ order for hexagonal aperture in AQ system.
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Figure (4.58): Shape of an Aberrated Figure (4.59): Desired Shape {DM with
Wavefront (up to 5™ order). Scale Factor 80%).
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Figure (4.60): The Deformable Mirror Figure (4.61): The Residual Error
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Therefore, must be neglected.

The residual error in figure (4.61) is due to the limitations of the DM’s actuators and
to the neglected edges correction.
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Figure (4.62): Point spread functions (top) and corrected image (down) with AO system.

9) Constructing the DM Surface Using Zernike/modified Zernike Polynomials

Applying AO process using the Zernike/modified Zernike polynomials to
correct the phase screen (Kolmogorov spectrum) turbulent is given in figures (4.63,
4.64).
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Figure (4.63): Phase Retrieval Using Zernike Method.
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Figure (4.64): Phase Retrieval Using Modified Zernike Method.

4.11 The suggested Method for AO Surface Fitting
An efficient algorithm for the adaptive optics system of large telescopes will be
presented. This improved method depend on sine or cosine trigonometric orthogonal
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function (figure (4.63)) to determine the best surface fitting for AQ process instead of
the Poke matrix Zernike/modified Zernike method. The powerful of this algorithm is
that it’s more accurate with less complexity to determine the coefficients of wavefront
reconstruction using least square fitting criteria, which represent the actuators
commands of the DM surface. Another important property of this algorithm, that it can
be used for any arbitrary shapes of the telescope aperture. The corresponding residual
error is significantly smaller than of Zemike and modified Zernike polynomial for both
circular and hexagonal aperture.

The mathematical expression for the suggested method is:

trigo = sin (%2 + 3;2)%) mod (rand.%,10) e, (1.4)

Where:
rand is uniformly distributed random numbers.
Mod is a Modulus after division.

Figure (4.65): The Shape of Proposed Method Function.

4.12 Constructing the DM Surface using the suggested Method (Trigonometric
function)

The two figures (4.66, 4.67) show the comparison between Poke matrix method and
the suggested method for correcting the phase screen turbulent. The residual error of
the AO correction using new suggested method is very small (10-'%) compared to Poke
matrix method (107).
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Figure (4.66): Phase Retrieval Using Poke Matrix Method.
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Figure (4.67): Phase Retrieval Using the Suggested Method.
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Figures (4.68, 4.69) show the result of the new suggested method for correcting the
aberration due to Zernike polynomials (up to 5% order) for circular aperture and
modified Zernike polynomials (up to 5" order) for hexagonal aperture respectively.
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Figure (4.68): Phase Retrieval Using the Suggested Method for Circular Aperture
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Figure (4.69): Phase Retrieval Using the Suggested Method for Hexagonal Aperture.



4.13 Strehl Ratio Calculations

Tables (4-4, 4-5 and 4-6) illustrate the reconstruction process of the wavefront,
where the RMS wavefront error calculated in meter and in radiance to determine
uncompensated/compensated Strehl ratio for the used methods.

Table (4-4) shows the result of using Zernike/modified Zernike polynomials
method for reconstruction the DM surface to compensation the dynamic aberration
type (Kolmogorov Model).

Table (4-4): Strehl Ratio Calculations for Zernike/modified Zernike polynomials

Methods to correct Kolmogorov turbulence

Zernike Method Modified Zernike Method
RMS_WFE 2.4576e-7 RMS_WFE 2.4576e-7
Uncomp. (m) Uncomp. (m)
RMS_WFE 2.4394 RMS_WFE 2.4394
Uncomp. (rads) Uncomp. (rads)
RMS_WFE 2.8870e-8 | RMS_WFE (m) | 1.4932e-8
(m)
RMS_WFE 0.2866 RMS_WFE 0.1482
(rads) (rads)
SR_uncomp. 0.0026 SR_uncomp. 0.0026
SR 0.9212 SR 0.9783

When the perturbation is represented by static (Zernike/modified Zernike) and dynamic
aberrations, tables (4-5, 4-6) show the result of using Poke matrix method and new
suggested method to reconstruct the DM surface, respectively.

Table (4-5): Strehl Ratio Calculations for Poke Matrix Method to Correct Kolmogorov

Turbulence, Zernike Turbulence and Modified Zernike Turbulence

Phase Screen (Kolmogorov) Zernike Modes ( Z) Turbulence Modified Zernike Modes (H)
Turbulence Turbulence
RMS_WFE 2.4576e-7 RMS_WFE 4.2044¢-7 RMS_WFE 4.0139¢-7
Uncomp. (m) Uncomp. (m) Uncomp. (m)
RMS_WFE 2.4394 RMS_WFE 4.1733 RMS_WFE 3.9842
Uncomp. (rads) Uncomp. (rads) Uncomp. (rads)
RMS_WFE 1.0462e-7 RMS_WFE 1.1123e-7 RMS_WFE 9.9504¢-8
(m) (m) (m)
RMS_WFE 1.0384 RMS_WFE 1.1041 RMS_WFE 0.9877
(rads) (rads) (rads)
SR_uncomp. 0.0026 SR_uncomp. 2.7301e-8 SR_uncomp. 1.2765e-7
SR 0.3402 SR 0.2955 SR 0.3770
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Table (4-6): Strehl Ratio Calculations for the Suggested Method to Correct Kolmogorov

Turbulence, Zernike Turbulence and Modified Zernike Turbulence

Phase screen (Kolmogorov) Zernike modes ( Z) Turbulence Modified Zernike modes (H)
Turbulence Turbulence
RMS_WFE 2.4576e-7 RMS_WFE 4.2044¢-7 RMS_WFE 4.0139¢-7

Uncomp. (m) Uncomp. (m) Uncomp. (m)

RMS_WFE 2.4394 RMS_WFE 4.1733 RMS_WFE 3.9842

Uncomp. (rads) Uncomp. (rads) Uncomp. (rads)

RMS_WFE 1.8928¢-20 RMS_WFE 5.6231e-20 RMS_WFE (m) 2.672e-20
(m) (m)

RMS_WFE 1.8788e-13 RMS_WFE 5.5815e-13 RMS_WFE 2.652e-13

(rads) (rads) (rads)

SR_uncomp. 0.0026 SR_uncomp. 2.7301e-8 SR_uncomp. 1.2765e-7

SR 0.9999 SR 0.9999 SR 0.9990

The results from tables (4-5, 4-6) are very clear; the improvement of the AO
process using new suggested method instead of Poke matrix method increases the
correction for Kolmogorov turbulent by 65.88%, 70.35% for Zernike turbulent and for
modified Zernike turbulent by 62.2%. While compared with Zernike/modified Zernike
polynomials methods (tables (4-4 & 4-6) improved the correction by 2.16% using
modified Zernike polynomials and by 7.87% when using Zernike polynomials for
Kolmogorov turbulent.
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Chapter
Five



Conclusions and Suggestions for Future Works

5.1 Conclusions

According to the investigation laid out in the book, different geometrical shapes
were tested to build the proposal primary mirror for next generation optical telescope;
like triangle, trapezium, pentagon, hexagon, heptagon, octagon.... and circular.

The simulation results showed that for non-segmented aperture the circular
shape has the best PSF, highest MTF and largest cutoff frequency. Because of the
technical constraints, mirrors with diameter more than 8m till now can not be built; the
segmented apodized aperture suggested overcoming this constraint.

The apodized aperture with 250 pixels radius has the highest contrast (MTF) was
for the hexagonal aperture with subsegments trapezium, hexagon and circular with
almost the same, which means that the hexagonal apodized aperture is the optimal
shape (figures (4.7, 4. 11, 4.15)).

For orthogonality reason related to Zernike polynomials, the uncompleted outer
segments have to be removed (figure (4.20)). After clipping, the apodized apertures
were tested again according to the size of subsegments, obscuration, spiders, and gaps
between subsegments. The simulation result showed that the 4-6 apodized aperture has
the best alignment, highest MTF, largest cutoff frequency, highest PSNR, and the
largest collecting area, but under critical condition (deformation the gaps between the
subsegments) this configuration produces an artificial diffraction pattern that destroyed
the PSF of the optical system. The 6-6 apodized aperture configuration that has 72
subsegments with 25 pixels radius was more resist to this defects. Therefore, this
configuration is the recommended design.

Modified Zernike polynomials were used to estimate the initial state of the
Adaptive optics process.

The results of the suggested method showed the correction improvement of the
AO process as shown in tables (4-4, 4-5, 4-6).

The suggested method increases the correction over the Poke matrix method for:

» Kolmogorov turbulent by 65.88% .

» Zernike turbulent by 70.35% .

» Modified Zernike turbulent by 62.2% .
The suggested method improves the correction for Kolmogorov turbulent in
comparison with:

» Zernike polynomials method by 2.16% .

» Modified Zernike polynomials method by 7.87% .
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5.2 Suggestions for Future Works
One may suggest the following ideas to the framework of the present
investigation:

1. Using larger deformable secondary mirror instead of small DM to increase the
field of view correction.

2. Increasing corrected field of view which is related to integration time and small
isoplanatic angle by using “Multi-Conjugated Adaptive Optics” (MCAO)
(tomography), through a number of DMs conjugated at different altitude in order
to compensate the turbulence by layers and thus extended the field of view.

3. The final implication of using real stars or “natural” guide stars (NGS) as a
reference star is limited sky-coverage, to overcome these limitation “artificial”
stars called laser guide star (LGS) may be proposed.

4. Coronographic instruments can be included into telescope design to get more

reliable results.
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Appendices



Zernike polynomials

In Table A.1 the Zernike polynomials computed from equations 2.29-2.31 are
listed in polar coordinates as well as Cartesian coordinates. The conversion between

Appendix A

the two coordinate systems is the “’standard” conversion:

x=pcosf
y=psinf

Table (A.1): Zernike Polynomials in polar and Cartesian Coordinates

Norm, Zemike polnomials
n| m factor polar coordinates Cartesian coordinates Meaning
ol ofn 1 | I Piston or constant term
| 11 2 paind i Tilty
1 1|2 2 poost T Tiltx
2 20 8 B |.'J2 sin 2 2y Astigmatism 4457
2 o] 4| 3 24 - 1) L4 22 422 Defocus
20 25| E i cos 20 # -y Adigmatism (7 or 90F
dl -3 6] V8 o Tain w0 yr” Trefoil y
31117 & * - 0p)sind 2+ Comay
sl 1] 8| VB et 24w e Comax
30 3 0] V8 PP oos 36 o e Trefoil x
A =] 10 10 i bty — 4yt Tetrafol v
4 =21 10 {4 = 3 ) sin 20 fiye+ Sty o+ By Secondary astigmatism y
4 012 V5 (B~ 67 4 1) 1= 62® =6y 4 6t 4 12977 + 6y? Spherical aberration
4 2013 V1o (gt = 3% cos 20l 32 4 3P 4 et - 4y Secondary astigmatisi x
4 44 V0 i eos 49 -6 +yt Tetrafoil x
b S 16| V12 o sin S Byat = 1045 + 47 Pentafoil v
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Narm. Zernike polynomials
n om| ¢ | fator polar coordmates Cartesian coordingles
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Appendix B
Matrix algebra
B) Linear least squares
We want to solve the equation
Ax=b...... (B.1)
where A is of size n x m, bis of size n x 1 and x is of size m % 1, and n > m. Since the
system is over determined (i.e. # > m) there is no solution that solves the problem.
Instead we want to find the vector b that minimizes the sum of the squared errors, i.e.
minimizing the squared Euclidean norm:

s =r"r ... (B.2)
where r is the error or the residual vector:
r=b—Ax  ...... (B.3)
To minimize
HrH; =rTr=(b-Ax)"(b— Ax)=b"b — 2x"ATb + xTATAx ...... (B.4)

we take the derivate with respect to x and set it to zero:

2ATAX —2ATb=0  ...... (B.5)
which reduces to an n x n square linear system

ATAx=ATb ... (B.6)
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If A has full rank, the matrix ATA is non-singular and the least squares solution is
given by:

x=(ATA) AT L (B.7)
where A" = (ATA)'AT is the Moore-Penrose pseudoinverse [26].

Appendix C
C) Singular value decomposition

The singular value decomposition, SVD, is an eigenvalue-like decomposition

for rectangular matrices. The SVD of the real n x m matrix A has the form:
A=Uxyvt . (C.1)
where U is an n x n orthogonal matrix, V is an m xm orthogonal matrix and ), is an n
x m diagonal matrix with
- :{0 for iz (C2)
0,20 fori=j
where the diagonal elements o; are the singular values of A. They are usually ordered
so that ;> o fori = 1, . . . ,m— 1. The columns u; of U and v; of V are the
corresponding singular vectors.
The singular values are the positive square roots of the eigenvalues of ATA,
and the columns of U and V are orthonormal eigenvectors of AAT and ATA,
respectively (i.e. U and V are orthonormal <> U’U = I and VTV = I, where I is the
identity matrix).
The pseudoinverse of A (which also gives the least squares solution to the Problem in
Appendix B.1) can now be computed by [26]:
A=yt L (C3)

The pseudoinverse of Y is obtained by transposing the matrix and inverting the
diagonal entries (singular values). If a singular value is less than a predefined tolerance
(tol) its inverse is set to zero (i.e. 6;" =1/ o; if 6; > tol , otherwise ;" =0 for i=1, .....,
m).
If A should happen to be square and nonsingular, the pseudoinverse is the same as the
usual matrix inverse, A~!
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